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Preface

Since its creation, in the early 1980s, diffeology has become an alter-
native to —or rather an extension of— traditional differential geom-
etry. With its developments in higher homotopy theory, fiber bun-
dles, modeling spaces, Cartan-de Rham calculus, moment map and
symplectic program, for examples, diffecology now covers a large spec-
trum of traditional fields and deploys them from singular quotients
to infinite-dimensional spaces — and sometimes mixes the two —
treating mathematical objects that are or are not strictly speaking
manifolds, and other constructions, on an equal footing in a common
framework.

We shall see some of its achievements through a series of examples,
chosen because they are not covered by the geometry of manifolds,
because they involve infinite-dimensional spaces or singular quotients,
or both.

The growing interest in diffeclogy comes from the conjunction of two
strong properties of the theory:

(1) First of all, the category {Diffeology} is stable under all set-
theoretic constructions: sums, products, subsets, and quotients. One
says that it is a complete and co-complete category. The space of
smooth maps in diffeoclogy has itself a natural functional diffeology
for which the category is also Cartesian closed. This allows us to treat
spaces of smooth maps between spaces as ordinary spaces. Mathe-
maticians like these kind of categories for their stability with respect
to set theoretic constructions.

vii



viii PREFACE

(2) Just as important: quotient spaces, even heavily non-Hausdorff,
Sikorski or Frolicher [KM97] etc. get a natural non-trivial and mean-
ingful diffeology. This is particularly true of the irrational tori, where
it all began, a non-Hausdorff quotients of the real line by a dense sub-
group.l They own, as we shall see, a non trivial diffeology, capturing
faithfully the intrication of the subgroup into its ambient space. This
crucial property will be the raison d’étre of many new constructions,
or wide generalizations of classical constructions, that cannot exist
in almost all other extensions of differential geometry.?2

The handling of any kind of singularities, maybe more than the inclu-
sion of infinite-dimensional spaces, reveals how diffeclogy changes the
way we understand smoothness and discriminates this theory among
the various alternatives. See, for example, the use of dimension in
diffeology,3 which distinguishes between the different half lines, quo-
tients R®”/O(n), on a pure differential geometry level.

In this regard, we can distinguish several types of singularities:

(a) A space can be singular when it presents a fatal mismatch between
its topology and its diffeology, as in the case of the irrational torus.

(b) A point in a space can be singular when it behaves differently
from other points under the action of diffeomorphisms. This is what
happens in orbifolds, for example.

(c) A point in an embedding can behave differently from other points
under the action of ambient diffeomorphisms. This is the case of the
cusp in the semi-cubic.

IMore generally, quotient of Euclidean spaces R” by generating dense and dis-
crete (in the sense of diffeology) subgroups. They are also quotient of ordinary tori
T by dense foliations.

2The kind of spaces that are trivial under the various generalizations of €™
differential geometry : I am not considering the various algebraic generalizations
that do not play on the same level of intuition and generality and do not concern
exactly the same sets/objects. We’re indeed interested in differential geometry in
the broadest sense.

3See [PIZ07].
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Figure 1. The scope of diffeology.

The Figure 1 shows the inclusivity of diffeclogy, with respect to dif-
ferential constructions, in comparison with the classical theory.

The story began in the early 1980s, when Jean-Marie Souriau intro-
duced his axiomatic called difféologies in a paper titled “Groupes
Différentiels” [Sou80]. It was defined as a formal but light struc-
ture on groups,4 and it was designed for dealing easily with infinite-
dimensional groups of diffeomorphisms, in particular the group of
symplectomorphisms or quantomorphisms. He named the groups
equipped with such a structure groupes différentiels,5 as announced
in the title of his paper.® His definition was made of five axioms
that we can decompose today into the first three that gave later the

4Compared to functional analysis heavy structures.

5Which translates in to English as “differential” or “differentiable groups.”

6Actually, difféologies are built on the model of K.-T. Chen’s differentiable
spaces [Che77], for which the structure is defined over convex Euclidean subsets
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notion of diffeclogy on arbitrary sets, and the last two, for the com-
patibility with the internal group multiplication. But it took three
years, from 1980 to 1983, to separate the first three general axioms
from the last two specific ones and to extract the general structure of
espace différentiel from the definition of groupe différentiel. It is in
particular the results on the irrational torus [DI83] and the develop-
ment of homotopy [Igl85], that made urgent and unavoidable a formal
separation between groups and spaces in the domain of Souriau’s dif-
ferential structures, as that gave a new spin to the theory as we know
it today.”

Since its inception, the theory has evolved significantly and the book
Diffeology is certainly a reference for the basic areas of the theory. I
refer to it as the “textbook” in the following [TB].

This book, Lectures on diffeology, has not the same role, it is not a
rewriting of the texbook despite having the same basis. The first half
consists of notes from a series of lectures I gave at Shantou University
in 2020/21, at the initiative of Enxin Wu, as part of a Chinese pro-
gram inviting foreign professors. Writing down the lectures notes was
part of the contract. In writing them, I've tried not to copy verbatim
(although this is sometimes unavoidable) parts of the textbook, as it
is more a support for these lectures. Instead, I've tried to extract the
spirit of the constructions rather than their formalization. Readers
can always refer to the relevant passage in the textbook for further
details. I've tried to highlight the most important constructions that
underpin the various branches of differential geometry, such as ho-
motopy, fiber bundles, differential calculus and so on. And to show
how they morph into diffeclogy, what makes them similar and what
makes them different from what we are used to.

The second part of the book is a series of blog-notes I have posted on
my website. These are various notes, remarks or exercises that I felt

instead of open Euclidean domains. That makes diffecology more suitable to extend-
ing differential geometry than Chen’s differentiable spaces, which focus more on
homology and cohomology theories.

71 talk more on this story in the postface.
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were interesting enough to share. I hope they will encourage some
readers to develop the ideas or constructions they introduce. I am
thinking in particular of Riemannian diffeclogy, which is still only
a program. Symplectic diffeology, which is already well-developed,
still needs more thought before it can become a acomplished theory.
I have not been able to incorporate the recent developments and ex-
ample of Cech cohomology that I have presented elsewhere, perhaps
a future edition of these lectures will do justice to this issue.

And, this is because this book is more a work in progress than a
finished thought, that I decided to present it as a series of typed notes,
which explains it particular display and the choice of typography.

On an entirely different note, the special properties of diffeclogy:

complete, co-complete and cartesian closed, have made this category
a tool of choice for categoricians, especially in differential homotopy
and model category.® Japan and China have got the lead in these two
fields, that deserves to be mentioned. I asked Enxin Wu to contribute
to this book on the subject. He gracefully accepted to write a short
text which I have appended as a first step in this direction.

In conclusion, I will try to say why, from my point of view, diffeology
is the perfect framework for differential geometry, to the point that
it is exactly what we expect differential geometry to be. First of all,
the geometer will find pleasant and useful the flexibility of diffeology,
to extend in a unique formal and versatile framework, different con-
structions in various fields, without inventing each time a heuristic
framework that momentarily satisfies its needs.

Then, beyond all these circumstances and technicalities, what does
diffeology have to offer on a more formal or conceptual level? The
answer lies partly in Felix Klein’s Erlangen program [Kle72]:

The totality of all these transformations we desig-

nate as the principal group of space-transformations;

81 cite just a couple of names on these subfields in rapid development, for exam-
ple [CW14] in model category, and [SYH18, Kih19, Kur20] in differential homotopy.
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geometric properties are not changed by the trans-
formations of the principal group. And, conversely,
geometric properties are characterized by their re-
maining invariant under the transformations of the
principal group. ..

As a generalization of geometry arises then the
following comprehensive problem:

Given a manifoldness and a group of transfor-
mations of the same; to investigate the configura-
tions belonging to the manifoldness with regard to
such properties as are not altered by the transfor-
mations of the group.

As we know, these considerations are today regarded by mathemati-
cians as the modern interpretation of the word/idea of geometry. A
geometry is given as soon as a space and a group of transformations
of this space are given.?.

Consider, for example, Euclidean geometry, defined by the group
of Euclidean transformations, our principal group, on the Euclidean
space. We can interpret, for example, the Euclidean distance as the
invariant associated with the action of the Euclidean group on the set
of pairs of points. We can superpose a pair of points onto another pair
of points, by an Euclidean transformation, if and only if the distance
between the points is the same for the two pairs.10 Hence, geometric
properties or geometric invariants can be regarded as the orbits of
the principal group in some spaces built on top of the principal space,
and also as fixed/invariant points, since an orbit is a fixed point in the
set of all the subsets of that space. In brief, what emerges from these
considerations suggested by Felix Klein’s principle is the following:

9Jean-Marie Souriau reduces the concept of geometry to the group itself [Sou03]
But this is an extreme point of view I am not confident to share, for several reasons.

10We could continue with the case of triangles and other elementary construc-
tions — circles, parallels etc. — involving the nature of stabilizers. We can compare
between Euclidean and symplectic geometry, for example, from a strict Kleinian
point of view. See the discussion in [PIZ02].
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Claim. A geometry is associated with/defined by a principal group of
transformations of some space, according to Klein’s statement. The
various geometric properties/invariants are described by the various
actions of the principal group on spaces built on top of the principal
space: products, sets of subsets, and so on. Each one of these prop-
erties, embodied as orbits, stabilizers, quotients, and so on, captures
a part of this geometry.

Now, how does diffeclogy fit to this context?

* One can regard a diffeological space as the collection of the plots
that gives its structure. This is the passive approach.

* Or we can look at the space through the action of its group of
diffeomorphisms:1! on itself, but also on its powers or parts or maps.
This is the active approach.

This dichotomy appears already for manifolds, where the change of
coordinates (transition functions of an atlas) is the passive approach.
The active approach, as the action of the group of diffeomorphisms,
is often neglected, and there are a few reasons for that. Among
them, the group of diffeomorphisms is not a Lie group stricto sensu
— it does not fit in the category {Manifolds} — and that creates a
psychological issue. A second reason is that its action on the manifold
itself is transitive,12 there are no immediate invariants, one having
first to consider some secondary/subordinate spaces to make the first
invariants appear.

These obstacles, psychological or real, vanish in diffeclogy. First of
all, the group of diffeomorphisms is naturally a diffeological group.
And the square, discussed in one of the lectures, is an example of
a space where the action of the group of diffeomorphisms, the main
group in Klein’s sense, captures a good first image of its geometry.13

\We consider more precisely the action of the pseudo-group of local
diffeomorphisms.

12Generally, manifolds are regarded as connected, Haussdorf, and second
countable.

13And not just of its topology.
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Indeed, it has three orbits: the corners, the edges and the interior.
Any diffeomorphism preserves separately the interior of the square
and its border, which is a consequence of the D-topology.14 But the
fact that a diffeomorphism of the square cannot map a corner into
an edge is a typical smooth property.

Klein’s principle can already be tested on this simple example. As
the square is naturally an object of theory, there’s no need for an
heuristic extension here.

Claim. Considering the group of diffeomorphisms of a diffeoclogical
space as its principal group, we can look at diffeclogy as the formal
framework that makes differential geometry, the geometry — in the
sense of Felix Klein — of the group of diffeomorphisms. Or possibly,

the (larger) pseudogroup of local diffeomorphisms.!5

Actually, the action of local diffeomorphisms defines a stratification,
called Klein stratification, that embodies the internal geometry of
the object itself. The general geometry to which it belongs is defined
by the specific category of objects to which it is formelly attached.
For example, Euclidean geometry becomes the category of Euclidean
objects, that is, the category of spaces equipped with an action of
the Euclidean group with morphism equivariant maps.

Because diffeology is such a wide and stable category that satisfacto-
rily encompasses so many diverse situations, from singular quotients
to infinite dimensions, even mixing cases,10 I think it is fair to say
that it largely fulfils its mission and, according to the Kleinian view-
point, answers the question once posed by a student: "In what way
is diffeclogy geometry?"

14 A diffeomorphism is in particular an homeomorphism for the D-topology. This
is an opportune moment to emphasise this: the diffeology approach is that topology
is a consequence of differential structure, and not the other way round as it is usually
the case, where the differential structure is subordinate to the topology.

15In comparison with [Sou03].

16See [PIZ16], for example.
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At the Beginning. ..

This lecture presents the prerequisites for the study of diffeclogy. As
we shall see, a good understanding of indefinitely differentiable maps
on Euclidean domains, and a few fundamental theorems of calculus,
will be a good start.

Let us introduce a little bit of vocabulary. First of all, we call Eu-
clidean space any real vector space R" for some n.

The Euclidean structure of R®, defined by the inner product

n n
X-y= leyl with ||| =4/ ¥ (xD?,
i=1 =1

is used to define its (standard) topology: an open subset O in R” is
any union of open balls, like:

0= U 'B(I‘j, €1'),
iel
where J is any set of indices, r; is any point in R® and g; is any
(strictly) positive number.
Therefore, a subset U € R” is open for the standard topology if (and

only if): for each r € U there exists an open ball B(z, €) included in
U, B(r,e) c U.



2 AT THE BEGINNING. ..

Next, we call Euclidean domain any open subset of an Euclidean
space. We generally denote them by some big letter U, V, W etc. and
also by cursive letters O etc.

We denote also by Domains(R™) the set of all Euclidean domains in
R™. We call them simply n-domains.

Note that this is just the topology of R™ sometimes denoted by
{Top}(R™).

A domain in R” is said to be of dimension n, or be an n-domain.

Now, about continuity. A map F: U — V, where U and V are Eu-
clidean domains, is said to be continuous if (and only if): the pullback
f~1(O) of any open subset O C V is an open subset in U.

That is equivalent to say that for any open ball B — V, there exists a
family of open balls B; — U such that £ *(B) = U;B;, for some family
of indices J.

1. Differentiable and smooth paths

Consider a path
y:la, bl— R™.

Assume that y is continuous. Then, consider the map

Y(t") —y(t)

Ay: (t,t) — ,
Y t'—t

defined on
la, b[? = {(t, D}act<n,
with values in R™. The closed subset {(t, t)}a<t<p is called the diag-

onal. The function Ay is continuous, but:

1. Definition. If Ay extends continuously on the diagonal, we say that
Y is continuously differentiable or of class el

We denote by

dy(t)
dt

y(t) or the value Ay(t, t) = lim Ay(t/, t).
t'—>t
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The function yv: ]a, bl— R” is then called the derivative of y. The
value Y(t) is the derivative of y at the point t, or at time t.

Now, if y is of class Gl, then vy, which is defined on the same interval,

is continuous. One can ask if y is also Cl? If it is the case, we

generally denote by ¥ the derivative of y. We say that y is of class

e2.

That leads to the definition:

2. Definition. We say that y is of class CX, k > 1, if (and only if):

dk_lY(t)
dtk—1

And we say that y is smooth, or of class C, if y is of class C¥ for all

Y is of class ¥ and is of class C1.

k € N. Note that continuous paths are said to be of class eo.

2. Smooth maps, the holistic approach

In diffeoclogy we are interested principally in smooth maps, or infin-
itely differentiable maps. Precisely, diffeology consists in extending
the concept of smooth maps from Euclidean domains to arbitrary sets.
That is why we have the choice in the definitions of smooth maps
between Euclidean domains. We will present them here, not in their
historic order but according with what we think is more speaking to
our mind. The first definition is actually a theorem.

3. Definition-Theorem. (Boman 1967) Let F: U — V be a continuous
map between two Euclidean domains. The map F is infinitely diffe-

rentiable, or smooth, if (and only if) the composite F oy, where y is

any smooth path in U, is a smooth path in V.

As we have seen, smooth paths have been defined previously, inde-
pendently.

3. Differentiable maps, the pedestrian approach

Now, the classical definition of differentiable map begins with the
definition of tangent maps.
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4. Definition. Let f and g be two maps defined on a same Euclidean
domain U to some R™. Let ry be some point in U. We say that f
and g are tangent in rg if:

f(r)—gr)

lim = 0.

110 ||z = 10|
Of course, that implies in particular that f(rg) = g(rg).

5. Definition. Let f be a map defined on some domain U € R" with
values in R™. We say that f is differentiable, or derivable,! at the

point rg € U if it is tangent, at this point, to an affine map
r — f(r9) + M(r - o),

where M € L(R®, R™) is a linear map from R" to R™. That condition
means precisely that,
f(r) — f(rg) —M(r—ro) _

= e =zl

0. (&)

We say that f is differentiable on U, or simply differentiable, without
more precision, if f is tangent to an affine map everywhere.

6. Remark. The condition (&) implies that f(r) converges to f(rg)
when r tends to rp. That is f is continuous in rp: to be tangent
to an affine map implies to be continuous: a differentiable map is
necessarily continuous.

C® Proof. Since limy_,y, f(r)_fTﬁ)_);ol\'/‘[(r_m) = 0, lim_yr, £(r) — f(z0) —

M(r—rg) = 0. Thus, since lim; sy, M(r—rp) = 0, lim, sy, f(r)—£f(rg) =
0. That is f(r) g f(rg), and f is continuous at rg. That is the
r—r19

logic of the situation. More formally, since lim,_yr, f(r)—f(rg) - M(r—
r9) = 0, for all € > 0, there exists n > 0 such that |[r — rg|]| < 7
implies ||f(r) — f(rg) — M(r — rg)|| < €. On the other hand, let m
be |[M|| = supjy||=1 [|[M(w)|| (remember, the sphere s?7! is compact).
Thus, for all r, |[M(r — )| < m|r — ro||. That is, for all € > 0 there
is ' > 0 such that ||r — rg|| < 7 implies |[M(r — )| < €, actually
n’ can be chosen equal to €/m. Now, the inequality on a triangle
u+ v = w says that ||w|| < ||ul| + ||v]|, or ||w]—|lul| £||v||. Applied to

IThe words differentiable and derivable are here completely equivalent.
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u=M(r-ry), w=f(r)—f(rg) and v = w—u = f(r) - f(rg) - M(r—rp),
that gives: ||f(r) — £(zo)|| - [|[M(z — ro)|| £ ||£(z) — £(zg) — M(zr — rp)|| L €.
Then, ||£(r) — f(z0)|| € € + |[M(r — rp)||. Now, chosing " < inf(n,n"),
we get ||f(r) —f(r9)|| £ € +e. Changing € to £/2, we get: for all € > 0,
there exists n”/ > 0 such that ||r — ro| < " implies ||£(z) — f(z0)|| < €.

Therefore, f is continuous at rg. »

Now let us describe more precisely the linear part of the affine tangent
map. Pick a vector v e R®, v # 0, and let r = rg + tv, where t > 0 is
small enough for r to be in the domain U. The last condition writes:
f(ro + tv) — £(ro) - M(tv)
t—0 t]|v|]

And then,
f(rg + tv) — f(rg)
" .
The linear map M is then called the tangent linear map and it is
denoted by

M(v) = lim
t—0

f(rg + tv) — f(zg)
; .
So, f is differentiable on U if it admits a tangent linear map at every

Dfy,(v) or Df(rg)(v) or D(£)(rg)(v) = lim
t—0

point in U,
f' or Df or D(F): U - L(R®, R™).
The affine tangent map at the point rg writes then

r — f(rg) + D) (xg)(r — o).

Note that there is another way to express the approximation of the
function f by its affine tangent map around rg:

f(r) = £(rg) + D(£)(x0)(r — rg) + o(||r — o),
where Landau’s Little-O notation o(x) means lirr%)o(x)/x = 0.
x>

As we know the set of linear maps L(R™,R™) is a real vector space
of dimension n X m, equivalent to R™™, as such:

7. Definition. We say that f: U — R™ is of class @l if f is differen-
tiable on U, and if the map that associates its tangent linear map
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with each point in U is continuous. That is, if the map r > Df(r),
defined on U with values in L(R®, R™) is continuous.

8. Remark. An affine map from R” to R™ writes x — Ax + b, where
A e L(R®,R™) and b e R™. The set of these affine maps is denoted
by AfF(R", R™), it is naturally a vector space of dimension m+nxm,
equivalent to the space of matrices

<A b) (A b> (x> (Ax + b>
such that = ,
0 1 0 1 1 1

and inherits the standard topology of ROTIXM  The affine tangent
map writes, for all r € U:

Dfy f(r)-Df(r)
0 1 '

We can notice that, to be €1, it is equivalent to request that the maps
that associate the linear tangent map in L(R",R™), or the affine
tangent map in Aff(R™, R™), with every point r in U, are continuous.
However, on a conceptual level: to be differentiable implies to be
continuous, then, having a first local affine approximation, — which
is exactly what the affine tangent map is — continuous everywhere
is a natural request. And that is the meaning of being el

4. Higher order derivatives and smooth maps

Now, we can look for higher order derivatives. Let us begin by the
second order. Assume that f is derivable, then its derivative D(F) is
defined on U with values in L(R™, R™). The second derivative of f is
then defined by

D2(£)(r) = D(r = D) (D)) (@) € L(R®, L(R",R™)).

Note that if f is derivable and if its derivative Df is derivable, that
implies that Df is continuous and f is el

So, we get a recursive definiton of higher derivative of f and then a
recursive definition of class CX:
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9. Definition. The kth-derivative of f, if it exists, is the derivative
denoted and defined recursively by

D¥(£) = D(r » D¥ H(H)(1)).

Note that, if f is differentiable until order k, then De(f ) is continuous
until { = k — 1, thanks to Remark 6. Therefore, if f admits a kth-
derivative, then f is C¥™1, with the definition:

10. Definition. , A function f is C¥, or of class CX, if f is derivable
till order k and its k-derivative is continuous.

We say that f is infinitely differentiable, or infinitely derivable, or
smooth, if f is of class C¥ for all integer k.

11. Remark. Boman theorem cited previously says exactly that defi-
nition 9 and Definition-Theorem 3 are coherent. Beware, it is a subtle
and non-trivial theorem.

5. The tangent linear map

We consider a differentiable map f: U — R™, with U c R" an open
subset.

Let us denote by x and y the source and target variables involved in
f,thatis, f: x> y with x = (x1,...,xp) € Uand y = (y1,...,Ym) €
R™. The tangent linear map can be written indifferently

D(£f)(x) or D(x — y)(x),

depending what we want to focus on. For example, if you denote the
square root function by sqrt, you can write it derivative as D(sqrt)(x),

or D(x — /x)(x).

Now, decompose x, v and y on the canonical basis,

n m m
x = Z xle;, v= Z vie; and y= Zyjej with 3/ = f(x).
i=1 j=1 j=1

Now, the tangent linear map writes

D(x s )@ = D(x > y)() (il vjel->
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— ¥ vID(x o 3)(x)(er)
=1

1

n . m .
= Y v'D (x»—> Y yJej> (x)(ey)
i=1 j=1

n m . :
= Y Y v'D(x— ) (e g
i=1j=1
In other words, the tangent linear map D(x +—> y)(x) is represented

by the matrix <D1:)11:1=1§1;1’ where

D)=D (x— yj) (x)(ep).

1

Now, what does exactly represent D (X — yj) (x)(ep?

; F(xy, ..., xi+t, .., xp)—F(x1, ..., X4y, Xp)
D (x> y/) (x)(ep) = lim — ! 2 ! ! n
t—0 t
which is, by definition, the partial derivative
.oyl ;
J —
D; = Py also denoted by 0;y’.
Notations: By commodity we will denote also
D(x+— y)(x) by %}Z{, the derivative;
and
D(x+— y)(a) by % , the value of the derivative.

X=a
Eventually, the tangent linear map can by written as the matrix of
partial derivatives

%1 71 1yt dnyt
D= y)(x) =D e (x) = : :
x" y® o1y™ Ony™
such that
o1yt o Onyt\ (v Y, vyt
D(x = y)(x)(v) = : : L = :
01y™ Ony™) \v" Yo, vioiy™®
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12. Proposition. Let f: U — V and g: V — W be two el maps, with

UcR?E VcR®and W c R!. The derivative of the composite,
which is also (‘31, satisfies the so-called chain-rule:

D(g o £)(r) = D(g)(f(r)) o D(H)(1).

Note also that the derivation D is linear. If f| and f; are defined from
U toV and A\,u € R, then:

D(Af; + ufz)) = AD(f1) + puD(£).

13. Note. The chain-rule writes in term of partial derivatives:

and the value at the point x = a, with where b = f(a):

o= _os
0X |y, Oy

oy
y=b 0x

X=a

In terms of coordinates:

m i m 5
. . GPY oz dyk
0,z = E aiykakzj that is Z - E oz o7
k=1

wherei=1...n,k=1...mand j=1...L{.

14. Note. In particular, for y: J = U, a smooth path in U,
D(f o )(£)(1) = D) (y(t)) o D(Y)(£)(1),

but
Y& +exD—y@® _ dy(®) _
€ dt

D(y)(t)(1) = lim y(t).
€—0

Therefore:

D(f o Y)(£)(1) = D (v () (Y()).

15. Notation. It hapens that a tangent vector v € R™ would be
denoted by a variational notation &x, meaning that v is regarded
as a variation of the point x. Write y: t — x and f: x — y, then
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foy:t — y, meaning t — x — y. Using the partial derivative
notation introduced previously, the formula above writes:

0
0x
with
X dy
= t s = f , 8 = —, 5 = —)
x=vy(), y (%), dx g =
to which we can add:
0x dx
dx = —(Bt) and dt=1 = dx= —.
ot dt

Of course, every vector v can be realised as a variation of the point
x by considering y(t) = x + tv.

6. Higher derivatives components

What have been made for the tangent linear map can be done for
higher derivatives. For example, let f: x — y. The second derivative

D2(£)(x) = D(x = D(£)(x))(x)
is represented itself by the bilinear form:
D2(H) @) (V) (w) = D(x = DE (W) ) (W),

for all v,w € R®. Let decompose v = YL, vie; and w = Yis1 wle;.
We get:

D2(£)(x)(v)(w) D(X — D(f)(X)( ‘il Viej))(X)< ‘il Wjej)
= =

— ¥ wD(xw fl VD) (x)(ep) (x)(e))
=1 i=

= % w ¥ v'D(x - DO (en) (x)ep)

n .. 0 oy
— Jl
ij=1W v 0x/ <6Xi> '
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And since y = (y!,...,y™),

an

2.1

n dx/0x! n 05y

DAO@MW) =Y wivl| o | =3 wiv|
Jji=1 a2ym Jj,i=1 02 ym

0xJ0x! iy

The partial derivatives 8jjyk are the components of the bilinear map
D2(£)(x).

A main property of continuously differentiable function is the com-
mutativity of the partial derivatives:

16. Theorem (Schwarz). Let f: U — R™, with U a n-domain, be a
@? map. Then, the second derivative D?(f)(x) is symetric. In other

words, the partial derivatives commutent:

0 ayk 0 ayk . 2_k 2_k
axi (axj>=axj<axf le Ofy” =0y

For C¥ maps, the k-derivatives D¥(f)(x) is a k-linear map, with com-

ponents the partial derivatives:
k ¢ _ k-1 _(
0h.0Y = ail(aiz...ik.Y)

And, thanks to the last proposition, this multilinear map is symetric:
the order of the indices does not matter.

17. Theorem. Let f: U — R™ be a map, where U is an n-domain.
The map f is smooth if and only if f admits partial derivatives at
any order.

C® Proof. Indeed, and that is the main point: if all the partial
derivatives at any order exist, that implies in particular that they
are continuous, thanks to §6, and then the map f is continuously
infinitely differentiable. »

This theorem is a practical criterion to check if a map is smooth.

That is everything we need to know to introduce and study diffeology.
That is what makes diffeclogy a good alternative to the usual teaching
of differential geometry. And we shall see in the future how it could
be understood formally as a geometry in the sense of Felix Klein.
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7. The category of Euclidean domains

Euclidean domains are the objects of a category for which the arrows
are the smooth maps. We denote it by {Euclidean Domains}.

The goal of diffeology is to transfer some properties of the category
of Euclidean domains to arbitrary sets.

8. Some theorems we should know

There are a few important theorems of differential calculus in R” we
will need in future development of diffeoclogy, for example the implicit
function theorem or the rectification of vector fields and some others.
However, they are not necessary for now to learn diffeology. That is
why it is better to introduce them only when they will be used.

Notes




Diffeology, the Axiomatic

In this lecture we will look at the short axiomatic that founds diffeo-
logy. It describes the basic set theoretic constructions of the theory
and give a few examples.

Diffeologies are defined on arbitrary sets without any preexisting
structure, neither topology nor anything else. That is important
enough to be underlined and remembered. Diffeclogy is based on
the notion of parametrizations, and will consists in declaring which
parameterizations in a set will be regarded as smooth, provided that
a small set of axioms is satisfied. Then, the development of diffeology
will consist in transferring, through these specific parametrizations,
significative properties and constructions a priori defined in the cat-
egory of smooth domains, such as homotopy groups, fiber bundles,
differential form. .. for examples.

9. What is a diffeoclogy?

The theory of diffeoclogy begins with the idea of parametrization. The
first step in this direction was taken by K.T. Chen in his paper on
“Iterated Path Integrals” [Che77], but the parametrizations were de-
fined on convex subsets of Euclidean domains. In 1980, in his pa-
per on “Groupes différentiels” [Sou80], J.M. Souriau keeps the same
axiomatic but with parametrizations defined on Euclidean domains,

13
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open subsets of Euclidean spaces. That is what founds today’s dif-
feology:

18. Parametrizations. We call parameterization in a set X any map

P: U — X where U is some Euclidean domain, that is, any open
subset of an Euclidean space. If we want to be specific, we say that
P is an n-parameterization when U is an open subset of R®. The set
of all parameterizations in X is denoted by

Param(X) = {P: U = X | U € Domains(R"),n e R}

Note that there is no condition of injectivity on P, and as we said,
neither any topology precondition on X a priori.

19. Diffeology. A diffeology on a set X is any subset
D < Param(X)
that satisfies the following axioms:

1. Covering: D contains the constant parameterizations.

2. Locality: Let P: U — X be parametrization. If, forallr € U,
there is an open neighbourhood V of r such that P [ V € D,
then P € D.

3. Smooth compatibility: For all P: U —» X in D, for all F €
©*(V, U), where V is an Euclidean domain, PoF e D.

A space equipped with a diffeclogy is called a diffeological space. The
elements of the diffeclogy D of a diffeological space X are called the
plots of (or in) the space.!

20. Note. Formally, a diffeological space is a pair (X, D) where X is
the underlying set and D the chosen diffeology, but we generally use
a single letter to make the reading lighter. For example, we can use
the letter X for the pair (X, D), or anything else suggestive.

IThere is a discussion about diffeology as a sheaf theory in [Igl87, Annex]. But
we do not develop this formal point of view in general, because the purpose of
diffeoclogy is to minimize the technical tools in favour of a direct, more geometrical,
intuition.
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21. Example: smooth diffeology on R™. The first and foremost exam-
ples of diffeological spaces are the Euclidean domains. The plots of

a domain O are all the smooth parametrizations F: U — O, where U
is any other domain, of any dimension. We call this diffeclogy the
smooth diffeology, or the standard diffeclogy. It is clear that the
three axioms are satisfied. They have been chosen exactly because
they are the fundamental properties which we want to replicate on
sets, to define a smooth structure. Note that this is not the only way
to imagine smooth structure on sets. We may compare diffeclogy
with other approaches in the future.

10. Category {Diffeology}

22. Smooth maps. After defining the structure of diffeological space,

the main constituent in diffeclogy is the notion of smooth map. Let
X and X’ be two diffeological spaces. A map f: X — X’ is said to be
smooth if (and only if) the composite with any plot in X is a plot in
X', which can be summarized by

foDcD,

where D and D’ denotes the respective diffeologies. The set of smooth
maps from X to X’ is denoted by?2

C®(X,X) ={f € Maps(X,X') |foPe D/, VP e D}.

23. Example: smooth parametrizations. The plots of a diffeology are
the first examples of smooth maps. Indeed, let P: U — X be a plot of
X, let F: V — U be a plot of the smooth diffeoclogy on the domain U,
that is F € C*(V, U). Then, the composite PoF is a plot of X, that is
the third axiom of diffeclogy, the “smooth compatibiity”. Therefore,

C*(U,X) ={P € D|dom(P) = U}.

In particular, for the domains U and V, the notation C*(U,V) is
understood in the usual sense and in the diffeological sense coincide.

2Maps(X, X’) denotes the set of all maps from X to X'.
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Hence, there is no need to introduce a special notation to denote the
plots of a diffeological space.

24. Category {Diffeology}. Consider X, X’ and X" be three diffeolo-
gical spaces, with diffeologies D, D’ and D”. Let f € €*(X,X’) and
f' e (X', X"), then f' o f € C®(X,X"). Thus, diffeological spaces,
together with smooth maps, define a category we write {Diffeology}.

The isomorphisms of this category are called diffeomorphisms, they
are bijective maps, smooth as well as their inverse. In the case of a
diffeomorphism f oD = D’. The set of diffeomorphisms from X to X’
is denoted by Diff(X, X’).

25. Remark. {Euclidean Domains} is a full subcategory of {Diffeo-
logy}, which is a strict extension of it on sets. We could call such
extensions “smooth categories”, but that is just to identify the gen-
eral context of the theory.

Pick, for example, the smooth R2: we have a diffeology on T? =
R?/Z? by lifting locally the parameterizations in R2. That is, a plot
of T2 will be a parameterization P: r — (zr, zé) such that, for every
point in the domain of P, there exist two smooth parameterizations
6 and 6/, in R, defined in the neighbourhood of this point, with
(zr,2)) = (e2im0() g2ine’(r )), that is, the usual diffeology that makes
T? the manifold we know.

That procedure can be extended naturally to the quotient Ty =
R/(Z + aZ), where o is some number. Indeed, a parameterization
P:r— 1, in Ty is a plot if there exists locally, in the neighbourhood
of every point in the domain of P, a parameterization r — t;, such
that t, = class(t;), with class : R — T, the projection.

This is exactly the diffeoclogy we are considering when we talk about
the irrational torus. This construction of diffeclogies by pushforward
is actually one of the fundamental constructions of the theory, and
for that, we need to introduce an important property of the set of
diffeologies of a set.
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11. Order in diffeology

26. Comparing diffeologies. Inclusion defines a partial order in diffeo-
logy, called fineness. If D and D’ are two diffeologies on a set X, one
says that D is finer than D’ if D « D’. We denote by

D=<D

We say also that D’ is coarser than D. Every set has two extreme

Discrete Diffeology

Coarse Diffeology

Difflg(X)

Figure 2. Comparing Diffeologies.

diffeology:

(1) The discrete diffeology where plots are only local constant
parametrizations is the finest.

(2) The coarse diffeology where plots are all the parametriza-
tions is the coarsest.

27. Infimum and supremum. Diffeoclogies are stable by intersection.
Any family (D;);c g of diffeologies on a set X has an infimum, it is the
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intersection:
inf(Djeg = [ | Di.
iel
It is the coarsest diffeology which is contained in every element of
the family (Dj);cy.

The family (D;);cg has also a supremum, it is the finest diffeology
containing every element of the family:

sup(Dy) ey = inf{D’ € Diffeologies(X) | Vie J,D; c D'}
where Diffeologies(X) denotes the set of all diffeologies on the set X.

This partial order, fineness, makes the set of diffeologies on a set X,
a lattice. That is, a set such that every subset of diffeclogies has an
infimum and a supremum.

As usual, if the infimum of a family belongs to the family, then it is
called a minimum; and if the supremum belongs to the family, then
it is called the maximum.

This property of being a lattice is very useful in defining diffeologies
by means of properties. We shall see that most of diffeologies are
the finest or coarsest diffeologies such that some property is satisfied.
Because mimina and maxima are always distinguished elements in a
set when they exist. The following examples will illustrate the point.

12. Pushing and pulling diffeology

28. Pushing forward diffeologies. Let f: X — X’ be a map, and let X
be a diffeological space, with diffeology D. Then, there exists a finest

diffeology on X' such that f is smooth. It is called the pushforward
of the diffeology of X. We denote it by £f.(D).

If f is surjective, its plots are the parameterizations P’ in X’ that
can be written Sup; f o P;, where the P; are plots of X such that the
f o P; are compatible, that is, coincide on the intersection of their
domains, and Sup denotes the smallest common extension of the
family {f o Pj};cq9. Formally speaking, a parametrization P:U—>X
belongs to £ (D), if (and only if) there exists a family (P;);cq of plots
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of X, P; € D, defined on an open covering (Uj);cg of U, such that
foP;=P |y,

£(D) = {P' € Param(X) | 3P; € D,ie J,P’ = Sup;(f o P}

It is equivalent to say that for all r € U there exists an open neigh-
bourhood V and a plot Q in X, such that P [ V=0 Q.

29. Subductions. Let 1: X — X’ be a map between diffeological spaces.

We say that m is a subduction if (and only if)

(1) The map T it is surjective.
(2) The pushforward of the diffeology of X coincides with the
diffeology of X'.

We can check that the composite of two subductions is again a sub-
duction, that makes the subcategory {Subductions}.

Let’s talk about quotients.

30. What a quotient is and where does it live. There is sometimes an

ambiguity about the construction of quotient sets that needs to be
adressed once and for all. They are too often identified with some
sets of representants in a way that can be regarded as arbitrary. Let
us begin with a set X and an equivalence relation ~ on X, that is, a
binary relation which is reflexive, symetric and transitive. Let x € X,
the equivalence class class(x) of x is by definition the subset

class(x) = {x’ | ¥’ ~ x} c X.
It lives then naturally in the powerset
class(x) € P(X) = {A| A c X},

set of all the subsets of X. The quotient set Q of X by ~, denoted
generally by X/~, can always be regarded as a subset of L(X):

Q = {class(x) | x € X} < P(X).
The canonical projection class is then the application

class: X = P(X) with X/~ = class(X).
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When it comes to quotient space in these lectures, it is always the
way we look at it.

31. Quotient spaces. Let X be a diffeological space and let ~ be an

equivalence relation on X. Let Q = X/~ be the quotient set. The
pushforward class«(D) on Q of the diffeology of X, by the canoni-
cal projection, is called the quotient diffeology. Equipped with the
quotient diffeology, Q is called the quotient space of X by ~.

This is the first important property of the category {Diffeclogy}, it
is closed by quotient, and we shall see not trivially closed.

Note that considering the quotient Q = X/~ for what it is, as de-
scribed above, does not prevent us to identifiy it with some smooth
representant Q, according to the diagram where class and m are two
subductions and f a bijection, and therefore a diffeomorphism.

X
clay k
Q—F—9

32. Pulling back diffeologies. Let f: X — X’ be a map, and let X’ be
a diffeological space with diffeology D’. Then, there exists a coars-

est diffeology on X such that f is smooth. It is called the pullback
of the diffeology of X’. We denote it by f*(D’). Its plots are the
parameterizations P in X such that f o P is a plot of x'.

(D) = {P € Param(X) |foP € D'}.

33. Inductions. Let X and X' be two diffeological spaces and f: X —
X’ be a map. We say that f is an induction if (and only if):

(1) The map f is injective.
(2) The pullback f*(D’) of the diffeology of X’ coincide with the
diffeology D of X.

34. Subset diffeology. Pulling back diffeologies gives to any subset
A c X, where X is a diffeological space, a subset diffeology j*(D),
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where j: A — X is the inclusion and D is the diffeology of X. A
subset equipped with the subset diffeoclogy is called a diffeological
subspace. Plots of the subset diffeclogy are simply plots of X taking
their values in the subset A.

This is a second important property of the category {Diffeology}, it
is closed by inclusion.

35. Discrete subspaces. We have defined discrete diffeological spaces

as diffeological spaces equipped with the discrete diffeclogy. That
is, the diffeology comnsisting in locally constant parametrization. It
happens that subspaces of diffeclogical spaces inherit the discret dif-
feology.

The best example of a discrete subset in diffeology is probably Q C R.
This corresponds perfectly to what we understand intuitivly to be
discrete. But we have to be careful because discrete in diffeology
does not coincide always with discrete in topology, in particular for
Q in R that topologists do not consider as discrete, which is a little
bit exagerate. However, it is always preferable to specify in which
sense we are using the word “discrete” when in doubt, to avoid any
confusion with topologists.

C® Proof. Consider a plot P: U — R but with values in Q. Let
r,r’ € U and y: t = P(tr' + (1 - t)r), defined on a small open neigh-
bourhood of [0,1]. Then, y is a plot in R and therefore continuous.
Let g = y(0) = P(r) and q' = y(1) = P(z/), by hypothesis q,q' € Q.
Since vy is continuous, according to the intermediate values theorem,3
Y takes every values between g and q/. if g # q' , there exists always
an irrational number in between, which cannot be because P takes
its values only in Q. Therefore y(0) = y(1), that is, P(r) = P()).
The plot P is then locally constant since it will be constant on every
small ball around every r € U. »

36. Example: the circle. Let S! be the circle, defined by

Sl={(X,y)€ R2|X2+y2=1}.

3https://www.wikiwand.com/en/Intermediate_ value_ theorem
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It is equivalent the set U(1l) of complex numbers of modulus 1, z =
x + iy € U(1) means4 zz = x°> + y° = 1. The plots of S, as a
diffeological subspace of R?, are just the pairs r — (x(z),y(r)) of
smooth real functions defined on some Euclidean domain U, such
that for all r in U, x(z)? + y(r)2 = 1. In particular, for r =8 € R:

Proposition. The projection, from R to st,
m: 6 — (cos(6), sin(6))

is a subduction.

Indeed, For any O, one of the derivative x'(8) = —sin(8) or y'(8) =
cos(0) does not vanishes, since x'(6)? + y/(8)2 = 1. Assume that
x'(8g) # 0, then according to the inverse function theorem,’ there
exists a small interval J centered at 6g such that ¢ = cos [ J is a
diffeomorphism onto its image, an open intervall that we denote by
d = cos(J). So, let r » (x(r), y(r)) be a plot in S! and assume that
x(rp) = cos(6p) and sin(8g) # 0. The preimage O = x~1(J) is an open
subset in U, since r — x(r) is smooth.

AN
7 cos(6)
/< \\ ‘
/ \ /T : — >
p © b,
N

Figure 3. Function Cosinus.

Then, let 6(r) = (I)_l(x(r)), defined on O, and for all r € O, x(r) =
cos(6(r)) and y(r) = sin(6(r)). The map r — 6(r) is a local lifting,
along the projection m, of the plot r — (x(r), y(r)).

4z or z* denote the conjugate x — iy of z = x + iy.
Shttps://www.wikiwand.com/en/Inverse_ function_ theorem
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There exists then a bijection f: R/2nZ — S!
f(class(x))) = (cos(x), sin(x)),

and since m: x — (cos(x), sin(x)) is a subduction, f is a diffeomor-
phisme satisfying f oclass = w, and therefore Sl is a smooth represen-
tant of R/2nZ.

On the other hand, we can define also

X [X]
o: X+ ——|—1|,
2n 21

where the bracket denotes the integer part. Then o(x) = o(x') if
and only if x’ = x + 2nk, with k € Z. Set theoretically, the interval
[0,2n[ = o(R) C R represent R/2nZ, but equipped with the subset
diffeology, o is discontinuous and it cannot be a smooth represen-
tation of the quotient R/2nZ. Of course we can push forward the

0 2T

NeY.

Figure 4. Closing the circle by push forward.

smooth diffeology of R onto the segment [0, 2n[, but that would con-
sist to glue the end of the interval near 2n to the origin 0, and so to
reconstruct the circle as shown in Figure 4.

37. Strict maps. The last example of the projection m: 6 — (cos(6),

sin(0)), from R to S! c R? suggest the definition of a new kind of
map, the strict maps.

Every map f: X — Y defines the following commutative diagram
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x L, x

class[ %’

X/f T £(X)

where

(1) X/f denotes the quotient by the relation f(x) = f(x').
(2) The map j: f(X) — X' is the inclusion.
(3) The map ¢: X/f — £(X) is defined by ¢(class(x)) = f(x).

Let now X and X’ be two diffeological spaces:

We say that f is strict if ¢ is a diffeomorphism when X/f is equipped
with the quotient diffeology and f(X) with the subset diffeology.

In particular, the map m above is strict. Strict maps realize quotient
as subset of other diffeclogical spaces.

13. Making sum of diffeologies

38. Direct sum diffeology. Consider a family (X;);cq of diffeological
spaces, for any family of indices. The direct sum, or simply the sum

of the (elements of) family is defined by
HXi ={(,x)]|ie Jand x € X;}.
iel
Proposition. There exists on the sum X = [ [;.9X; a finest diffeology
such that every injections
ji: Xij = X defined by ji(x) = (i, x)
is smooth.

The plots of this diffeclogy are the parametrizations r — (i(r), x(r))
such that r — i(r) is locally constant. In other words, a plot is locally
with values in only one component of the sum.

Actually, the injections j; are inductions. The space X is called the
diffeological sum of the X;.
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Now, the category {Diffeology} is also closed by sum.
39. Examples: some diffeological sums. Consider

e=1][=

xeR

Every element of € is a pair (x,y) € R?, but of course the diffeclogy
of the sum is not the smooth diffeoclogy of R2. Indeed, a plot in E
write always locally r — (x, y(r)), where x is constant and r — y(z)
is smooth. We could call this diffeoclogy the “comb diffeclogy” of R2.

Another example, bigger: let n € N, let x € R" and € € 10,00, let
B(x,€) be the open ball in R” centered in x with radius €. The world
of balls would be the sum

X = H H B(x, e).

neN xeRZ2
€€]0,00[

In diffeology, don’t be afraid to think big. One can also access an

|

Figure 5. Klein’s exploded view of the square.

dl

Square SAuaregiein

aspect of the structure of a diffeological space by means of sum of
parts: consider the group of diffeomorphisms Diff(X) a diffeological
space X. It decomposes the space into a set of orbits O € X/Diff(X).
Then we reconstruct a finer diffeological space by considering the sum
of the orbits, an exploded view of the space reavealing its singular
structure. We can call it the Klein’s exploded view.

XKlein = H 0.

0e X/Diff(X)
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14. Grow and multiply

40. Product diffeology. Consider a family (X;);c g of diffeological spaces,

for any family of indices. Let pry be the first projection of the direct
sum of the X;, that is

pry: HXi —J with pr;(,x) =1
iel
The product of the X; is defined as the set of section of pr, that is
HX1~= {X: f]—)HX1-|prlox= lg}
iel ie]
Let X = [[icgXi. An element x € X can be denoted as x = (Xj);c7,
where x; = x(i). The projection w; on the i-th factor X; is defined by

;(x) = x;.

Proposition.There exists on the product X a coarsest diffeology such
that each projection w; is smooth. Equiped with this diffeology, X is
called the diffeological product, or simply the product, of the X;.

Actually, the projections are subductions. A parametrization of the
product writes r — (x;(r));cq, where the x; are plots of the X;.

Now, the category {Diffeologyl} is also closed by product.

41. Examples: some diffeological products. The main example here
is the power R™ which is the product of n copies of R equiped with

the smooth diffeoclogy.

A special and remarkable feature of diffeology is that the set of the
smooth maps between diffeclogical spaces carries a natural diffeoclogy:

42. Functional diffeology. Let X and X’ be two diffeological spaces.

There exists on C*(X, X’) a coarsest diffeology such that the evalua-
tion map

ev: C°(X,X)xX - X' defined by ev(f, x) = f(x),

is smooth. Thus diffeology is called the functional diffeology.
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The plots of that diffeclogy are the parametrizations r — £, defined
on some domain U, such that

(r,x) = f;(x) from UxX to X'

is smooth. That means that for every plot s — x5 in X, defined on
some domain V, the parametrization (r, s) — f;(xs), defined on UXV,
is a plot of X'

Now, let X, X" and X" be three diffeological spaces. Then,

(1) The product
o(f,g) =gof,
defined on C*(X, X)) x C=(X/, X" to C*(X, X, is smooth.
(2) The spaces C®(X,C*(X’,X")) and C*(X x X/, X") are dif-
feomorphic. The diffeomorphism ¢ consists in the game of
parenthesis, for all f € C*(X, C*(X/, X))

O (x,x') = F(x)(x)).

We say that the category {Diffeology} is Cartesian closed.

A forest, a sum of trees...



The Irrational Tori

In this lecture we will study the examples of irrational tori, quotients
of torus T™ by irrational hyperplanes.

The irrational torus is the first example in diffeoclogy that made the
difference with the other generalisations of differential geometry. It
appears for the first time in our paper “Exemples de groupes dif-
féologiques: flots irrationnels sur le tore” [DI83], at the very begin-
ning of the theory of diffeologies in 1983. It is this example that has
motivated the subsequent development of the theory.

The irrational torus is a quotient space that is topologically trivial
but, as it has been proven, absolutely not trivial for the quotient
diffeoclogy. We shall see in this example how its diffeology captures
the maximum possible of its construction. It is also an example of
how diffeclogy can be sensitive to arithmetic and reveal it when it is
involved in a hidden way.

15. What is a torus?
The story begins with the ordinary multidimension torus T®, which
is the n-power of the 1-dimensional torus
T=58!'={(x,y) e R? |22+ y%2 =1} ~ UQL).

We have seen that this space, equipped with the subset diffeclogy of
R? in the previous lecture.

28
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We recall that we have also seen that the map
n: R > R? with n(t) = (cos(2nt), sin(2mnt))

is a subduction from R to S! — R? that identifies smoothly the
quotient space R/Z with S!, T ~ R/Z. The preimage of a point
z = (cos(2nt), sin(2nt)) is the orbit of t by Z, that is

Tl (z)={t+k|ke Z}.

The torus T is naturally a group, quotient of the additive R by the
subgroup Z. It is a diffeclogical group (actually, a Lie group). More-

R £-1
{.
f+1
t+k

T

T

z

Figure 6. Covering of the Circle.

over, the projection m is the universal covering of T, which exists and
is unique up to an isomorphism for any connected diffeological space.
These words will be defined precisely later.

Now, the 2-torus

T2 =TxT c R?2xR?
is the product of the torus T by itself, its square. It is equipped with
the product diffeoclogy we have seen in the previous lecture. A plot
of in T? is a parametrization

r — (21(), z2(r)) = ((Xl(r),yl(r)), (Xg(r),yg(r)))

such that the x; and y; are smooth parametrizations such that Xi(r)2+
yi(r)? =1 for all r.
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Next, we can consider the square of the projection w, let us denote it
just by mo
mo: R% > T?
with
raCe, £2) = ((cos(t1), sinCer)), ( costs), sin(t2)) )
Since the projection m on each factor is a subduction from R onto
its image T C R?, the product my is a subduction from R? onto its

image T2 c (R?)?. Therefore the square T2 of T identifies with the
quotient

T? ~ (R/2Z)? = R%/Z2,

where Z? c R? is the subset of points with integer coordinates.

Figure 7. The 2-torus.

More generally, a n-dimensional torus T? is the n-th power of the
1-dimensional torus T

T2 = {(z1,...,2zn) | Vi, z; € T}.
And also equivalent to the quotient
" ~ (R/Z)" = R"/Z".

where Z" c R” is the subgroup of points with integer coordinates.
Again, T" is a diffeological group (a Lie group more precisely), an
Abelian one.
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Remark. Consider a lattice in R”, that is, a subgroup like
n
L=4 Y njvi|lnje Z;,
i=1
where the (v;)JL; are a basis of R". Then the quotient space R"/L is

naturally difféomorphic to T™. Indeed, let M: R™ — R” be the linear
isomorphism M(x) = Y. x;v;, with x = (x1,...,%p). The map

m = class(x) — classy.(x)

is well defined and defines a smooth group isomorphism from T? =

R2/Z% to R®/L.
clas/ \MSSL

R%/Z" - a— R™"/L
So, diffeologically speaking there is only one torus T™: all lattices are
equivalent.

The various tori are often described as the power of the unitary group
UQ)={ze C|zz=1},
where Z denotes z conjugate. Thus,
B~ U =4(z1,...,2n) | Vi, z; € U}
There, the group law is just the pointwise multiplication:
(z1,...,2n) (z{,...,z;l) = (zlz{, ...,znzlll).

We remark that the multiplication is smooth, that means that for
two plots r — (z1(z),...,2z(r)) and r — (zi(r), cees z;l(r)), defined on
the same domain, the resulting parametrization r — (z; (r)z{ (r),...,
zp(r)z} (1)) is again a plot in T®. The inversion r — (z1(1),..., Zy(r))
also is smooth. We say that T” is a diffeological group. We shall
develop later a little bit about diffeoclogical group, especially when
it will come to the moment map and symplectic diffeclogy. But for
now, that is all we need.
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16. The irrational torus Ty

The object “irrational torus” has been motivated by physics, by a
question related to the behavior of a particle submited to a quasiperi-
odic potential. These quasiperiodic potentials describe the phenome-
non of a quasiperiodic pattern in cristals. For example, the Figure 8
is representing the diffraction of an aluminium-palladium-manganese
(Al-Pd-Mn) quasicrystal surface.

. ),
o @’5‘. )
2N A.. 2N
S

Figure 8. A Diffraction Figure of a Quasicristal.

For this type of material, the diffraction pattern is not periodic as it
is usually for a crystal, i.e. it does not draw a periodic tiling of the
plane, but something close without being quite so.

The physicists and the mathematicians who were involved in these
researchs decided that, that phenonenom could be described by a
quasiperiodic potential. I will try to outline their approach without
being able to be too precise.

In classical physics, the motion of a particle in a medium is described
by a force which is the gradient of a real function called the potential.

So, let us consider the simplest example, a toy model: a particle
moving on a line submited to a force that is the derivative of a real
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function V : R — R, which is assumed to be smooth. Physicists are
interested in the spectrum of the so-called (quantum) Hamiltonian:

. n 02
H= _Eﬁ +V(X)

which is an operator on some Hilbert space of functions. Two main
special cases are illustrated by figure 9.

(1) The periodic case is described by the potential
Vi:x— Uy (eQmX)

where U is defined on the circle st
(2) The quasiperiodic case is described by the potential

Vao: x > Ug o0 j(x),

where Us is a function defined on the 2-torus and jy: R — T2
is the map

Jo: X (eQi“X,eQimX) with ae R—-Q.

U1
.eZt'ﬂx H Q
R 3
O TZ

Ja —>
U2

Figure 9. Periodic and Quasiperiodic Potential.

So, the quasiperiodic property is encoded in the irrational solenoid
50( — {(eQiT(X’ te’TtocX) |X c R}
We remark first that 8§ c T? is a subgroup.

Our intention now is not to solve the general question of the spectrum
of the Hamiltonian in presence of quasiperiodic potential, but to delve
deeper into issues surrounding these context. In particular:
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43. Definition. We call irrational torus T the quotient space
Ty = TQ/ Sa,
equipped with the quotient diffeology.

44. Proposition. The map jy: x — (e2i“X , eQi““X) is an induction from

R into T?, with image the solenoid 8.

Note. We shall see further on, 84 C T2 is a submanifold in the sense
of diffeological manifolds, but not exactly in the usual sense because
it is not embedded. In ordinary differential geometry textbooks, sub-
manifolds are defined only embedded.

C® Proof. Let us begin to check that the map n® : (x,y) —
(n(x), n(y)), where n(t) = (cos(2nt), sin(2nt)), from RXR to RZxR2
is strict. First of all, the map 1 is smooth. Then, according to the

2

definition, n“ is strict if and only if

class(x, y) — ((cos(QTtX), sin(QTtX)), (cos(QTty), sin(QTty)))

is an induction, from R2/Z2 to R? x R2, with class : R? — R2/Z2.
We have already seen that m : t — (cos(2nt),sin(2nt)) is strict, and
n° is just the square of m. Thus, a plot ¢: U — s'xs! cR?xR?is
just a pair of plots P and Q from U to S!, which can be individually
smoothly lifted locally along w, and give a local lift of n? itself. Thus,
n? is strict.

Now, let Ay be the line in R X R with splope «, the subset of points
(x,ax) € R2. Since « is irrational, Tta = 72 [ Ay is injective. Indeed,
2 (t, at) = 72(t/, at’) means, on the one hand, (cos(2nt’), sin(2nt’)) =
(cos(2mt), sin(2nt)), and on the other hand, (cos(2nat’), sin(2nat’)) =
(cos(2mat), sin(2nat)). That is, t' = t + k and at’ = ot + k/ with
k, x' e Z, which gives ok -k = 0, but a # Q, thus k = k' = 0 and
then t’ = t.

Let & : U = 8y S xS! c R?xR? be a plot, with &(r) = (P(r), Q(r)).
Since 2 is strict, for all r € U, there exists locally a smooth lift
r' = (x(r"), y(z")) in R?, defined on a neighborhood V of r, such that
2(x(r"), y(r')) = P, QU’)) Thus, 12(x(r'), y(&')) € Sy for all r’ €
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V. But, r' = (x(z), ax(r)) € Ay © R? is smooth, and ©2(x(r’), ax(z’))
belongs to 8y too. Therefore, there exists r’ +> k(r’) € Z such that
y(r/) = ax(r") + k(z'), that is, k(') = y(r/) - x()). Thus, ' —»
k(r’) is smooth and takes its values in Z, hence k(r’) = k constant.
Then, r’ — (x(z), y(r') — k) is a plot of 8y with w?(x(r), y(r') - k) =
(P, Q), thus ni : Ay = Sy is an injective subduction, that is, a
diffeomorphism from Ay to 8y, and therefore an induction. »

45. Proposition. The quotient space Ty = T?/8 is diffeomorphic to

the quotient R/(Z + oZ), and isomorphic as a group.

Note 1. It is clear now that Ty, as a quotient topological space, is
trivial since Z + aZ C R is dense.

Note 2. T, is also isomorphic to the intermediate quotient R2/Z2(A),
where Z2(A) is the image of the line Ay by Z2, that is, the set of points
(x + n,ax + m) with x € R and (n, m) € Z2.

C® Proof. We begin to prove that with o« # Q, Z + oZ is dense in R.
We remark first that Z + «Z is a subgroup of (R,+). Let ' € R be
a subgroup not reduced to {0}. It is relatively obvious that: either
there exists a smallest element ae€ I' and I’ = aZ, or I' is dense. Now,
if Z+ «Z = aZ, then o« = ka and 1 = {a with k,{ € Z, that would
mean that o = k/{ which is not the case. Thus, Z + oZ is dense.

Let 0: R?/Z? — S'xS! be the identification given by the factorization
of the strict map n%: R%? — S!xS!. Then, the quotient (S1xS1)/8y =
0(R2/22)/84, is equivalent to R?/[Z%(Ay)] where the equivalence rela-
tion is defined by the action of the subgroup Z2(Dy). Let p: R? - R?
be defined by p(x, y) = (0, y—ax), it is obviously a projector, pop = p,
and clearly classop = class, with class : RZ — R2/[Z%(Ay)]. Now, let
X" = val(p), that is, X’ = {0} x R. The restriction to X’ of the equiv-
alence relation defined by the action of Z2(Ay) on R2?, is given by the
following action of Z2 (n,m): (0,y) » (0, y+ m—an). Therefore, the
quotient (S!xS1)/8, is equivalent to X'/(Z + «Z), that is, equivalent
to R/(Z+ oZ) =Ty »
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R m - an R? N Aq+(x‘)

o Ii <

\%

E

Figure 10. Ty as quotients.

46. Smooth maps from Ty to Tp. For any pair o and f of irrational

numbers, the set C*(Ty, Tp) does not reduce to the constant maps if
and only if there exists a, b, c,d € Z such that
_c+dp
a+ bp’
Note that, since o and 3 are irrational, the relation above has an
inverse B = (aa— ¢)/(d — ba).

C® Proof. Let f: Ty — Tp be a smooth map. Consider the commu-

tative diagram
classa[ [ClaSSp

Te —— Tp

f

Since classy is a plot in Ty, f o classy is a plot of Tp. Hence, for
every real xp there exists an open interval V centered at xp, and a
smooth parametrization F : V — R such that classg oF = (foclassy) |
V. For all real numbers x and all pairs (n, m) of integers such that
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x+n+ am e V, there exist two integers n’ and m’ such that
F(x+n+am) =F(x)+n +pm’. (a)
Since B is irrational, for every such x, n and m, the pair (n/, m’) is

unique.

Now, there exists an interval J © V centered at xg and an interval O
centered at 0 such that: for every x € J and for every n + am € O,
x+n+om € V. Since F is continuous and since Z+aZ is diffeologically

Lo v

| X0

T

—_

| i

-t F—{+t ] (
o J

Figure 11. Intervals V, O, J.

discrete, n’ + pm’ = F(x + n + am) — F(x) is constant as function of
x. But F is smooth, the derivative of the identity (4), with respect
to x, at the point xq, gives F/(xg + n + am) = F/(xg). Then, since
o is irrational, Z 4+ «Z N O is dense in O, and since F’ is continuous,
F/(x) = F/(xp), for all x € J. Hence, F restricted to J is affine, there
exist two numbers A and p such that

F(x)=Ax+p forall xe /. (&)

Note that, by density of Z + oZ, classy(J) = Ty. Hence F defines
completely the function f.

Now, applying (&) to the expression (&%) of F, we get for all n+om €
O: Mx+n+am) +p=Ax+p+n' +pm/, that is:

AxX(n+om)e Z+pBZ, thatiss NMZ+aZ)cZ+PZ. (o)
Let us show that actually (e) is satisfied for all n4+ am in Z 4+ oZ.
Let O =] —t, t[, and let us take t not in Z 4+ oZ, even if we have to

shorten O a little. Let x € Z+4+ oZ, and x > t. There exists N € N
such that

X
0<(N-1)t<x<Nt, and then o<ﬁ<t.
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Now, by density of Z+ oZ in R,

V¥n>0, Jy>0 suchthat ye Z+oZ and O<%—y<n.
Choosing 1 < t/N we have

t
n<ﬁ = O0<x—-Ny<Nn<t and O<y<%<t.

Hence,

x,yeZ+aZ = x—-NyeZ-+oaZ,
and

x—Ny<t = x-NyeZ+aZnNO.
Thus,

AX(x—=Ny)=Ax-NxQy) € Z+ pZ.
But,

yeEZ+aZNO = ANyeZ+PZ = NxQy)e Z+pZ,

therefore, Ax — N X (A\y) € Z + BZ, together with N X (Ay) € Z + BZ,
implies
Vxe Z+oZ, Axe Z+pZ.

Now, applying successively (¢) to x =1 and x = «, we get

Ae Z+PBZ and Aae Z+ P2

Let
A=a+bp. and Aa=c+ dp.
If A # 0, then
_c+dp
~ a+bp’

Let us remark that, since classy(J) = Ty, the map F, extended to the
whole R, still satisfies classg oF = f o classy. »

47. Diffeomorphisms between Ty and Tp. Let o and P be two irra-
tional numbers. The tori Ty and Tp are difeomorphic if and only if
there exists a, b, c,d € Z such that

c+dp

o= with ad-— bc = *1.
a+ bp

We say o and P are conjugated modulo GL(2, Z) [DI83].
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C® Proof. The map f is surjective is equivalent to A # 0. Let
us express that f is injective: let T = classy(x) and T/ = classy(x').
The map f is injective if f(t) = f(v) implies T = 7/, that is, x’ =
x + n + am, for some relative integers n and m. Using the lifting F,
this is equivalent to:

If there exist two integers n’ and m’ such that F(x') = F(x)+

n’ 4+ Bm/, then there exist two integers n and m such that

x' =x+n+ am.

But F(x) = Ax +, with AX(Z+ «Z) € Z+ BZ. Hence, the injectivity
writes:

IfAx' +u=Ax+u+n +pm/, then x’ = x+ n+ am.
Which is equivalent to:
If \y e Z+pBZ, then y € Z+ oZ.

Finally equivalent to:
1
X><(Z+pz)cz+ocz.

Now, let us consider the multiplication by A, as a Z-linear map, from
the Z-module Z+aZ to the Z-module Z+pZ, defined in the respective
basis (1, o) and (1,pB), by

AXl=a+bxp and AxXa=c+dXp.

The two modules being identified, by their basis, to Z X Z, the multi-
plication by A and the multiplication by 1/A are represented by the
matrices

a b 1 _1 ]. d _b
A~L= and —~L "= —— .
c d A ad—bc \—¢c a
The matrix L is then invertible as a matrix with coefficients in Z,

that is, ad— bc =+1 and L = GL(2,2). »
48. The space C*(Tq, Tp). Every matrix M € L(2, Z) maps the lattice

Z? into itself, and the line y = ax is mapped into a line y = Px, that
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1 1
M <oz> x (|3> , thatis MAy = Ag.
M =
—-c a

and o and P will be related by the same relation as above:

an—c¢ . c+dp
, thatis a=
d— ba a+ bp

is,

Let

p=

Now, since M preserves the lattice Z? and maps the line Ay to the line
Ag, it defines by projection a morphism ¢ of T2, mapping the solenoid
Sa to the solenoid 8p. That defines a morphism fyy from the quotient
Ty = T?/84 to Tpg = TQ/Sp. Composed with a constant map we

R2 Aa R2

B amaan N T

Ts

Figure 12. Linear morphism from Ty to Tp.

obtain all the smooth maps from Ty to T, in additive notation:
f:t— fiy(o) +v.

In other words:
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49. Proposition. Every smooth map f: Ty — Tp is the projection of

an affine map
F:X > MX+N with Me L(2,Z) and Ne R?
In particular, the congruence modulo GL(2,Z) between o and f, in

case of diffeomorphism, is the optimum condition we can hope for
a good theory of quotients. What is remarkable here is that this is

the sufficient and necessary condition in the framework of diffeology.
Diffeoclogy optimaly discriminates the irrational tori.

Now, consider the set of lines in R?, denoted usually by Po(R). Each
line Ay defines a torus Ty.

50. Proposition. The class of equivalent irrational tori are in bijection
with the orbits of the irrational lines by GL(2, Z).

Note that this proposition extends to any quotients Ty = T2/8,
even if o € Q, in that case Ty is diffeomorphic to the circle sl. The
rationnal lines are one orbit under GL(2, Z).

51. Remark: C”(Tq, Tp) as bimodule. Let us come back to the lifting
on R of the smooth maps from Ty to Tp,

F

X Ax +
classy [clas%
classq(x) — classpg(Ax) + classp (1)

Since Tp is a group, the set C*(Tqy, Tp) is a group for the addition.
The mapping

ji £ O\ p) with p = classg(p),
is a group homomorphism. The map j is injective and identifies
C™(Tq, Tp) ~ Aap X Tﬁ,,

with
Aag ={AN|NMZ+az2)cZ+pZ}.
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We can note here that the linear smooth maps on Ty act on the left
on C”(Tqy, Tp), and the linear smooth maps on Tp act on the right.
We can denote that by

Moo Aoc[S . Aﬁp C Aq[3~
That would correspond to
x > vx = A(vx) + p = e(A(vx)) + p,

where W(Z + aZ) € Z+ oZ and €(Z +pBZ) c Z+ PZ. These actions are
commutative and make C*(Ty, Tp) a bimodule. But this bimodule
is not trivial only if o or B are quadratic numbers, or both. Indeed,
v(Z + aZ) c Z + oZ implies there exists four integers a, b,c,d € Z
such that

__a+ba 9 .
a_c+doc = doa‘+ (c—b)a—a=0.

Yet, still much need to be clarified here.

C® Proof. We just prove that the map j is injective. Let classg \x)+
p= ClaSSp()\/X) + o/, for x = 0 we get p = p, and then classp ((7\—
\)x) =0for all x€ R. Thatis, A\—A)x € Z+pZ for all x € R, and
thus A=\ »

52. Remark: Component of C*(Tq, Tp). We have seen that C*(Tq, Tp)
is isomorphic to Ay X Tp, equiped with the functional diffeclogy the

subgroup AupX{O} is discrete, it represents the connected components,
what we shall denote later by

11%s) (GW(TQ, Tﬁ)) = Aoc[S-

What we know better is the group of components of the group Diff(Ty).
That is, the set of numbers A € R such that:

NMZH+aZ)cZ+aZ and %(Z+ocZ)CZ+ocZ

Considering the basis (1, o) of the Z-module Z+oZ, we define a, b, ¢, d
by:
AX1l=a+4+ba and AXoa=c-+ da.
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The map F lifting f associated with A for p = 0 is represented by the

a b
M= ( ) e GL(2,2),
c d

¢+ do
a+ ba
As we said, except for the obvious solution A = 1 which correspond

matrix

and it satisfies:

F(x) =(a+ bw)x with o= and ad- bc==1. (&)

to the inversion x — —x, there are no other solutions except in the
case of a is quadratic.

Let us remark now that if two matrices M and M’ representing A in
GL(2,2), then they are equal. Indeed,

A=N = a4+ba=a'+bla = a=a and b=V
Then,
c+do¢_c’+d’o¢
a+ba a' +ba

= c+da=c +da
= c=¢ and d=4d.
Hence M = M’.

Proposition. The set of components of Diff(Ty) is isomorphic to the
stabilizer, in GL(2,Z), of the line Ay:

ro(DIfE(Ta)) = {(‘Z Z) | (i Z) <i> =2 @}

According to a Dirichlet famous theorem, that we shall see in full
generality in the next section, we have:

Theorem. The group of components of Diff (Ty) is isomorphic to {+1}x
Z if o is quadratic, otherwise it is reduced to {*1}.

17. The general codimension 1 case

The case presented here of an irrational hyperplane in the torus T?
is the result of a joint work with Gilles Lachaud, published in 1990
[IL90]. The arithmetic material for this part can be found in [BC67].
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We consider the standard torus T2 = R®/Z2.

53. Definition. We call irrational hyperplane in R" an hyperplane H
that does not contain any integer points except O

HnNz" ={0}.

An hyperplane is directed by a linear 1-form that is in our case nor-
malized as follow:

H=ker(w=(0 wy ... wp)) ={x¢€ RH|W(X)=ZW1X1'=O}.
i=1

The fact that the hyperplane is irrational is equivalent to the property
of the coefficients w; to be independent over Q:

n
Vqi € Q, ZWiq1=o = qi=0,Vi.

i=1
Let us denote by Sy < T the image of H by the canonical projection
n: R® — T". Here again the map n | H is an induction.

We define the irrational torus associated with H as the quotient space
Tu = T"/8u,
which is also an Abelian group.

54. Proposition. The space Ty is diffeomorphic to the quotient:

Ty ~ R/w(Z®).
where
n
w(z®) ={m + ) wni|n;e 2z}

i=2
is a subgroup of (R, +).

55. The group Diff(Ty). The group of diffeomorphisms of the irra-
tional torus Ty is given by

Diff(Tyg) ~ Ayw X TH.
with Ay, its group of components no(Diff(Ty)):
Ay ={rAe R| MMy = My} with My = w(ZP).
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C® Proof. The situation for the diffeomorphisms of the torus Ty is
identical to the case of Ty. They are the projections f of the affine
maps

F:x—=>Ax+y,

such that, for all k € Z® there exists a unique k/ € Z® with F(w(k)) =
w(k’). In other words,

Aw(Z™) c w(Z™).
The map f € Diff(Ty) is the defined by
f o classy, (x) = classy (F(x)).
On Ty, f is the composite of the linear part
A: classy (x) — classy(Ax)
by some translation
to: class(x) = classy(x) +p with p = classy (W.

We can focus on the linear parts of the diffeomorphisms of Ty, which
makes the discrete part of Diff(Ty).

Consider now the inverse diffeomorphism (A)7!, it can be lifted to R™
by A, with

Ao classy = classy oA and  classy o\ = (A)_1 o classy,
where A on R is just the multiplication by A. We get
classy, 07\7’ o A = classy,

which gives first A'Ax = x + w(k), with k € Z®, and then k = 0 for
x = 0. Therefore

A =

> =

Thus,
1 1
XW(ZD) cw(Z? = X XW(ZH) c aw(Zh).

Therefore, Aw(Z2) c w(Z®) and w(Z?) c Aw(Z®?), that is,

Aw(Z™) = w(Z™).
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We get then the discrete part of Diff(Ty)
such that Diff(Tyg) ~ Ay X Ty. »

In order to understand the group of components Ay we will introduce
the Q-vector space:

n
Ey = w(Q®) = {ql + Z qiwi | gi € Q}-
i=2

56. The Algebraic Field Ky,. The set of numbers

Kw ={\€ R|AEy C Ey}

is an algebraic number field, a finite extension of Q, whose dimension
d on Q divides n, and E is a Ky-vector space of dimension n/d.
That is, Ky is a field Q(0) where 6 is a solution of some polynomial
with integer coefficients.

C® Proof. It is enough to prove that if k € Ky and k # 0, then
1/k € K. The multiplication by k is a linear map in E4 whose
kernel is {0}, then it is injective. Since E is finite dimensional, it
is surjective: for all y € Ey there exists x € E such that kx = y,
that is, x = y/k. the number 1/k stabizes E;;. On the other hand,
Ky is a subalgebra of L(E), hence of finite dimension on Q. Since
Q < Ky, Ky is a finite extension of Q. Moreover, the space Ey; is
naturally a Ky-module, it is then a Ky-vector space. We get then
dimQEy = dimqQKy Xdimgk  Ey. »

Let us consider now a lattice My, € Ey, that is, an additive subgroup
of Ey such that My, ® Q = Ey,. Its ring of stabilizers:

is a subring of the field Ky .
Let us recall what is an order in the sense of ring theory (op. cit.).

57. Order of a ring. Let K be a ring that is a finite-dimensional
algebra over the field Q. Let A < K be a subring. We say that
A is an order of K if
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(1) A is a Z-lattice in K,
(2) A spans K over Q.

Then,

58. The Order M,,. Let E ¢ R be a finite dimensional Q-vector
subspace, and M C E be a Z-lattice. The ring A of stabilizers of M

A={re R|\Mc M},

is an order of the ring K of the stabilizer of E in R
K={Ae R|AECE}

In other words:

E=M®Q = K=A®Q.

C® Proof. We want to prove that K= A® Q. Let w = (wq,..., wp)
be a Z-basis of M, i.e. a Q-basis of E = M ® Q such that w(zZ?) = M.
Let A € K and A be the matrix representing A, the multiplication
by A € K, in the basis w. The matrix A can be written A = N/,
where { € Z is the least common multiple of the denominators of the
elements of A, and A’ € L(Z®). For all m € M we have then {Am € M,
that is, ({A)M < M. Therefore, (A € A, or again A€ A®Q. »

So, coming back to Ay and Ky, Ay is an order of Ky,. Now we are
not just interested in Ay but in its invertible elements. That is,

Ay ={A e R|AMcM and %MCM},

={Ae AW|>\_1 € Ayt

59. The Group Ay. The group Ay, of components of Diff(Ty)) is the

group of invertible elements of the ring Ay, that is, its group of units
(op.cit.). Since Ay is an order of the algebraic field Ky, its group of
units is given by the Dirichlet’s unit theorem.! In our case:

Ay ~+1x2ZITs 1

Thttps://www.wikipedia.org/en/Dirichlet’s_ unit_ theorem
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where r is the number of real places of the field K and 2s the number
of complex places. In other words, K,y = Q(8) where 0 is a solution of
a polynomial P with integer coefficients. The degree d of Ky, divides
n, thus d =r + 2s and n = {d.

Note. In particular, for n = 2 there are two cases, either d = 0 and
Ay = {£1}, or d =2 and Ay, = {F1} X Z.

60. Example. For the quotient of a 2-torus there is, as we have seen,
only one possibility: if we have one real root of the characteristic
polynomial, we have two and then mo(Diff(T/H) = {*1} X Z. For a
3-torus we have two possibilities either our characteristic polynomial
has one real root or three, illustrated in Figure 13.

In the first case the order is generated by one generator yx, and
no(Diff(T/H) = {*1} X Z.

w = (1 V2), x=\3@—1.

In the second case the order of Ky has two generators x and X/ , and
o (DIff(T/H') = {+1} x Z2.

2 1
w = (1p p?), with p=2cos(§), X = p, and X/=17-
-p

POY=23-2 / PO =23 - 34 +1

|
/
-

Figure 13. The two examples for T3,



Generating Families, Dimension

In this lecture we introduce first the notion of generating family, and
we’ll see an application in the definition of dimension in diffeoclogy.
Applied to the quotients Ay, = R™/O(R™), we prove that and Ap,
and Ap are not diffeomorphic if n # m, and not diffeomorphic to the
half-line A = [0, [ C R.

The notion of dimension in diffeology, that was introduced in [PIZ07],
is a quick and easy answer to the question: For two different integers n
and m, are the diffeological spaces A, = R™/O(n) and A, = R™/O(m)
diffeomorphic? We will show that since dim(Ap) = n and since the
dimension is a diffeological invariant, the answer is No, they are not.
This method simplifies a partial result, obtained in a more compli-
cated way in [Igl85], stating that A; and Aj are not diffeomorphic. The
half-line Aw = [0,0[ C R is a similar example for which dim(Aw) = 0.
Hence, Ap, is not diffeomorphic to the half-line A, for any integer m.
Dimension is a simple but powerful diffeological invariant.

18. Generating famillies

Diffeologies can be built by generating families. Any family of pa-
rametrizations of a set generates a diffeclogy. Conversely, any dif-
feology is generated by some set of parametrizations. This mode of
construction of diffeologies is very useful because it can reduce the
analysis of the properties of a diffeological space to a subset of its

49
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plots, hopefully smaller than the whole diffeoclogy. The definition of
generating diffeology leads to the definition of the dimension of a
diffeological space, which is a first global invariant of the category
{Diffeclogy}. And this construction also leads to the introduction
of important subcategories of diffeological spaces, for example the
category of manifolds, or the category of orbifolds and others.

61. Proposition. Let J be a familly of parametrizations of a set X.

There exists a finest diffeclogy on X containing JF, it is called the
diffeology generated by F. It is denoted by (J ). The family J is said
to be a generating family of the diffeological space (X,(JF)) [PIZ0T7].
It is the intersection of the diffeologies containing J

(Fr = (1 D

De Diffeologies(X)
FcD

Let X be a diffeclogical space, the set of families generating X will
be denoted by Gen(X).

If the family F covers X, that is, if for all x € X there exists a

parametrization F € F such that x = F(z), with r € dom(F), then a
plot of (J) is any parametrization P: U — X such that:

(&) For all r € U there exists an open neighborhood V < U of r,
a parametrization F € J, and a smooth parametrization Q: V —
dom(F) such that P [ V=FoQ.

If the family J does not cover X, the easiest way is to add the constant

parametrizations
%:RY > X with %(0) = x,
to F. That gives a family ¥ that covers X and

(F)=(F).

Note 1. The empty family & generates the discrete family,

(D)= "Do.
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Note 2. The diffeology D of a diffeological space X belongs to Gen(X).
Generating family is a projector:

(DYy="D

Note 3. Generating families is an increasing function of fineness

FcF = (F)c(F).

62. Pushing forward families. Let X and X’ be two sets. Let F be a
family of parametrizations of X, and let f : X — X’ be a map.

The pushforward £.(J) of the family F by f is defined by
() ={foF|Fe J}.

Then, the diffeclogy generated by the pushforward of the family J
by f is the pushforward by f of the diffeclogy generated by JF, that
is,

(£()) = £(T)D.

In particular, let X and X’ be two diffeological spaces, and let f : X —
X’ be a subduction. The pushforward f,(F) of any generating family
F for X is a generating family for X'.

63. Pulling back families. Let X and X' be two sets. Let J’ be a
family of parametrizations of X', and let f : X — X’ be any map. Let
us define the pullback of the family F’ by f as the family f*(F) of
parametrizations F : U — X satisfying the following property:

(#) Either foF is constant or there exists an element F’ : U/ — X’
of ', and a smooth parametrization ¢ : U — U’, such that
Flop=foF.

Then, the diffeclogy generated by the pullback f *(97) is the pullback
by f of the diffeclogy generated by J, that is,

(F5(FHYy = £F*(F').

In particular, let X and X’ be two diffeological spaces, and let f : X —
X’ be an induction. The pullback f*(J’) of any generating family F”
for X' is a generating family for X. Unfortunately, compared with
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the pushforward of a family, pulling back a small generating family
may lead to a huge family, almost as big as the diffeoclogy itself. That
will be the next example.

Note. The choice of a generating family is relatively arbitrary. For
example, the empty family is equivalent to the family of constant
parametrizations. If the family J’ is empty, its pullback is not empty,
but is the set of the parametrizations of X with values in the preim-
ages of points 1(x"), x’ € X'. This is not surprising since the pull-
back of the discrete diffeoclogy is the sum of the preimages of points,
equipped with the coarse diffeology.

64. Example: Generating the half-line. Let the half line [0, o[c R be
equipped with the subset diffeclogy of R. Let J be the generating
family of R reduced to the identity, 3 = {1gr}. Then the pullback
of the generating family J by the inclusion j: [0, [— R is the whole

diffeology of [0, oo[.

C® Proof. Indeed, the pullback j*({1r}) is the set of parametriza-
tions F: U — [0,oo[ such that jo F is constant, or there exists an
element F' € {1r} and a smooth parametrization ¢ : U — dom(F’)
such that joF = F’ o ¢.

Thus, F/ = 1), dom(F’) = R, and then F = ¢. Therefore, F is any
smooth parametrization of R with values in [0, [, and j*({1r}) is
the whole diffeoclogy of the half-line. »

19. Dimension of a diffeology

The global dimension of a diffeoclogy, or a diffeclogical space, defined
now is a diffeological invariant. It will be refined later in a pointwise
dimension map.

65. Dimension of a parametrization. Let P be a n-parametrization

of some set X, n € N. We say that n is the dimension of P, and we
denote it by dim(P). That is,

VP e Param(X), dim(P) =n & P e Paramp(X).
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66. Dimension of a family of parametrizations. Let X be a set and let

J be any family of parametrizations of X. We define the dimension
of J as the supremum of the dimensions of its elements,

dim(J) = sup{dim(F) | F € J}.

Note that dim(JF) can be infinite if for all n € N there exists an
element F of F such that dim(F) = n. In this case we denote
dim(F) = oo.

67. Dimension of a diffeology. Let D be a diffeology. The dimension

of D is defined as the infimum of the dimensions of its generating
families:

dim (D) = inf{dim(F) | (F) = D}.

Let X be a diffeological space and D be its diffeology, we define the
dimension of X as the dimension of D:

dim(X) = dim(D) € N U {}.

68. Dimensions of Euclidean Domains. The diffeclogical dimension
of an Euclidean domain U c R", equipped with the standard diffeo-

logy, is equal to n:

VU € Domains(R®?), dim(U) = n.

C®» Proof. Let ly be the identity map of U. The singleton {1y}
is a generating family of U, therefore, dim(U) < dim {1y}. Since
dim {1y} = n, dim(U) < n. Now let us assume that dim(U) < n.
Then, there exists a generating family J for U such that dim(J) < n.
Since the identity map 1y is a plot in U, it lifts locally at every point
along some element of . Thus, for any r € U there exists a superset
V of r, a parametrization F: W — U, element of F (that is, F €
C*(W,U)) and a smooth map Q: V — W, such that 1y [V = 1y =
Fo Q. But dim(J) < n implies that dim(F) = dim(W) < n. Now, the
rank of the linear tangent map D(FoQ) is less or equal to dim(W) < n,
but D(F o Q) = D(1y) = 1Rz, thus rank(D(F o Q)) = rank(1rs) = n.
Therefore, there is no generating family F of U with dim(J) < n, and
dim(U) =n. »
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69. Dimension zero spaces are discrete. A diffeological space has di-

mension zero if and only if it is discrete.

C® Proof. Let X be a set equipped with the discrete diffeology. Any
plot P: U — X is locally constant. Then, for any r € U, P lifts locally
along the 0-plot x = [0 — x], where x = P(r). Hence, the 0-plots
form a generating family and dim(X) = 0. Conversely, let X be a
diffeological space such that dim(X) = 0. Then, the 0-plots generate
the diffeology of X. But, any plot lifting locally along a O-plot is
locally constant. Therefore, X is discrete. »

70. The dimension is a diffeological invariant. If two diffeological spa-

ces are diffeomorphic, then they have the same dimension.

C® Proof. Let X and X' be two diffeological spaces and let f €
Diff(X,X’). Let J be a generating family of X. The pushforward
F' = £.(F) made of the plots f o F, where F € ¥, is clearly a gen-
erating family of X’. Conversely we have f~!. Therefore, dim(X) =
dim(X"). »

71. Exemple: Has the set {0, 1} dimension 1?7 Let us realise the set
{0, 1} as the quotient of the real line R by the projection

n(x) =0 if x € Q, and n(x) = 1 otherwise.

{R:R%{O,l}

Let then {0, 1}y be the set {0, 1} equipped with the diffeology gen-
erated by the parametrization n. Since {n} is a generating family,
the dimension of {0, 1} is less than or equal to 1 = dim({n}). But,
since the plot m is not locally constant, by density of the rational (or
irrational) numbers in R, the space {0, 1}y is not discrete. Hence,
dim{0, 1}y # 0, and finally dim{0, 1}y = 1. Thus, a finite diffeologi-
cal space may have a dimension non zero.

72. Exemple: Dimension of tori. Let I' © R be any strict subgroup of
(R, +) and let TT be the quotient R/T, whose diffeology is generated
by the projection class: R — R/T. Then,

dim(Tr) = 1.
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This applies in particular to the circles R/aZ, with perimeter a > 0,
or to irrational tori when I is generated by more than one generators,
rationally independent.

C® Proof. Since R is an Euclidean domain, class is a plot of the quo-
tient, and J = {class} is a generating family of R/I', and dim(J) = 1.
Thus, as a direct consequence of the definition dim(R/I') £ 1. Now, if
dim(R/T) = 0, then the diffeclogy of the quotient is generated by the
constant parametrizations. But m is not locally constant, therefore
dim(R/I) =1. »

20. Dimension map of a diffeoclogical space

Because diffeological spaces are not necessarily homogeneous, the
global dimension of a diffeclogical space is a too rough invariant. It
is necessary to refine this definition and to introduce the dimension
function of a diffeological space, defined at each of its points.

The dimension function of diffeological spaces is the simplest numeral
invariant in diffeclogy.

73. Pointed plots and germ of a diffeological space. Let X be a dif-
feological space, let x € X. Let P: U — X be a plot. We say that
P is pointed at x if 0 € U and P(0) = x. We will agree that the set
of germs of the pointed plots of X at x represents the germ of the

diffeclogy at this point, and we shall denote it by Dy.

74. Local generating families. Let X be a diffeological space and let

x be a point in X. We shall call local generating family at x any
family J of plots of X such that:

(1) Every element P of J is pointed at x, that is, 0 € dom(P)
and P(0) = x.

(2) For all plots P: U — X pointed at x, there exists a superset
V of 0 € U, a parametrization F: W — X belonging to J
and a smooth parametrization Q: V — W pointed at 0 € W,
such that FoQ =P [ V.
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We shall say also that F generates the germ Dy of the diffeclogy D
of X at the point x. And we denote

Dy =(F).

Note that, for any x in X, the set of local generating families at x is
not empty, since it contains the set of all the plots pointed at x, and
this set contains the constant parametrizations with value x.

75. Local generating families. Let X be a diffeological space. Let us
choose, for every x € X, a local generating family Jx at x. The union

J of all these local generating families,

F= Uffx,

xeX

is a generating family of the diffeology of X.

C® Proof. Let P: U — X be a plot, let r € U and x = P(r). Let
T, be the translation T,(r') = r' + r. Let P’ = P o T, defined on
U = T;I(U). Since the translations are smooth, the parametrization
P’ is a plot of X. Moreover P’ is pointed at x, P/(0) = P o T,(0) =
P(r) = x. By definition of a local generating family, there exists
an element F: W — X of JF, a superset V' of 0 € U’ and a smooth
parametrization Q' : V/ — W, pointed at 0, such that P’ | V/ = FoQ/.
Thus, PoT,; | V/=FoQ/, thatis, P | V=F o Q, where V = T, (V')
and Q = Q’ o T;l. Hence, P lifts locally, at every point of its domain,
along an element of J. Therefore, J is a generating family of the
diffeclogy of X. »

76. The dimension map. Let X be a diffeological space and let x be
a point of X. By analogy with the global dimension of X, we define

the dimension of X at the point x by:
dimy(X) = inf{dim(F) | {(F) = Dx}.

The map x — dimx(X), with values in NU{eo}, is called the dimension
map of the space X.

77. Global dimension and dimension map. Let X be a diffeological
space. The global dimension of X is the supremum of the dimension




20. DIMENSION MAP OF A DIFFEOLOGICAL SPACE 57

map of X:
dim(X) = sup,ex {dimx(X)} .

C® Proof. Let D be the diffeclogy of X. Let us prove first that for ev-
ery x € X, dimyx(X) < dim(X), which implies that sup,.x dimx(X) <
dim(X). For that we shall prove that for any x € X and any gen-
erating family F of D, dimx(X) < dim(¥). Then, since dim(X) =
inf{dim(JF) | F € D and (F) = D} we shall get, dim4(X) < dim(X).

Now, let J be a generating family of D. For any plot P: U —» X
pointed at x, let us choose an element F of J such that: there exists
a superset V of 0 € U and a smooth parametrization Q : V — def(F),
such that FoQ =P | V.

Then, let r = Q(0) and T, be the translation T,(r') = r' + r. Let
F/ = F o T;, defined on T;!(def(F)).

Thus, F/(0) = x, and F/ is a plot of X, pointed at x, such that
dim(F') = dim(F). Let Q' = T;! 0 Q, then Q' is smooth and P [ V =
F'o Q’.

Thus, the set 97; of all these plots F’ associated with the plots pointed

at x is a generating family of Dy, and for each of them dim(F’) =
dim(F) < dim(J).

Hence, dim(J%) < dim(F). But dimx(X) < dim(F%), thus dimx(X) <
dim(J). And we conclude that dim;(X) < dim(X), for any x € X,
and sup,. x dimx(X) < dim(X).

Next, let us prove that dim(X) < sup,.x dimx(X). Let us assume
that sup,.x dimx(X) is finite. Otherwise, according to the previous
part we have sup,¢ x dimx(X) < dim(X), and then dim(X) is infinite
and sup,. x dimx(X) = dim(X).

Now, for any x € X, dimx(X) is finite. And since the sequence of the
dimensions of the generating families of Dy is lower bounded, there
exists for any x a generating family Jx such that dimx(X) = dim(Jy).
For every x in X let us choose one of them.

Next, let us define F,, as the union of all these chosen families.
According to a proposition above, Fp, is a generating family of D.
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Hence, dim(X) < dim(Jy). But dim(Fp) = suppcg, dim(F) =
SUPyc x SUPFe 7, AAm(F) = sup, x dim(Fy) = sup,, x dimx(X).

Therefore, dim(X) < sup,.x dimy(X). And we can conclude, from
the two parts above, that dim(X) = sup,. x dimx(X). »

78. The dimension map is a local invariant. Let X and X' be two

diffeological spaces. If x € X and x’ € X’ are two points related by a
local (a fortiori global) diffeomorphism, then dimy(X) = dim ./ (X).

79. Dimensions of manifolds. A n-manifold is a diffeological space

X generated by local diffeomorphisms with R®. Each such local dif-
feomorphism is called a chart of X. Note that, each point is locally
equivalent to any other point: there exists always a local diffeomor-
phism from one point to any other. The dimension function is con-
stant, equal to the global dimension. Now, since there is always a
chart mapping 0 € R” to x € X, dimyx(X) = dimo(R") = n. There-
fore, dim(X) = n. Which is coherent with the ususal dimension in
differential geometry.

80. Klein decomposition. Let X be a diffeclogical space. The local

diffeomorphisms of X split the space into classes, according to the
relation: x ~ x’ if and only if there exists a local diffeomorphism f
mapping x to x’. These classes are called the orbits of the local diffeo-
morphisms of X. We call these classes Klein’s orbit. The dimension
map is constant on each Klein’s orbit.

21. Examples of the half-lines

81. The half-line A,. Let A, = R®/O(n) equipped with the quotient
diffeology, n € N. Then, dimg(Ap) = n, and dim,(Ay) = 1 if x #* 0.
Thus, dim(A,) = n and for n # m the half-lines A, and Ay, are not

diffeomorphic.

C® Proof. Let n > 0, and let us denote by classy : R® — Ap the
projection from R™ onto its quotient. There is a natural bijection
f: Ap — [0, [ such that

foclassy = vy with v,(x) = ||x|%
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Now, thanks to the uniqueness of quotients, we use f to identify Ap
with [0, oo, equipped with the diffeology D, generated by vy.

RI]
Vn
Tn
hn — 2 [0l

The elements of Dy consist of the parametrizations which can be
lifted locally along v, by smooth parametrizations of R™. Thus, since
dim(vy) = n, we get dim(Ap) < n. Let us prove now that dim(Ap) 2 n:

Let us assume that v, which is an element of Dy, can be lifted locally,
at the point 0y, along a plot

Pe D, with dim(P)=p<n.
Then, there exists a smooth parametrization
0:V —>dom(P) suchthat Po¢=v, [ V.
We can assume without loss of generality that
Op € dom(P), P(0p) =0 and ¢(0y) = Op.

Now, since P is an element of D, there exists a smooth parametri-
zation

¢: W —R" such that Op € W and vyo¢ =P [ W.
Let V/ = ¢~1(W), we get
vo [V =v,0F with F=¢o¢ |V,
and
Fe C°(V,R™), Ope V' and F(0p) = Op,
that is
I = [IFGo|%.

The second derivative of this identity computed at the point 0, gives

1, = M'M with M = D(F)(05).
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This is summarized by the following diagram:

7N

v/ —> [0, oof . R™
v |
But
M = AB with A =D($)(0p) and B =D($)(Op).
Thus, 1, = BtAtAB, which is impossible because rank(B) < p < n.

Therefore, dim(Ap) = n. And, since the dimension is a diffeological
invariant, Ay is not diffeomorphic to Ay, for n # m. »

82. The half-line A... The dimension of a diffeclogical subspace A © X

can be less, equal, or even greater than the dimension of X. The
following example is an illustration of this phenomenon. Let A. =
[0, o[ C R, equipped with the subset diffeology. Then,

dimp(Ax) = o and dimx(As) =1 if x # 0.
Thus, dim(Aw) = o, and for any integer m, A. is not diffeomorphic
to An,.

C® Proof. Let us assume that dim(Aw) = N < co. For any integer n,
the map vy : R? = Aw, defined by vu(x) = | x||2, belongs to D, the
subset diffeology on [0, oo[.

18]
¢ f
V———— 0,00
vn |V
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Figure 14. A generating family.

Hence, vp lifts locally at the point Op along some P € Do, where
dim(P) = p < N. Now, let us choose n > N. Then, P belongs
to some C”(U,R) with val(P) c [0,[, and there exists a smooth
parametrization ¢ : V — U such that Po¢ = v, [ V. We can
assume, without loss of generality, that Op € U, ¢(0,) = Op, and thus:
P(0p) = 0.

Now, the first derivative of v, at a point x € V/ = ¢ 1(V) is given by
x = D(P)(¢(x)) o D(¢)(x). But, since P is smooth and positive, and
since P(0) = 0 we have D(P)(0p) = 0.

Hence, the second derivative of v, computed at the point 0, gives
1, = M!HM, where M = D(¢)(0) and H = D?(P)(0). But since
rank(M) < p <N and n > N, this is impossible, and the dimension of
the embedded line is infinite at the origin, dim(As) = co. »



Cartan-De-Rham Calculus

This lecture is about the crucial theory of differential calculus, also
called Cartan calculus. It is accompanied with the description of the
De Rham Cohomology and its principal properties.

In this lecture we shall see the elementary constructions and defini-
tions of the theory of differential calculus in diffeology. In particular,
a reminder about smooth forms in Euclidean spaces, the definitions
of differential forms in diffeology, the operations of pullbacks and ex-
terior differential, the behavior under subduction with an example on
orbifold, the definition of the De Rham cohomology, the definition of
the cubic homology and the integration of forms on chains, the De
Rham homomorphism.

22. Smooth forms in Euclidean spaces

83. Linear p-forms on R". A linear p-form on the Euclidean space

R" is a map
o (RMDP 5 R
which is multilinear, that is, that is linear in each parameter,
oc(vl,...,?\vl-+pvl-/,...,vp) = Avi, ..., Vi,eun, Vp)
+ poc(vl,...,vl-/,...,vp)

62
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foralli=1...p, and which is antisymmetric under every transposi-
tion,

VL, eees Viseen, Vjyoon, Vp) = —0(V1, oo, Vjy e, Vi enn,y Vp).

We deduce from the antisymmetry that for all permutation € of
{1,...,p}

)sgn(s)

oc(vs(l),...,vg(p>) = (-1 (v, ..., Vp),

where sgn denotes the signature of the permutations.

We denote
AP(R™)

the set of p-forms (a shortcut for linear p-forms). This set is naturally
a real vector space:

Ao+ pp) (v, ..., vp) = Aalvy, ..., vp) + uplvy, ..., vp).
Note that:
A°@®R™ =R and A(R?) = R™* ~R?,
the dual space of R™. The dimension is the binomial coefficient

n!

im(AP(RE)) =
dmUPR™) =

Note that:

dim(A*(R™)) =1 and dim(AP(R™)) =0 if p>n.

Note. It happens that I write

a(vy) -+ (vp) for alvy,---,vp).

84. Pullbacks of linear forms. Consider a linear map

M: R®? 5> R™

Let B € AP(R™), We call pullback of p by M the map denoted and
defined by

M*@B)(vy,...,vp) = BMvy,..., Mvp).
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The map M*(R) is obviously a linear p-form on R". Moreover, M* is
linear:

M* e L(AP(R™), \P(RD)).

85. Smooth forms on Euclidean domains. Let U c R®, we call smooth

p-form on U any smooth map
o: U — AP(R™).
We denote
QP(U) = €™ (U, AP(R™))
the space of smooth p-form on U. In this case: a € QP(U), a(x) €

AP(R®) for all x e U.

There are a few ways of defining “smooth” for a p-form, one can use
the canonical decomposition of a linear p-form on the canonical basis
(it is documented everywhere, and also in [TB]), or we can directly
define it by this property:

For all vi,...,vp € R? [x— a(x)(vy,...,vp)l € €°(U,R).
The expression a(x)(vy,..., vp) reads: o at the point x applied to the
vectors vy,..., Vp.

Note 1. For p = 0 we have simply
0°(U) = €*(U, R).

Note 2. The set QP(U) is obviously a vector space. It can be equipped
with a functional diffeclogy that extends the functional diffeclogy on
2°(U) = €*(U,R).

86. Pullback of a smooth form. Let U € R® and U’ € Rn/, let f €
C*(U,U’) and B € QP(U’). We call pullback de B by f, and we denote
by £*(B) the p-form on U defined by:

@) (v, ..., vp) = BUE)Mvy, ..., Mvp), with M = D(f)(x),
for all x € U and all vy,...,vp € R™.
Then, f*(B) is a smooth p-form on U,
VB e QP(UN, F(PB) e QP(U).
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Moreover f* is a linear operator:
f Qo+ pp) = A" (o) + puf*(P),
and smooth for the functional diffeclogy.

87. Exterior derivative of a smooth form. Let o be a p-form,

ae QP(U),
on a domain U c R2.
Let da be defined as follow:
da(x)(vy1, v, V3, ..., Vp)
da(x)(vo, v1,...,vp) = 3 P~ (vp)
0x
da(x)(vg, Vo, V3, ..., Vp)
- 9 "2 73 P~ (v1)
0x
da(x)(v1, vg, V3 ..., Vp)
_ 1, V0, V3 P (Vg)
0x
do(x)(vy, vo, V0, ..., Vp)
_ 1, V2, V0 P (V3)
0x
da(x)(v1, vo,..., Vp_1, V)
- P 0% (vp).
0x
where vo, v1,...,vp € R™.
Then,

doe QPT1(U) and dlda] =0,
for all a.

The (p + 1)-form du is called the exterior derivative, or exterior dif-
ferential, of o, and the operator

d: QP(U) - QPTH(W)
is called the exterior differentiation.

Note 1. for f € Q0(U) = C*(U,R),

0f(x)

df(x): v (v).

Note 2. Forn=2and p=1
o = a(x, y)dx + b(x, y)dy,
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where dx(v) = v* and dy(v) = v7 are the coordinate 1-forms, with
v = (v¥*, vY). We have:

ab(x,y)_aa(x,y)>( x ¥ _ _x_ ¥

da(x)(vy, vo) = ( Ox oy ViVy — Vo vy ).

The linear 2-form
(vi,v2) = viv) —viv)

is denoted by dx A dy, such that

ob(x,y) Oa(x,y)

0x oy

do(x) = ( )dX Ady.

Note 3. Pullback and exterior differentiation commute:
£*(do) = dIf*()].
23. Differential forms in diffeology

88. Differential forms. Let X be a diffeological space. A differential

p-form on X is a mapping
o: P alP),
for all plots P in X such that:

(1) a(P) € QP(U), with U = dom(P).
(2) For all Euclidean domain V, for all F € C*(V, U),

a(P o F) = F*(a(P)).
The set of differential p-forms on X is vector space denoted by
QP (X).

It can be equipped with a natural functional diffeclogy that extends
the functional diffeology on

Q%(X) = C°(X,R).

Note. When we consider the Euclidean domain U as a diffeological
space, then a differential form « is naturally identified with the value

o= a(ly).
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89. Pulback of a differential form. Let X and X’ be two diffeological
spaces. let B € QP(X’) and f € C®(X, X’). Then, for all plots P in X
[£*(BI(P) = p(f o P)
defines the pullback of B by f,
Vpe QP(X), £ (P)e P(X).

The pullback is linear and smooth.

Note. We can identify

a(P) = P*(a).
We should more properly write a(P) = P*(a) = P*(a)(1y), where
U = dom(P).
90. Exterior differential of a differential form. Let X be a diffeologi-
cal space and a € QP(X). Then,

do: P — dlo(P)]

is a differential (p + 1)-form on X. The operator d is linear and
smooth, for the functional diffeoclogy. It satisfies

dod=0.

24. Pushing forwards differential forms

91. Pushing form onto quotients. Let X and X’ be two diffeological

spaces. Let m: X — X’ be a subduction and let a be a differential
k-form on X.

Theorem. The k-form « is the pullback of a k-form B defined on X/,
o = w*(B), if and only if, for any two plots P and Q of X such that
noP =noQ, then a(P) = a(Q).

We also say that P is the pushforward of o« by m. The differential
forms of X satisfying this property may be called basic forms, with
respect to .

Note 1. For every integer k, the pullback n* : Q¥(X') — 0¥(X) is
always a smooth linear map. The previous proposition is a charac-
terization of the image of n*, when m is a subduction.
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Note 2. This property can be expressed with the help of a diagram
and it is used for integrating closed 2-forms. Consider the pullback
of m by itself

(X)) = {(x1,x2) € XXX |n(x1) = n(x2)},
with projections pr; and pr,.
I
X)) —— X
PI3 T
- !
X T X
Then, o is basic with respect to m if and only if prj(a) — prj(a) = 0,

in other words, if and only if prj(«) = pr3(a).

92. Vanishing forms on quotients. Let X and X’ be two diffeological

spaces and f: X — X' be a subduction. Let o be a p-form on X/,
a e QP(X'), pe N. Then, f*(a) = 0 if and only if « = 0. Equivalently,
for any two p-forms o and B on X’ and for every subduction f from
X to X/,

=@ = o=p. (&)
In other words, for every subduction f: X — X/, the pullback by
£*: QP(X') — QP(X) is injective.
Note. This implies in particular that if a diffeological space X has a
finite dimension n € N, then every n+ k differential form, with k > 0,
is zero. Formally,

dim(X) = n <o implies 0*T5(X) = {0}, for all k>0. ()

93. The corner orbifold. Consider the corner orbifold

Q = A? = [R/{+1}? = R2/{+1}2.

Show that every 2-form on Q is proportional to the 2-form ® defined
on Q by
" (0) = 4xy dx A dy.
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That is, for any other differential form W e QQ(Q), there exists a
smooth function ¢ € €°(Q, R) such that o' = fo.

C® Proof. Let ' be a 2-form on Q, and let &' be its pullback by T,
& = ).
Thus, there exists a smooth real function F such that
&' = FxdxAdy,

where dxAdy is the canonical basis on 02(R2). But since no(g, €) = T,
for all (g,€’) € {+1}2, we get

ee'F(ex, €'y) = F(x,y),

for all (x,y) € R? and all €, € in {#1}. Thus, F(-x,y) = -F(x, )
and F(x,-y) = -F(x, y). In particular, F(0,y) = 0 and F(x,0) = 0.
Therefore, since F is smooth, there exists f € C°(R2, R) such that
F(x,y) = 4xyf(x,y), with f(ex, s’y) = f(x,y). Therefore, & =Ffxa,
with

® = 4xy Xdx Ady,
that is,

& = d(x?) A d(y?),
but x — x2 and y — y° are invariant by {+1}?, so they are the
pullback by m of some smooth real functions on Q. Thus, d(x?) and
d(y2) are the pullback of 1-forms on Q, let us say

d(x?) = n*(ds) and d(y?) = n*(dt),

so, & = m*(®), where ® = ds A dt is a well defined 2-form on Q.
Now, since f(ex,€’y) = f(x,y) means just that f is the pullback of
a smooth real function ¢ on Q, it follows that any 2-form o on Q is
proportional to ®, that is, o’ = ¢ X @, with 6 € C*(Q,R). »

25. De Rham cohomology

94. The De Rham cohomology. Let X be a diffeological space. The
exterior derivative defined above satisfies the coboundary condition

d:QP(X) - PTH(X), p>0 and dod=0.
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As is usual in cohomology theories [McL75], when we have a chain
complex — here the chain complex of real vector spaces Q*(X) =
{QP(X)}:=O with a coboundary operator d — the space of p-cocycles
is defined as the kernel in QP(X) of the operator d, and the space of
p-coboundary is defined as the image, in QP(X), of the operator d.
They will be denoted by

{ ZER(X) = ker[d:QP(X) - 0PTL(X)],

Bir(X) = d@P (X)) czEp(X) with By (X) = {0}.

The De Rham cohomology groups of X are then defined as the quo-
tients of the spaces of cocycles by the spaces of coboundaries, we
denote them by
HER (X) = 28R (X)/BER (0.

Since the operator d is linear, and since the space of differential p-
forms QP (X), equipped with the functional diffeology, is a diffeological
vector space, the De Rham cohomology group H'gR(X), equipped with
the quotient diffeclogy, is a diffeological vector space.

95. Homotopy invariance of the De Rham cohomology. Let f: X —

X' be a smooth map. Since the exterior derivative commutes with
the pullback, we have a morphism

f*  Hgr(X') — Hgr(X)
with
7 (class(o)) = class(£* (),

for all o/ € Q*(X’). We shall prove the following theorem in a later
lecture.

Theorem. If s — f5 iIs an homotopy, that is, a smooth path in
C®(X,X"), then
=1

That is called the homotopy invariance of the De Rham cohomology.

Corollary If A is a deformation retract of X, then the De Rham co-
homology of X coincides with the De Rham cohomology of A. Con-
tractible spaces have a trivial cohomology.
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26. Cubic homology and De Rham cohomology

96. Cubes and cubic chains in diffeological spaces. A standard p-cube
is the subset [0, 1]P of RP, and we denote it by IP,

IP =0, 1]° c RP.

Let X be a diffeological space. A smooth p-cube in X any smooth
map from RP to X. And Cubp(X) denotes the set of all the smooth
p-cubes in X,

Cubp(X) = C”(RP, X).
The set Cubp(X) will be equipped with the functional diffeology.

Note that since O-cubes are any maps from I° = R = {0} to X, then
Cubg(X) is naturally equivalent to X, thanks to the diffeomorphism
x+— x = [0 — x]. Hence,

Cubg(X) ~ X.

Then, we define the smooth cubic p-chains in X, with coefficients in
Z, as the free Abelian group generated by Cuby(X), and we denote
it by Cp(X). Thus, a (smooth) cubic p-chain c, in X, is any finite
Z-linear combination of p-cubes, that is,

c= cho, with 0 € Cubp(X), and n; € Z,

[

where the sum is performed over a finite set of p-cubes called the
support of ¢, and denoted by

Supp(c) = {o € Cubp(X) | ns # 0}.
The group of cubic p-chains Cp(X) can be represented by
Cp(X) >~ {c € Maps(Cubp(X), 2) | # Supp(c) < e}.

Note that in the writing } ; nyo of the chain ¢, ny; = c(0). Then, the
sum of two cubic p-chains ¢ and ¢/, and the multiplication of a cubic
p-chain ¢ by an integer m, are defined as usual:

(c+cN)6) = clo) + '(6) and (mc)(o) = m X c(o).
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Note 1. A cubic chain can also be regarded as any finite family
{(ni) ol)}lej

and can be written ) ;-9 n;o;, with the convention that if o; = aj, then

Z nioc; = Z nj/oj/ + (n1 + nj)oir
ied iled’

where J' = J—{i,j}. Since the family is finite, the sum of the coeff-
cients of a same cube is finite and both aspects are equivalent.

Note 2. With smooth homology or cohomology in mind, there is no
contradiction in defining smooth p-cubes in X as smooth maps from
RP to X, as we do here, or as the maps from IP to X which are the
restrictions of smooth maps defined on an open neighborhood of IP,
as we could have also chosen to do. Indeed the following proposition
addresses this issue.

(#) Every p-plot of X defined on a small open neighborhood of
IP coincides, on IP, with some global p-plot of X.

This is why, for sake of simplicity and without loss of generality, the
smooth p-cubes in X have been defined as the global p-plots of X. But
to focus our attention on IP € RP we have introduced a special name,
p-cube instead of global p-plot, and a special notation Cubp(X) for
C*(RP, X).

97. Boundary of cubes and chains. Let us introduce the following
family of injections, for all a€ R:

jk(a): RP 5> RPT k=1,... . p+1,
defined by
k=1 jr@: () - (tp) = (@) - (tp),
1<k<p  jr@: () (tp) > (b1 (tx1)(@)(tx) - - - (Ep),
k=p+1 jpt1(@: () (tp) = (t1) - (tp)(a).

Given a p-tuple of numbers, jx(a) puts a at the place number k,
preserving the numbers before and shifting the numbers after.
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We define the boundary operator 0, for p> 1,

p
for all 0 € Cubp(X), 00 = Z(—l)k[o 0jx(0) -0 ojx(DI.  (e)
k=1
The operator 0 defined by (¢) is naturally extended by linearity on all
cubic p-chains, with p 2 1. The boundary of the p-chain ¢ = } ; nso
is given by

p
dc=) ng ) (-1)¥00x(0) 0o jr(D]. (v)

[ k=1
The operator 0 defined by (¥) is a boundary operator, that is,

000 =0,
and we get the chain-complex

S ONG S B NNTC's NN Ne's SRR {0} SN %)

98. Degenerate cubes and chains. Let p and g be two integers such
that 0 £ g < p. A reduction from RP to R? iq any projection pr :
RP — R9 such that

prity, ..., tp) = (tiy, ..., tig),
where {i1,...,iqg} < {1,...,p} is a subset of indices, and i; < --- <
ig. For g = 0, there is only one reduction: the constant map 0:
(t1,...,tp) = 0. So, a reduction from RP to R? consists of just
“forgeting” some, or all, of the components of t = (t1,...,tp) € RP.

Now, let X be a diffeclogical space. Let p > 0 be an integer, we say
that a p-cube 0 € Cubp(X) is degenerate if there exists an integer
q such that 0 < g < p, a reduction pr from RP to R? and a g-cube
o/ € Cubg(X) such that

o=do pr.
In other words, a p-cube is degenerate if it does not depend on some
coordinates of RP.

Let us denote by Cub,(X) the set of degenerate p-cubes of X, and let
us denote by C;,(X) the free Abelian group generated by Cub;(X).
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The elements of C;,(X) are called the degenerate cubic p-chains of X.
For p = 0, we agree that

Cubg(X) =@ and Cpy(X) = {03}.

We define the reduced group of cubic p-chains of X, denoted by Cp(X),
as the quotient of the group of cubic p-chains of X by its subgroup
of degenerate cubic p-chains, that is,

Cp(X) = Cp(X)/ CH(X).
Note that
Co(X) = Co(X)/ CH(X) = Co(X)/{0} = Co(X).

Now, for any integer p > 0, the boundary of any degenerate p-cube
is a degenerate cubic p-chain, that is,

L] o
for all 6 € Cub,(X), 0doe Cp 1(X).
Then, by linearity we get immediately that
for all ce CL(X), dce CL1(X) or ACL(X)] c Cpy(X).

Thus, there exists an operator, denoted again by 0, from Cp(X) to
Cp-1(X), such that the following diagram commutes

Cp0) — 2 a0

o0 ——— Cpi ()

where mp is the natural projection from Cp(X) onto its quotient
Cp(X). Moreover, the operator 0 : Cp(X) — Cp-1(X) again satis-
fies the boundary property 0 o d = 0.

99. Cubic homology. Let X be a diffeclogical space. As usual in

homology theory [McL75], when we have a chain complex, here C,(X)
with x =0, 1,...0, and the boundary operator

a . C*(X) — C*—l(X) with a O a = 0,
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the space of p-cycles is defined as the kernel in Cp(X) of the opera-
tor 0, and the space of p-boundary as the image, in Cp(X), of the
operator 0 defined on Cp+1(X). These spaces will be denoted by

Z,(X) = ker[d: Cp(X) — Cp-1(X)] with p2>1,
Bp(X) = 0(Cpy1(X)) cZp(X) c Cp(X) with p>0.

Then, the homology groups are defined as the quotients of the spaces
of cycles by the spaces of boundaries

Let us recall that for p = 0, 9: Co(X) — {0}, thus Zy(X) = Cp(X),
and in this case Hp(X) = Cp(X)/0 C1(X) = Co(X)/0C1(X). We call
this homology H(X), the cubic homology! of the space X.

Once we have a homology, we get a cohomology, with values in R for
example, by a standard procedure [TB, §6.63].

A (real) cubic p-cochain of X is a linear map
f: Cp(X) > R
such that

£: ) ngo— ) n.f(o) and f | Cubp(X) e C*(Cubp(X),R),

The spaces of cubic p-cochains is denoted by CP(X), that is,
CP(X) = Hom™(Cp(X), R) = €*(Cubp(X), R).

Now, the boundary 0 defined from Cp41(X) to Cp(X) induces, by
duality, a coboundary operator d such that

d: CP(X) — cPt(x),
with

df(c) = f(dc)

1In topology the cubic homology and the singular homology coincide [HY61,
Ex. 8.1] For a natural singular homology in diffeclogy, these two homologies will
coincide also.
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for all f € CP(X), and all c € Cp4+1(X). Then, by transfer of property,
the coboundary d satisfies

d € Hom(CP(X),CPT1(X)) and dod=0.

The cohomology groups are defined by considering this operation
applied to the reduced cubic chains, that is, by considering cochains
defined on Cp(X), or which is equivalent, by considering the cubic
cochains modulo reduced cochains, that is, the ones vanishing on
reduced chains. That gives finaly the cubic cohomology groups:

HP(X,R) = ZP(X,R)/ BP(X,R).

Note. It is not clear if cubic (or singular) homology will play, in
diffeology, the crucial role it plays in the theory of manifolds. But
since it is a traditional tool, and since it is still a smooth invariant,
it was worth extending it to the general case.

100. Integration on Chains. Let 0 be a p-cube in X. Let o be a differ-

ential p-form on X, we integrate o on ¢ by

J 0(=J (o) =J o* (o) (1p),
o] 1p P

but ¢*(a)(1p) is a smooth p-form on RP, thus, there exists a smooth
real function f € C*(RP, R) such that

0" () (1p) = f volp = f(x1,...,Xp) dx1 A -+ A dxp.

and therefore,
1

1
J o*(oc)(lp)=J fvolp=J Xm---J dxp f(x1,...,xp).
IP P 0 0

Definition. The integration of a differential p-form o on p-chains
defines a cochain, denoted here by «:

a(0)=J<x = a(chc)=cha(c)=ZnUJ o.

It turns out that

Theorem. The differential d on the cochain o coincides with the
exterior derivative. This is the so-called Stoke’s theorem which is
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actually due to Sir William Thomson (1824-1907), known as Lord
Kelvin:

a(d0) = da(o), that is, J do = J o.
o do
That construction induces a morphism, called De Rham Morphism
in every degree p
hp: HER (X) —» HP(X, R).
One can check that
HIg (X) = H2(X, R) = Maps(np(X), R).
One can show also that
hy: Hig(X) - HY(X,R)
is injective. However, hj is not surjective as shows the example of
the torus Ty :
Hlg(Ty) =R and H(T, R) =R2
The cokernel of hj in interpreted by the introduction of the Cech co-
homology, see [PIZ23]. It is the class of principal fiber bundles with
group (R, +) over X, equipped with a flat connection. This obstruc-
tion is the first characteristic class specific to diffeology, since every
principal bundle with contractible fibre over a manifold is trivial. It

is even a geometric interpretation of the cokernel of the morphism
from HcllR(X) to HY(X, R) in general.

dw

|
o

€y




Diffeology Fiber Bundles

This lecture talks about the theory of diffeology fiber bundles, which
deviates from the usual locally trivial bundles, where local triviality is
replaced in diffeology by local triviality along the plots. We illustrate
this definition with a few examples where some new situations happen
only in diffeology.

The question of what is a fiber bundle in diffeclogy arises immediately
with the case of irrational torus Ty. A direct computation of the first
homotopy group shows that the projection T? — Ty behaves like a
fibration, with fiber R, but without being locally trivial, since Ty
inherits the coarse topology. Indeed, from the diffeclogy we found
directly that

19(Te) = {To} and Ty =R with m(Tyg) =Z+aZ R,
where T, plays the role of universal covering of Ty.

So, it was necessary to revise the notion of fiber bundle from classical
differential geometry, and adapt it to diffeology in order to include
these news objects, specific to diffeology, but without losing the main
properties of this theory. This is what I have done in my ScD disser-
tation in 1985 [Igl85].

The main properties we wanted to preserve were:

(1) The homotopy long sequence, that we shall see in the lecture
on homotopy.

78
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(2) Any quotient class: G — G/H is a diffeological fiber bundle,
with fiber H, where G is a diffeological group and H any
subgroup.

These two properties, if satisfied, will explain the direct calculation
of the homotopy of the irrational torus we did in [DI83].

In this lecture we shall see two equivalent definitions of diffeological
fiber bundles. The first is pedestrian and operative, involving local
triviality along the plots. The second one involving groupoids is more
in the spirit of diffeology.

27. Diffeological fiber bundles, the pedestrian approach

101. Category of projections. We call projection any smooth surjec-

tion m: Y — X, with X and Y two diffeoclogical spaces. The space Y
is called the total space of the projection and X is called the base.
We define a category {Projections} whose obects are the projections
and:

Definition 1. The morphisms from n: Y — X to’': Y — X/, are the
pair of smooth maps (®, ¢) such that:
e C”(Y,Y") and ¢e C~(X,X),

such that

The preimage

ix) ={ye Y|n(y) = x}
is called the fiber of the projection over x. I use also the word bundle
as synonym of projection, which will be specified in some cases in
fiber bundle later, when some other properties will be satisfied.

Definition 2. An isomorphism from w to n’ will be a pair (&, ) of
diffeomorphisms.



80 DIFFEOLOGY FIBER BUNDLES

102. Pullbacks of bundles. Let n: Y — X be a projection. Let f: X' —
X be a smooth map. We call the total space of the pullback of m by

f, or simply the pullback, the space denoted and defined by
) ={&, y) e X'xY|f(x) =n(y}.

This set is equipped with the subset diffeclogy of the product X'xY.

7 (Y) ——Y
Prlj l
X — 5 X

The pullback of m by f is the first projection:

pri: £°(Y) —» X' with pr;(x/,y) =x'.

103. Trivial projections. Projections on factors are particular cases of

projections. We will see often the first projection of direct products:
pri: XXF —>X
Definition. We say that a projection n: Y — X is trivial with fiber F

if it is isomorphic to the first projection pr;: X XF — X.

It is equivalent to say that there exists an isomorphism with the first
projection pry: X XF — X with type (&, 1x).

XXF—2% vy
k /

And that is the way we will use it in general.

C® Proof. Assume that (¢, ¢) is an isomorphism from pr; : XXF — X
to m: Y — X. Consider then the isomorphism (¢! X 1, ¢ 1) from
pri: X XF — X to istelf, we get:
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(])_IX].F $
XXF ——» XXF ———> Y

Prll prll Jn

X X X
¢

which gives

-1
) M ol y) — 2 (o), )

pr{ prll Jn

x 0 1x) —— 00T =x

—1 (l)
And that is the triangle diagram above. »

104. Locally trivial projections. With trivial projection comes locally

trivial projection. Let m: Y — X a smooth projection as it is defined
above.

Definition. We say that the projection m is locally trivial if there
exists a diffeoclogical space F, a D-open covering (Uj);cg of X such
that the restrictions

ni: Y > U; with Y; = T[_l(Uj) and m; =mn | Y;,

are trivial with fiber F.

It is equivalent to say that:

(1) mis locally trivial at the point x € X, if there exists a D-open
neighborhood U of x such that: the restriction ny: Yy — U
is trivial, with Yy = 1 2(U) and ty = | Yyu.

(2) mis locally trivial everywhere with fiber F.

105. Diffeological fiber bundles. A smooth projection m: Y — X, is
a diffeological fibration, or a diffeological fiber bundle, if it is locally

trivial along the plots, that is, if the pullback of n by any plot P of
X is locally trivial with some given fiber F. The space F is the fiber
of the fibration.
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That means precisely the following:

For all plots P: U — X, for all r € U, there exists an open neighbor-
hood V of r in U such that pry: (P [ V)*(Y) — V is trivial with fiber
F, that is, isomorphic to pr;: VXF — V. Recall that

P*(Y) ={(r,y) € UXY | P(r) = n(y)}.

Note 1. A diffeological fibration m: Y — X is, in particular, a subduc-
tion and even a local subduction. That is, for every plot P: U — X,
forallre Uand forallye Yy = 7w 1(x), with x = P(z), there exists
a plot Q of Y defined on some open neighborhood V of r lifting P [ V,
that is, P [ V = o Q, and such that Q(z) = y.

Note 2. There is a hierarchy in the various notions of fiber bundles:

(1) Trivial fiber bundles are locally trivial (with respect to the
D-topology).

(2) Locally trivial fiber bundles are locally trivial along the plots.
The converse is not true.

To be locally trivial along the plots does not mean that the fibration
itself is locally trivial, as many examples will point it out. For ex-
ample, the projection of T2 on the irrational torus Ty = T?/8y is
locally trivial along the plots, with fiber R, but not trivial. This is a
particular case of quotient G/H of diffeclogical groups by a subgroup.

Note 3. If the base of a diffeclogical fiber bundle is a manifold, then
the fiber bundle is locally trivial. This comes immediately from the
definition, consider the pullback by local charts. If moreover the fiber
is a manifold, then the diffeological fiber bundle is a fiber bundle in
the category of manifolds. This shows in particular that the classical
notion of fiber bundle can also be defined directly in diffeological
terms as a property of its associated groupoid, as we shall see later,
but of course this definition leads to leave an instant the category of
manifolds.

106. Quotient of groups by subgroups. Let G be a diffeclogical group
and H c G be a subgroup. Then, the projection class: G — G/H is
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a diffeological fibration, where H acts on G by left multiplication

denoted by L(h)(g) = hg.

Note 1. We recall that a diffeological group is a group equipped

with a diffeology such that the multiplication (g, g/) —> gg/ and the

1

inversion g — g - are smooth.

Note 2. In particular the projection class: T2 - Ty = T?/8y is a
diffeological fibration.

C® Proof. Let P: U = G/H be a plot. We have:
P*(G) = {(r,g) € UXG |class(g) = P(r)}.

Let rg € U, there exists an open neighborhood V of ryp and a smooth
lifting of P, Q: r — gr, over V such that class(gy) = P(r). Let

$: VXH > (P | V)*(G) defined by ¢(r, h) = (r, hgy).
The inverse is given by
O () o (rger ).

Since the multiplication and the inversion are smooth, ¢ and qu are
smooth and ¢ is an isomorphism from VX H to (P [ V)*(G), for pr;
both sides. Therefore class: G — G/H is a diffeological fibration. »

107. Principal fiber bundles. Let X be a diffeological space and g —
gx be a smooth action of a diffeological group G on X, that is, a

smooth homomorphism from G to Diff(X) equipped with the func-
tional diffeology of diffeclogical group.

Let € be the action map,

&:XXG > XxX with &(x,g) = (x,gx(x)).

Proposition. If € is an induction, then the projection class from X
to its quotient X/G is a diffeoclogical fibration, with the group G as
fiber. We shall say that the action of G on X is principal.

Definition. If a projection n : X — Q is equivalent to class : X - G/H,
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that is, if there exists a diffeomorphism ¢ : G/H — Q such that
n = ¢ o class, then we shall say that m is a principal fibration, or a
principal fiber bundle, with structure group G.

Note a) If the action € is inductive, then it is in particular injective,
which implies that the action of G on X is free, which is indeed a
necessary condition.

Note b) The quotients class: G — G/H are principal bundles with
group H.

Note ¢) Let m: X = Q the G-principal fiber bundle, then the pullback
of m by any plot P: U = Q is locally trivial, let say with ¢: VX G —
(P [ V)*(X)

vxg — % P | V*X)

N

¥(r, g) = (r, 2,:(g)).

and write

Then, the isomorphism ¢ satisfies the equivariant property:
¢, (gg") = gx(8:(g)).
In particular,
$.(g) = gx(0(r)) with o0(r) = ¢, (1c).
And ¢ is a local lifting of the plot P

0:V—>X and modp=P [ V.
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X
q) T
V U—L2.Q

Note d) A principal fiber bundle is trivial if and only if it admits a
global smooth section.

28. Diffeological fiber bundles, the groupoid approach

108. Structure groupoid of a projection. Let m: Y — X be a smooth

surjection. Let us define
Obj(K) = X and for all x,x’ € X, Mork(x, x') = Diff(Yy, Y /),

where the Yy = w1(x), x € X, are equipped with the subset diffeo-
logy. Let us define on

Mor(K) = U MOI‘K(X,X/)
x,x'eX

the natural multiplication f - g = go f, for f € Mork(x,x') and
g € Mork (x/, "), K is clearly a groupoid. The source and target
maps are given by

src(f) = n(def(f)) and trg(f) = n(val(f)).

The groupoid K is then equipped with a functional diffeoclogy of K
defined as follows. Let Ygrc be the total space of the pullback of n by
src, that is,

Yere = {(f, x) € Mor(K) XY | x € def(f)}.
We define the evaluation map ev as usual:
ev: Ygec — Y with ev(f,x) = f(x).

There exists a coarsest diffeology on Mor(K), which gives to K the
structure of a diffeclogical groupoid and such that the evaluation
map ev is smooth. It will be called again the functional diffeology.
Equipped with this functional diffeoclogy, the groupoid K captures
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Y« = Def(f) Y = Val(f)

N

/

|
|,
\4

x = src(f)
Figure 15. The groupoid associated with a projection.

the smooth structure of the projection m. It is why we define K as
the structure groupoid of the surjection .

Note 1. If X is reduced to a point, Obj(K) = {x}, this diffeology
coincides with the usual functional diffeology of Diff(Y) = Mor(K).

Note 2. This construction also applies when we have just a partition
P on a diffeological space Y. We can equip the quotient Q = Y/P
with the quotient diffeclogy, and we get the structure groupoid of the
partition as the structure groupoid of the projection n:Y — Q.

109. Fibrating groupoid. Let m: Y — X be a smooth projection.

The projection m is a diffeological fibration if the structure groupoid
K is fibrating, that is, if and only if the characteristic map

¥x: Mor(K) »> BxB

is a subduction. In particular, the preimages Yy = w 1(x), are neces-
sarily all diffeomorphic since y is surjective.
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This definition is completely equivalent to the previous one § 105.

29. Associated fiber bundles

110. Associated fiber bundles. Consider a principal fiber bundlen: Y —

X with group G. Let E be a diffeological space with a smooth action
of G, that is a smooth morphism g — gg from G to Diff(E). Let the
product over X be the quotient space

Y Xg E= (Y XE)/G,
where G acts on the product diagonally
gyxe(y,e) = (gv(y), ge(e)).
Then, the projection:
pr( class(y, e)) = n(y),
from Y Xg E to X is a diffeological fiber bundle with fiber E.

YXE -2, vy E

pr; pr

Y ——X

111. Main theorem. Let m: Y — X be a diffeological fiber bundle
with fiber E, then there exists a principal fiber bundle pr: T — X

with some diffeological group G acting smoothly on E, such that m is
associate to pr. Actually, one can always take G = Diff(E).

30. Covering diffeological spaces

A special case of fiber bundle plays a special role in differential ge-
ometry, the covering spaces.

112. Covering spaces. Let X be a connected space, that is, for all

pair of points x,x’ € X, there exists a smooth path y € Paths(X) =
€”(R, X) such that y(0) = x and y(1) = x’. We say that x and x’ are
connected.
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We call covering over X any fiber bundle such that the fiber is discrete
(of course diffeologically). The covering may be non connected but
we focus in general on connected coverings.

The main theorem about covering is about the universal covering.

113. Universal covering. Let X be a connected diffeclogical space,

there exists a unique, up to equivalence, simply connected which is
a principal fiber bundle whose group is the first group of homotopy
m1(X). Any other connected covering is a quotient of this one.

Simple connexity will be defined in the next lecture.

114. Monodromy theorem. Let f: Y — X with X connected and Y
simply connected. There exists always a smooth lifting f: Y —» X ,

where n: X — X is the universal covering. That is, nof = f. And if
we fix three points y € Y, x € X, % € X, such that f(y) = x, (%) = x,
there exists a unique lifting such that f(y) = x.

115. Example: The irrational tori. If we call irrational tori any quo-
tient Q of R" by a discrete subgroup I' that spans R”, that is, T®R =
R™, then R” is the universal covering and n;(Q) =T.

116. Example: Diff (s!). The universal covering of group of diffeo-

morphisms Diff(S!) is naturally identified as
Diff(S!) ~ {F € Diff(R) | F(x + 1) = F(x) + 1}
Any f € Diff(S!) descends on S! ~ R/2nZ by

f(class(x)) = class(f(x)), or f(e?™) = g2iE(x)

31. Examples of diffeological fiber bundles

117. Example: The irrational flow on the torus. As said previously

the projection class: T? 5 Ty = T?/8y is a principal fibration with
fiber (R, +). That is an interesting example because in usual differen-
tial geometry, the geometry of manifolds: every fiber bundle with a
contractible fiber has a smooth global section. If it is a principal fiber
bundle, it is then trivial. That is clearly not the case for diffeological
fiber bundles since T? is not diffeomorphic to the product Ty X R.



31. EXAMPLES OF DIFFEOLOGICAL FIBER BUNDLES 89

118. Example: The infinite sphere over the infinite projective space.

We recall the construction of the infinite projective space, let
C*=C-{0} and Hg=Hc-{0},

where Hc is the Hilbert space of infinite square-summable sequences
of complex numbers. We equip this space with the fine diffeology of
vector space. The plots are the parametrizations that write locally

P:ir— Z A (T)Cq,

ac A
where A is a finite set of indices, the A are smooth parametrizations
in C, and the {y are fixed vector in H¢

Then, we consider the multiplicative action of the group C* on HY,
defined by

(2,2) = zZ € HE, for all (z,2) € C* X HE,

and the quotient of J{% by this action of C* is called the infinite
complex projective space, denoted by

Pe = HE/C*.

Now, H¢ is equipped with the fine diffeology and U’Cé with the subset
diffeology. The infinite projective space P¢ is then equipped with the
quotient diffeology. Let

class: H& — P
be the canonical projection. For every k =1,...,00, let
jx : He > HE
be the injections
j1(Z)=Q,2) and jx(2)=(Z1,...,Zx-1,1,Zg,...), for k> 1.
Then, let Fx be the map
Fix: Ho > Pc with Fyx =classojix, k=1,...,00.

That is,
F1(Z) = class(1, Z)
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and
Fx(Z) = class(Z1,...,Z%x-1,1,Zk,...), for k> 1.

Proposition. The preimage class 1 (val(Fy)) c HE is isomorphic to
the product H¢ x C*, where the action of C* on H¥ is transmuted
into the trivial action on the factor H¢, and the multiplicative action
on the factor C*. Therefore, the projection

class: HE — P

is a locally trivial C*-principal fibration. We recall that a locally
trivial fibration is stronger than a diffeological fiber bundle which is
trivial only along the plots.

C® Proof. The subset class 1 (val(Fyx)) is the set of Z € H* equivalent
to some jx(Z'), with Z’ any element in J{. That is, Z = z.jx(Z). Let
then define

$: HXC" - H* by &x(Z,2) = z.jx(2).

This is a diffeomorphism from H X C* to class ' (val(Fx)). On the
other hand, we know that the val(Fy), with k € N, is a D-open cov-
ering of Pc. Therefore, the projection class: Hg — Pc is a principal
bundle with groups C*. »

119. Example: A remarkable non trivial fiber bundle. We know that,
in the category of manifolds, a fiber bundle over a contractible man-

ifold is trivial. It is also well known that in this category also, a
fiber bundle with contractible fiber admits a smooth section. There-
fore, that are two good reasons for a principal fiber bundle with a
contractible group over a contractible manifold to be trivial.

The following example is an attempt to the construction of a dif-
feological fiber bundle over a contractible diffeclogical space, with a
contractible group (that is R), that would be not trivial.

We consider the action of Z on C
Vne Z,Vze C, n(z) = ze?™2,
with o an irrational number. Let

Qu=C/2Z
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Now, consider the following action of Z on CXR

n(z,t) = (a(2), t + |z|%n)
Let
CxzR=(Cx2Z)/Z.
We have the following commutative diagram representing this con-

struction:

CxR -, cx R
PTy T

CXR —— C/Z
class

Then,

(1) The space C/Z is contractible.
(2) The fiber R of m is contractible.

Q. Is the projection n: CXz R — C/Z a R-principal fiber bundle?

X
1

X

=

11
D 1
1L
o

.bra-afii%,

LUUUUUU LU UUuuU buguuul
The proper use of fiber bundles...

i




Homotopy Theory in Diffeology

This lecture is about homotopy theory in diffeology, that generalizes
to diffeological spaces the theory of homotopy on Euclidean domain,
and encompasses the geometric theory of homotopy of manifolds. In
these times when homotopy can have more than one meaning, this
theory of homotopy should be understood as the historic version of
homotopy, built from loops. We can specify if necessary and call it
the “geometry homotopy theory of diffeclogical spaces”.

We present the elementary constructions and definitions of the theory
of homotopy in diffeclogy. In particular, the definitions of connected-
ness, connected components, homotopic invariants, the construction
of the Poincaré groupoid, the fundamental group and the higher ho-
motopy groups. We present the relative homotopy, and the exact
sequence of the homotopy of a pair. Thanks to the functional dif-
feology on the space of paths of a diffeclogical space, we define the
higher homotopy groups by considering simply the iteration of its
space of loops. This theory has been originally presented in my doc-
toral dissertation Fibrations difféologiques et homotopie [Igl85].

32. Smooth paths and operations

120. Smooth paths in a diffeological space. We define the set of smooth
paths in X, a diffeclogical space, as

Paths(X) = €*(R, X).

92



32. SMOOTH PATHS AND OPERATIONS 93

The origin and the end of the path y are defined by
0(y) =v(0) and i(y) = y(1).
And the ends of y are naturally defined by
ends(y) = (y(0), y(1)).
The set Paths(X) is equipped with the functional diffeology, then:
0,1 e C”(Paths(X), X), ends € C”(Paths(X), X X X).

We generally say “path” for ”smooth path”, since we almost never
consider not smooth paths.

Definition. We say that x and x’ are connected or homotopic if there
exists a path such that:

ends(y) = (x, x').
121. Smooth loops in a diffeological space. A loop in X is a path vy

with same ends, that is, such that 0(y) = 1(y). The space of loops is
denoted by Loops(X),

Loops(X) = {y € Paths(X) | 0¢y) = 1(y)3}.
If we want to specify the base point,
Loops(X, x) = {y € Paths(X) | x = 0(y) = 1(y)}.

Unless otherwise stated, all subsets of Paths(X) are equipped with
the subset diffeology.

122. Concatening paths. Let X be a diffeological space. We say that

two paths y and Y’ are juxtaposable if
ip =0("
and if there exists a path y v Y’ such that
y(2t) it t<3,
Yyvy'w=q .
y@t-1) if 5<t.

The path y v Y/ is called the concatenation of y and Y’.
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123. Reversing paths. Let X be a diffeclogical space. Let y be a path
in X, let x = 0(y) and x’ = 1(y). The path

Y:t—>y(Ql-1t)
is called the reverse path of y. It satisfies
0 = 1(y) and 1) =0(y).
The map
rev: Yy —>Y

is smooth, it is an involution of Paths(X). If y and Y’ are juxtaposable,
then rev(y’) and rev(y) are juxtaposable, and

rev(y") vrev(y) = rev(y vy’).

124. Stationary paths. Let X be a diffeological space. We say that a

path y is stationary at its ends, if there exists an open neighborhood
of ] -, 0] and an open neighborhood of [+1, +oo[ where y is constant.
Formally, the path v is stationary if there exists ¢ > 0 such that

Y [ ]-oo,+el[= [t = y(0)] and v []1-¢, +oo[ = [t — y(1].
The set of stationary paths in X is denoted by
stPaths(X).

The prefix st is used to denote everything stationary.
Note 1. Two stationary paths y and Y’ are juxtaposable if and only
if 1(y) = 0¢y).
Note 2. The concatenation of stationary paths is not associative, if
Y, Y/ and y” are three stationary paths such that

1y =0 and 1Gv)=0G",

then yv(y'vy”) is a priori different from (yvy’)vy”. For a finite family
of stationary paths (Yx)Z_, such that 1(yx) = 0(yx+1), with 1 <k <m,
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we prefer, for reason of symmetry, the multiple concatenation defined
by

yitnt-14+1) t<1,
YIVY2V- - VYp:t— < yr(at—k+1) %Stﬁ%,
Yo(nt—n+1) nTﬂSt,
which is still a stationary path, connecting 0(y1) to 1(yp).

125. Homotopic paths. Let X be a diffeological space. Because Paths(X)
is itself a diffeological space, it makes sense to say that a path s — yg

in Paths(X) connects y and Y/, that is,
[s = vs] € Paths(Paths(X)) = €”(R, Paths(X)),
with yo =y and y1 = Y/~

® Free-ends homotopy. Such a path y — yg is called a free-ends
homotopy, connecting vy to Y/, or from y to Y/.

* Fixed-ends homotopy. Now, let Paths(X, x, x’) be the set of paths in
X connecting x to x/, equipped with the subset diffeology of Paths(X).
A path [s = ys] € Paths(Paths(X, x,x')) = C*°(R, Paths(X, x, x'))
is called a fixed-ends homotopy from y to Y. But note that, by
definition of the subset diffeology, [s — vsl is a fixed-ends homotopy
if and only if [s — ys] € Paths(Paths(X)) and for all s € R, ys(0) = x
and ys(1) = x’.

Proposition. A crucial property of homotopy in diffeclogy is that
every path vy is fixed-ends homotopic to a stationary path.

Indeed, let us consider the smashing function A described by in Figure
16, where ¢ is some strictly positive real number, 0 < ¢ < 1. The real
function A satisfies essentially the following conditions, and we can
choose it increasing,

Ae C°(R,R), A[]-o,e[=0, N[ ]1—¢,4oo[ = 1.
Let y € Paths(X). We have the following properties:

a) The path Y* = y o A is stationary with the same ends as y.
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1 —

>

Ole 1

Figure 16. The smashing function A.

b) The path y is fixed-ends homotopic to Y*.

Note. As we know, not any two paths v,Y’ € Paths(X) such that
1(y) = 0(Y/) can be juxtaposable, but we can always force the con-
catenation by smashing them first. Hereafter, we shall use often this
smashed concatenation, denoted and defined by

Yy =y vy
As a consequence of the point b),

Proposition. If 1(y) = 0(y/), then yxY' connects 0(y) to 1(y'). More-
over, if Yy and Y/ are juxtaposable, then Yvy/ is homotopic to Y*y’.

126. Connected components. Let X be a diffeological space.

Proposition 1. To be connected, or homotopic, is an equivalence

relation on X whose class are called connected components. The
connected component of x € X is denoted by

comp(x) = {x' € X | Iy € Paths(X), ends(y) = (x,x)}.
The set of components is denoted by
1o(X) = {comp(x) | x € X}.
Equipped with the quotient diffeclogy, mo(X) is discrete.
Let x € X, we denote by mp(X, x) the pointed space:
(X, x) = (ng(X), x).
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Proposition 2. If X is connected, then
ends: Paths(X) - X xX
is a subduction.

127. The sum of its components. Let X be a diffeological space. The

space X is the sum of its connected components. More precisely, if X
is the sum of a family {X;};cq, then the connected components of the
X; are the connected components of X. The decomposition of X into
the sum of its connected components is the finest decomposition of
X into a sum. It follows that the set of components np(X), equipped
with the quotient diffeclogy of X by the relation connectedness, is
discrete.

128. Higher homotopy groups. Let X be a diffeclogical space, and let

x be a point in X. The higher homotopy groups of X, based at x, are
defined recursively. Let us denote by X the constant loop

Xt x.
Then, we define, for all integer n > O:

(X, x) = ny-1(Loops(X, x), %),

For n =1 it gives
11(X, x) = np(Loops(X, x), %) = (np(Loops(X, x)), %),
which is called the fundamental group of X, based at x.

Proposition. The set n1(X, x) is equipped with a multiplication de-
fined by:

class({) - class({') = class({ v £/,

for all {,¢' € Loops(X, x). This multiplication gives n1(X, x) a struc-
ture of group:

a) the identity is class(&),
b) the inverse of class({) is class(l), where { is the reverse of {.

Proposition. If x and x' are connected, then the groups 1 (X, x) and
n1(X, x) are conjugated.
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Now, let us define the recurrence

Loops,+1(X,x) = Loops(Loops,(X,x), &),
and Xp+1 = [t Zpl,
initialized by
Loopsy(X,x) =X and %o = x.
We have then:
a(X, x) = ng(Loops, (X, x), Xn),

for all n € N. For n 2 1, ny(X, x) = ny(Loops,_;(X, x), Xp-1), which
shows that the higher homotopy groups of X are the fundamental
groups of some loop spaces, and therefore deserve their name of
“group”.

Note 1. This is specific to diffeclogy since in traditional differential
geometry the set of loops of a manifold is not a manifold, and talking
about the m; of a set of loops has no funded meaning.

For example, ma(X, x) is the fundamental group of the connected
component of the constant loop % in Loops(X, x) etc. Since loop
spaces are H-spaces, the groups n,(X, x) are Abelian for n > 2.

Note 2. Let f: X — X’ be a smooth map, then f induced a map from
ta(X, x) to 1a(X/, x), with x’ = f(x), which is a group morphism for
all n > 0 and a morphism of pointed space for n = 0.

129. The Poincaré groupoid and fundamental group. Let X be a dif-
feological space. Let II be the equivalence relation on Paths(X) :

there exists x, x’ € X and & € Paths(Paths(X, x, x'))

Yy & ,
such that £(0) = y and &(1) = v'.
Said differently, y and Y belong to the same component of
Paths(X, x, x'),

the subspace of paths such that ends(y) = ends(y’) = (x,x/). We
shall denote by II(X) the diffeological quotient Paths(X)/II, and by
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class the canonical projection:
class: Paths(X) — [I(X) = Paths(X)/IL

We shall denote again by ends the factorization of ends: Paths(X) —
X XX on II(X).

Note that, if X is connected, then ends : [I(X) — XXX is a subduction,
and class | stPaths(X) — [I(X) is also a subduction.

The Poincaré groupoid X is then defined by
Obj(X) = X and Mor(X) = II(X).
For all x and x’ in X,
Morx (%, x') = Paths(X, x, x')/Il = no(Paths(X, x, x'))

is the set of fixed-ends homotopy classes of the paths connecting x

to x’. The composition in the groupoid is the projection of the con-
catenation of paths. For all T € Morx(x, x') and 1’ € Morx(x’, "),

v-tv =class(y vy'), where T =class(y) and T’ = class(y').

The paths y and Y’ are chosen in stPaths(X), for the concatenation
Y VY to be well defined.

The construction of the Poincaré groupoid is summarized by the
following diagram.

1
Paths(X) cass (X)

ends ends

XxX

The isotropy groups Xy = Morx(x, x) and the inverse of the elements
of X(x,x') = Morx(x, x') are described by what follows:

a) For every point x of X, the isotropy group 1y € Xy is the
component class(%x), in Loops(X, x), of the constant path X.
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b) The inverse ! of T = class(y) € Morx(x, x') is the compo-
nent class(y) of the reverse path y = rev(y).

The structure group Xy = Morx(x,x), where x € X, is the first
homotopy group, or the fundamental group, of X at the point x.
That is, 11(X, x).

If X is connected, then the fundamental groups are isomorphic. They
are precisely conjugate, if T € Morx(x, x'), then

(X, x) =1 11X, x)- L

In this case, the type of the homotopy groups n1(X, x) is denoted by
1 (X).

Definition. The space X is said to be simply connected if it is con-
nected, ng(X) = {X}, and if its fundamental group n1(X) is trivial.
In that case ends: [I(X) — X X X is a diffeomorphism.

Note. If X is not connected, then (X, x) is also the fundamen-
tal group of the connected component of x, that is, m1(X,x) =
1 (comp(x), x) = m1(comp(x)), since there is one type of fundamen-
tal group by component.

130. The universal covering. Let X be a connected diffeological space,
let II(X) = Paths(X)/II the space of motphisms of the Poincaré groupoid.

Proposition. The preimage
Xz = ends ' ({x} xX)
is a simply connected diffeological space. The projection
n=1]X,

is a principal fiber bundle with group n1(X, x). The spaces Xx and
X,/ are equivalent and denoted generally by X.

The space X is called the universal covering of X.

131. Monodromy Theorem. Let n: X — X be the universal covering

of a connected diffeological space. Let f: Y — X be a smooth map,
where Y is simply connected.
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Theorem. There exists a smooth global lifting f: Y - X. Let ye Y,
x = f(y) and % € w '(x), then there is a unique lifting f such that
f(y) = x.

C® Proof. Let y' € Y and t — y; a smooth path such that yg = y
and y; = y'. Let x; = f(y:), t = x; is a path pointed at x = f(y).
Let

£(y") = classlt — x;].

This is a lift of . And (y') does not depend on the special choice
of the path t — y; because Y is simply connected. »

33. Every topological space admits a universal covering

For the topologist this sentence “Every topological space admits a
universal covering” is incorrect, because every topologist is aware of
the theorem:

Topology theorem A pathwise connected topological space admits

a simply connected covering if and only if it is semi-locally simply
connected.

However, as an application of the theory of diffeclogy homotopy and
the previous construction of the Poincaré groupoid and subsequent
universal covering, we get the following theorem, which is also true:

132. The universal covering of a topological space. Consider a path-

wise connected topological space X, equip X with the topo-diffeology
for which the plots are the continuous parametrizations. This diffeo-
logy was introduced at first by Paul Donato in his thesis [Don84].

Thus, as a diffeological space, X admits a simply connected diffeolo-
gical covering n: X — X, for which the projection w is continuous.

Indeed, the continuous paths, which are parametrizations by defini-
tion, are smooth for the topo-diffeclogy. Then, X equipped with the
topo-diffeology is connected and the construction (§129) applies.

Therefore, every topological space admits a universal covering, in the
sense of diffeology.
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We have to note that the D-topology of the topo-diffeology is a priori
finest than the initial topology. It contains a priori more open sets.
Moreover, we shall see later that every diffeoclogical space is locally
path-connected, for the D-topology.

Note also that in diffeology the projection m: X — X is not a priori a
local diffeomorphism, nor a local homeomorphism.

There are here many conjectures we can investigate about the re-
lationship between this universal covering and the pure topological
situation.

Diffeology gives us a procedure to smooth the space, even if it is
not semi-locally simply conected, which is enough to give it a unique
universal covering.

Let us recall that in topology a covering is a map n: X — X which is
locally equivalent, in the sense of topology, to a direct product with
a discrete fiber.

34. Relative homotopy

We describe now the homotopy of a pair (X, A), where X is a diffeo-
logical space and A is a subspace of X. We establish the short and
long exact sequences of the homotopy of the pair (X, A), pointed at
a € A, which is a key ingredient of the exact homotopy sequence of
the diffeclogical fiber bundles.

133. The short homotopy sequence of a pair. Let X be a diffeological

space, let A be a subspace of X, and let a€ A. Let
Paths(X, A, a) = {y € Paths(X) | 0(y) € A and 1(y) = a}.

Let y and Y’ be two paths belonging to Paths(X, A, a), a homotopy
from y to Y/, relative to A, pointed at a is a path in Paths(X, A, a),
connecting y to y/. We shall also call it an (A, a)-relative homotopy
from y to Y. In Figure 17 the paths y and Y belong to Paths(X, A, a),
with A = Aj; U Ay. The path v is (A, a)-relatively homotopic to a
loop in X, but not Y'. Let us consider the map
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As |

~—

Figure 17. Relative homotopy of a pair.

0: Paths(X,A,a) > A
and the injection
it A—>X.
They made up a two-terms sequence of smooth maps:
Paths(X, A, a) — A —1 X.

This sequence induces naturally the two-terms sequence of morphisms
of pointed spaces,

(Paths(X, A, a), ) -2 (A, a) - (X, a),

where & = [t —> a]. Then, this sequence induces a two-terms sequence
on the space of components

no(Paths(X, A, a), 3) 2% mo(A, a) ~% mo(X, a). v)

Note 1. ker(ix) — The kernel of ix is the subset of components of
A, contained in the component of X containing a.
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Note 2. val(0x) — The values of 04 are the components of A, con-
taining the initial points of the paths in X starting in A and ending
at a. In other words, the subset of the components of A which can
be connected, through X, to a. Now, it is clear that any component
of A which can be connected to a by a path in X is included in the
component of X containing a. Conversely, every component of A in-
cluded in the component of X containing a can be connected to a by
a path in X, starting in A. So, we get the equality,

ker(ig) = val(Ox).

Now, let us consider the inclusion of the triple (X, a, a) into (X, A, a).
It induces an injection, denoted by j, on the space of paths,

Paths(X, a, a) = Loops(X, a) L) Paths(X, A, a).

This injection descends, on the space of components, into a morphism
of pointed spaces,

rto(Loops(X, a), ) 2% no(Paths(X, A, a), &). (¢)
Now, the concatenation of (#) to the two-terms sequence (¥) gives

a three-terms sequence of morphisms of pointed spaces,

ro(Loops(X, a), &) 225 no(Paths(X, A, a), 2)) 2% (8

no(A, a) 1—#> no(X, a).

Let us call, by abuse of language, first group of homotopy of X, rel-
ative to A, pointed at a, the pointed space denoted by mi(X, A, a),
and defined by

m1(X, A, a) = ng(Paths(X, A, a), 3).

Since, by definition, mg(Loops(X, a),4) = mi(X,a) — regarded as
pointed space — the sequence of morphisms (#) rewrites,

(X, a) J—#> 11 (X, A, a) —#, no(A, a) 1#, (X, a). (&%)
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This sequence is called the short sequence of the relative homotopy
of the pair (X, A), at the point a. We have seen that

ker(ix) = val(Ox);

moreover,

ker(Ox) = val(jag).

Note 3. ker(0x) — The kernel of Ox is the set of the components
of Paths(X, A, a) whose initial point belongs to the component of A
containing a.

Note 4. val(j#) — The values of j# are the components of the y €
Paths(X, A, a) which are (A, a)-relatively homotopic to some loops in
X, based at a.

In short, the relative homotopy sequence of the pair (X, A), at the
point a, is exact.

C® Proof. We need only check that
ker(04) = val(jg).

Let us recall that, on the one hand, ker(0x) is made up of the com-
ponents of Paths(X, A, a) whose initial point belongs to the same
component of A, containing a. On the other hand, val(jx) is the
set of the components of paths y € Paths(X, A, a) which are (A, a)-
relatively homotopic to some loops in X, based at a.

Note 1. val(j#) < ker(0«). If a path v is (A, a)-relatively homotopic
to some loop in X based at a, its initial point is connected, in A, to
a, and belongs to the same component of A containing a.

Note 2. ker(0x) < val(j#). Let us consider a component of A
contained in the same component of X containing a. Let y be a
stationary path in X, beginning in A and ending at a such that
its beginning belongs to the component of A containing a. Let
y(0) = x. Since x and a belong to the same component of A, there
exists a stationary path c¢ in A connecting a to x (Figure 17). Let
E(s) = [t = c(s+(1-8)A(t))], where A is the smashing function. Thus,
& belongs to Paths(Paths(X, A, a)) and E(s)(1) = ¢(1) = x = y(0). So,
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o(s) = &(s) vy is a homotopy connecting (coA) vy € Loops(X, a) to
X vy, which is homotopic to y. Therefore y is (A, a)-relatively homo-
topic to a loop in X, based at a. »

134. The long homotopy sequence of a pair. Let X be a diffeological
space, let A be a subspace of X, and let a € A. Let us denote again
by i the natural induction i: Loops(A,a) — Loops(X,a). There is
no ambiguity with the injection i of § 133, since the spaces involved

are not the same. Then, let us consider the two-terms sequence of
smooth maps
Paths(Loops(X, a), Loops(4, a), &) L) Loops(A, a) 2, Loops(X, a).
Or, if we prefer, by denoting

X1 = Loops(X,a), Aj; =Loops(A,a) and aj = [t~ al,

the above two-terms sequence of smooth maps writes

Paths(X1, Ay, a1) -2 Ay — X1,

We can then apply the construction of the previous paragraph and
get the short sequence of relative homotopy of the pair (X, A1), at
the point aj;. Let us denote again by j the natural induction from
Loops(X1, a1) to Paths(X1, Aj,a1). Thus, we have,

j# 0 i
11(X1, a1) 25 m(X1, Ar, ) 2 (A, a1) - mo(Xy, a1). ()

Let us define the second group of relative homotopy of the pair (X, A),
at the point a, by

(X, A,a) = 11(X1, A1, a1) = ng(Paths(X1, A1, a1), a1).

So, the short exact sequence (¢) writes now

(X, a) 1% ma(X, A, a) - (A, a) - ni(X, a). ()

But the right term mi(X,a) = ng(Xy1,a1) is just mp(Loops(X,a), &),
that is, n1(X, a), regarded as a pointed space. It is also the left term
of the relative homotopy sequence of the pair (X, A) at the point
a. Let us connect the right term of the short homotopy sequences



34. RELATIVE HOMOTOPY 107

relative to the pair (X1, A1), to the left term of the short homotopy
sequences relative to the pair (X, A). We get

-emo(X, A, a) hia 1 (A, a) i n1(X, a) J—#>

0
(X, A,2) 5 mo(A,a) -
Then, let us describe the connection of the morphisms of these two
relative homotopy sequences at the junction mi(X, a).

Note 1. ker(jz : m1(X,a) —» n1(X, A, a)) — This kernel is the set of
classes of loops of X based at a which can be connected, relatively to
(A, a), to the constant loop &.

Note 2. val(ix : m1(A,a) — n1(X,a)) — This is the set of classes of
loops in X, based at a, that are fixed-ends homotopic to a loop in A.

Now, if a loop in X, based at a, can be smoothly deformed into a
loop contained in A, then it can be retracted relatively to A into
the constant loop 4. Conversely, if a loop of X, based at a, is con-
nected relatively to (A, a) to the constant loop &, then it is fixed-ends
homotopic to a loop in A. In other words,

ker(ja: m1(X,a) = (X, A, a)) = val(ix : 11(4A, a) - mi(X, a)).

Thus, the connection of the two short exact relative homotopy se-
quences is exact. Now, let us define the higher relative homotopy
groups of the pair (X, A) at the point a by recursion. Let us remark
first that the inclusion i: A — X induces an inclusion

in : Loops, (A, a) — Loops, (X, a).
Then, we can define
Pathsp4+1(X, A, a) = Paths(Loops, (X, a), Loops, (A, a), 4n),
for every integer n, and this gives the higher relative homotopy groups

Ta+1(X,A,a) = mg(Pathsy+1(X, A, a), &)
= m1(Loops, (X, a), Loops, (A, a), an).



108 HOMOTOPY THEORY IN DIFFEOLOGY

Now, we can iterate the above connection of short relative homotopy
sequences for each degree n + 1 — n, and we get the long exact
relative homotopy sequence of the pair (X, A), at the point a.

N nh(X, a) J—#> mn(X, A, a) RN mp-1(4, a) #, Mp-1(X,a) -

I X ) T (X A, a) 2 (A, a) S (X, a).

C® Proof. We need only check that
ker(jx : m1(X,a) - m1(X, A, a))

is equal to

val(ix : m1(A, a) = n1(X, a)).

Let us recall that ker(j#) is made up of the loops of X based at a
which can be connected, relatively to (A, a), to the constant loop &,
and val(ix) is the subset of the classes of loops in X, based at a,
which are fixed-ends homotopic to a loop in A.

Note 1. ker(jx) < val(ix). Let { be a loop in X, based at a, (A, a)-
relatively homotopic to the constant loop &. Let y be the homotopy.
So, for all s€ R,

vy =¢ y(1)=4, y()(0)e A and y(s)(1) =a.

The properties of y are schematized in Figure 18. Let us consider a
line of R?, turning around the origin, its intersection with the cube
describes a homotopy connecting { to yt—=9 € Loops(A,a). More
precisely, let us consider first the path y' : s = [t = y(t)(st)] in
Loops(X,a). The path Y’ connects { to [t — y(t)(t)]. Then, let us
consider the path Y/ : s = [t = y((1 - s)t)(¢)] in Loops(X,a). The
path y” connects [t > y(t)(t)] to ys=0 € Loops(A, a). Therefore, { is
(A, a)-relatively homotopic to a loop in A, based at a.

Note 2. val(ix) C ker(jx). Let comp(y) € val(ix). We can choose
Y € Loops(A,a). The path € : s = [t = y(s + (1 —35)t)] is a (A, a)-
relative homotopy connecting y to the constant loop a. »
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Figure 18. A relative homotopy of a loop to the con-
stant loop.

135. The long homotopy sequence of a fiber bundle. Comnsider a dif-
feological fiber bundle n: Y — X with fiber F, then the long exact
sequence of a pair induced a long exact sequence of the fiber bundle

. 3 .
-y, ) T n (X, %)~ g (F, y) e (Y, y)e--

I X 1) L moF, ) 2 mo(Y, 7)) mo(X, 1),

Notes

PRARIIATWA




Local Diffeology, Modeling

In this lecture we shall see how local diffeology builds a new branch
of diffeology with the modeling process.

35. Local diffeology

136. Local smooth maps. We have seen what is a local smooth map

f: XDA X,

where X and X’ are two diffeological spaces. The map f is local
smooth if for all plots P: U — X, the following composite is a plot:

foP: PHA) 5 X/
Proposition. The composition of local smooth maps is a local smooth
maps.

Note that the composite of two local smooth map may be empty, the
empty map is assumed to be smooth.

137. D-topology. We have seen that, if f: X D A — X’ is a local
smooth map, then for all plots P € D (the diffeclogy of X) the preim-

age P71(A) is open (an open subset of dom(P)). We then defined
the D-topology as the finest topology on X such that the plots are
continuous, that is,

* A subset O c X is D-open if P~1(0O) is open for all plots in X.

110
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Thus, the local smooth maps from X to X’ are the maps f defined on
D-open subsets A of X such that restricted to A, f [ A is smooth for
the subset diffeology.

138. Embedded subsets. What is interesting with the D-topology,
which is a perfect byproduct of the diffeoclogy, is the definition of

embedding subsets that result immediately, without the introduction
of anything else.

Consider a subset A c X, and j: A — X be the inclusion. We have
on A the subset diffeclogy of X, let us denote it by D = j*(D), with
D the diffeclogy of X.

We have also on X the D-topology T, and on A the D-topology Ta
of Da.

But we have also the pullback j*(T) of the D-topology of X on A.

Definition. We say that a subset A C X is embedded in the diffeolo-
gical space X, if the D-topology T ap of the subspace A coincides with
the pullback j*(T) of the D-topology of X on A.

Ta=j(T) & A is embedded in X.

In other words,

Criterion The subset A ¢ X is embedded if and only if for any D-
open subset ® C A, equipped with the subset diffeology, there exists
an open subset 2 X, of the D-topology of X, such that ® = QM A.

139. Example: The rational numbers. The rational numbers Q C R

is discrete but not embedded. What is interesting here is that from
a pure topological point of view, only embedded subgroups of R are
regarded as discrete. They are all of the form aZ, for any number a.

In diffeology it is more precise, we can have subgroups discrete and
embedded, they coincide with the discrete subgroups from the topol-
ogy point of view, and the discrete subgroup which are just induced
but not embedded.

C® Proof. We now that Q is discrete, that is, the plots are locally
constant. Thus, any point q € Q is open of the D-topology of the
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induced diffeology, since the pullback of g by a plot is a component of
the domain of the plot, then open. I recall that to be locally constant
for a plot means that to be constant on the connected componenents
of the domain of the plot. Therefore,

Proposition. The D-topology of a discrete diffeological space is dis-
crete.

Now, the intersection of an open subset of R with Q is always infinite,
since Q is dense. Therefore, Q is not embedded. And we can conclude
also that a strict subgroup I' © R, which is discrete, is embedded if
and only if, for any element y € T there is an interval ]y—g, y +¢€[ such
that ly— g,y + [T = {y}. Hence there exists a smallest element
O0<ain T, and therefore I' = aZ. »

140. Embeddings. Let A and X be two diffeological spaces and j: A —
X be a map. We say that j is an embedding if

(1) j is an induction.
(2) j(A) c X is embedded.

141. Example: The group GL(n, R). Consider the group of linear iso-

morphisms GL(n,R) < Diff(R™). The group of diffeomorphisms is
equipped with the functional diffeoclogy of group of diffeomorphisms,
that is, a parametrization r — f; in Diff(R™), defined on U, is smooth
if and only if:

(1) (r,x) > £(x), defined on U X R™ is a plot in R™.
(2) (r,x) = ()71 (x), defined on U X R™ is a plot in R™.

As a subset of Diff(R"), GL(n, R) inherits the functional diffeoclogy.
On the other hand, the group GL(n, R) is the open subset of R™:
GL(n,R) = {(mjj)£j=1 | mjj € R and det((mjj)£j=1) # 0}.
Proposition. The injection j: GL(n, R) — Diff(R") is an embedding.

C® Proof. First of all, j is injective.

Let us prove that j is an induction. Let r — f; be a plot in Diff(R™)
with values in GL(n, R). Let e; be the canonical basis of R™ and €] the
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dual basis. Then, the coefficient of f; are given by myj;(r) = ej (f;(ej).
They are obviously smooth, by definition of the functional diffeology.

Now, let us prove that j is an embedding. Consider the open ball
B(1p, €), centered at the identity and of radius €. Let Q¢ be the set
of all diffeomorphisms defined by

Qe = {f € DIff(R™) | D(£)(0) € B(1,, &)},

where D(£)(0) is the tangent linear map of f at the point 0. Now, let
us prove the following:

(a) The set Q is open for the D-topology of Diff(R™).

Let P : U — Diff(R™) be a plot, that is, [(r,x) — P(@)(x)] € C*(U x
R™,R™). The pullback of Q¢ by P is the set of r € U such that the
tangent map D(P(r))(0) is in the ball B(1,, ), formally,

P 1(Q.) = {re U|DP@))(0) € B(1ly, £)}.

Counsidering P as a smooth map defined on UXR", D(P(r))(0) is the
partial derivative of P, with respect to the second variable, computed
at the point x = 0. The map [r —» D(P(r))(0)] is then continuous,
by definition of smoothness. Hence, the pullback of Q¢ by this map
is open. Because the imprint of this open set on GL(n, R) is exactly
the ball B(1y, €), we deduce that any open ball of GL(n, R) centered
at 1, is the imprint of a D-open set of Diff(R™).

(b) Every open of GL(n, R) is the imprint of a D-open set of Diff(R™).

By using the group operation on GL(n, R) and since any open set of
GL(n,R) is a union of open balls, every open subset of GL(n, R) is
the imprint of some D-open subset of Diff(R"). Therefore, GL(n, R)
is embedded in Diff(R™). »

142. Functional diffeology on local smooth maps. Let X and X' be

two diffeological spaces. Let G _(X,X’) be the set of local smooth

maps from X to X'. The evaluation map is defined on

F=1{,x)|fe Ce.(X,X) and x € dom(f)}
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The evaluation map is, as usual,

ev: Cpo (X, X)xX>F > X' with ev(f,x) = f(x).
Proposition. There exists a coarsest diffeology on Cio.(X,X’) such
that the evaluation map is local smooth.

That is, § is a D-open subset of C°_(X,X’) x X, and the map ev is

loc

smooth with § equipped with the subset diffeology.
A parametrization r — f; in € (X, X'), defined on U, is a plot if and
only if the map
¢: (r,x) — f(x)
defined on
P*(®) ={(r,f,x) e UxX|f=f; and x € dom(f)}
~ {(r,x) e UXxX|x € dom(f)}
with value in X/, is local smooth.
Note that (r, x) — f;(x) is the composite evo, where ¢(r, x) = (£, x).

UXX 2 P*E) ¢ §F—=

Prll Jprl

U—F e x,x)

X

143. Example: Functional diffeology on D-open sets. Let X be a dif-
feological space. We get a diffeclogy on the set of D-open subsets
of X as follow: consider a family of D-open subsets defined on some

FEuclidean domain U:
r— O,

we can decide that the family is a plot in the set of D-open subsets
of X if the map
r— 1@(1.)

is a plot in the space of local smooth map. That is, if the subset
U={(r,x) e UxX|xe O}

is a D-open subset on U X X.
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For example, let r — I, be a parametrization of open intervals in R.
This family is smooth if for all rg and xp € R such that xg € I, there
exists a small ball B centered at rg and € > 0 such that for all r € B,
Ixo—€,x0 + el ;.

36. Manifolds

We shall present now the classical definition of manifolds, and then
the diffeclogy way.

144. Manifolds, the classic way. We summarize the basic definitions,

according to Bourbaki [Bou82], but we make the inverse convention,
made also by some other authors, to regard charts defined from real
domains to a manifold M, rather than from subsets of M into real
domains.

(&) Let M be a nonempty set. A chart of M is a bijection F defined
on an n-domain U to a subset of M. The dimension n is a part of
the data. Let F: U - M and F/ : U/ - M be two charts of M. The
charts F and F’ are said to be compatible if and only if the following
conditions are fulfilled:

a) The sets F1(F/(U’)) and F'~}(F(U)) are open.

b) The two maps F'l o F : FI(F/(U)) —» F"YF(U)) and
FloF . FrUF)) » FI(F/(U')), each one the inverse
of the other, are either empty or smooth. They are called
transition maps.

An atlas is a set of charts, compatible two-by-two, such that the union
of the values is the whole M. Two atlases are said to be compatible
if their union is still an atlas. This relation is an equivalence relation.
A structure of manifold on M is the choice of an equivalence class of
atlases or, which is equivalent, the choice of a saturated atlas. Once
a structure of manifold is chosen for M, every compatible chart is
called a chart of the manifold.

145. Manifolds, the diffeoclogy way. Let X be a diffeological space, we
say that X is a n-manifold if it is locally diffeomorphic to R at all
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points. Such local diffeomorphisms from R™ to X are called charts.
A generating family of charts is called an atlas.

The Euclidean domains are the first examples of manifolds.

146. Remark Where is the difference? The difference between the
two definition gives an advantage to diffeology. The difference comes
from that in diffeclogy, the set X is a priori equipped with a diffeology,
that is a smooth structure. Then, the point is to test if the diffeology
gives the space a structure of manifold.

A contrario, with the classical approach, the smooth structure is
defined a posteriori. A parametrization P in a manifold M is smooth if
the composite by the inverse of the charts is a smooth parametrization
of R™.

Note that the same set equipped with two different diffeologies may
give two different structures of manifolds with different dimensions.
For example R? can be equipped with its standard diffeology that
gives it a structure of a 2-manifold. It can also be equipped with the
sum diffeology X = } ;cr R which gives it a structure of 1-manifold.

147. Why these definitions give the same category? As we say pre-

viously, given a n-manifold M defined by the classic way, smooth
parametrizations P in M are parametrizations such that FloP are
smooth parametrizations in R®. We consider the empty parametri-
zation as admissible. It is not difficult then to check that the set
of these smooth parametrizations define a diffeoclogy for which the
charts are local diffeomorphisms. Conversely, local diffeomorphism
from R™ to a diffeological manifold X define on X a structure of man-
ifold, the classic way. And these two operations are inverse one from
each other.

148. We know already some examples. Consider the sphere s? c RS,
Consider the tangent plane at N = (0,0, 1), identified with R?, made
of points

b
I
i
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Consider the projection

1

x
VxZ+y2+1 }17

The map F is clearly injective from R? into S2, and smooth since

F: X m with m=

x? + y2 + 1 never vanishes. Its inverse is given by
x=x'/z
Fl:m—X with X= y=y'/Z and m =
z=1

NS M

We see here that necessarily z’ # 0 and then F! is smooth. So, we
got a local diffeomorphism F, around the North Pole N. Then, we
use the transitive action of SO(3, R) to get a local diffeomorphism at
all points in s2.

To this example we have already seen the various tori T# = R"/Z".

149. Diffeological manifolds. In diffeclogy we extend the definition

of manifolds. A diffeological manifolds is a diffeological space locally
diffeomorphic to a diffeological vector space at all points.

A diffeology of vector space is a diffeoclogy on a vector space for which
the addition and the multiplication by a scalar are smooth.

150. Example: The infinite complex projective space. We have seen
the construction of the infinite projective space in § 118, where

Pe = HS/C*

is equipped with the fine diffeclogy. We have introduced the maps
Fg, with k=1,2,...

Fx: He » Pc with Fx = classojx, k=1,...,00.
That is,
F1(Z) = class(1,Z) and
Fr(Z) =class(Z1,...,2k-1,1,Zk,...), for k> 1.

Then:
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(1) For every k =1,...,00, ji is an induction from H¢ into HE.

(2) For every k = 1,...,00, Fx is a local diffeomorphism from H¢c to
Pc. Moreover, their values cover Pg,

U vaiFr) = Pc.
k=1

Proposition. The diffeological space Pc is a diffeological manifold
modeled on H¢, for which the family {Fk};=1 is an atlas.

37. Manifolds with boundary

151. Half-spaces. We denote by

Hp = R™ X [0, oo
the standard half-space of R".
We denote by x = (r, t) its points with r € R® ! and t € [0, +oo[.

We denote by 0Hj, its boundary R* ! x{0}. The subset diffeology of
H,, inherited from R?”, is made of all the smooth parametrizations
P : U —» R” such that Pp(r) 2 0 for all r € U, Py(r) being the n-
th coordinate of P(r). The D-topology of Hy is the usual topology
defined by its inclusion into R™.

152. Smooth real maps from half-spaces. This is a theorem: A map
f: Hy - RP is smooth for the subset diffeology of Hy if and only if
there exists an ordinary smooth map F, defined on an open neighbor-
hood of Hy, such that f = F | Hy. Actually, there exists such an F
defined on the whole R".

Note. As an immediate corollary, any map f defined on € X [0, €[ to
RP, where C is an open cube of 0Hp, centered at some point (r,0),
smooth for the subset diffeology, is the restriction of a smooth map
F:Cx]—¢,+e[— RP.

C® Proof. First of all, if f is the restriction of a smooth map F': R >
RP, it is obvious that for every smooth parametrization P : U — Hp,
foP = F oP is smooth. Conversely, let f; be a coordinate of f. Let
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x = (r,t) € R® 1 xR. If f; is smooth for the subset diffeology, then
0;: (r, t) > fi(z, t2), defined on R, is smooth. Now, 0; is even in the
variable t, ¢;(r,t) = ¢;(r,—t). Thus, according to Hassler Whitney
[Whi43, Theorem 1 and final remark], see Figure 19 and Figure 20,
there exists a smooth map F; : R® — R such that: 0;(r, t) = F;(r, t2).
Hence, fi(r,t) = Fi(r, t) for all r € R™1 and all t € [0, +oo[. »

DIFFERENTIABLE EVEN FUNCTIONS
By HassLErR WHITNEY

An even function f(r) = f(—z) (defined in a neighborhood of the origin) can
be expressed as a function g(z*); g(u) is determined for » > 0, but not for u < 0.
We wish to show that g may be defined for © < 0 also, so that it has roughly
half as many derivatives as f. A similar result for odd functions is given.

THEOREM 1. An even function f(x) may be written as g(x°). If f is analytic, of
class C* or of class C**, g may be made analytic, of class C* or of class C*, respectively.

Figure 19. Whitney theorem 1.

153. Half-spaces local diffeomorphisms. A map f: A — Hp, with A C
Hy, is a local diffeomorphism for the subset diffeology of R” if and

only if

(1) A is open in Hyp,

(2) f is injective,

(3) f(AN0OHy) C 0H,,

(4) and for all x € A there exists an open ball B c R” centered
at x, and a local diffeomorphism F: B — R™ such that f and
F coincide on B Hj.

Note. This implies in particular, that there exists an open neighbor-
hood U of A and an étale application g: U — R™ such that f and g
coincide on A.

C® Proof. See [TB, §4.14]. »
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154. Classical manifolds with boundary. Manifolds with boundary

have been precisely defined for example in [GP74] or in [Lee06], and
others. We use here Lee’s definition except that, for our subject, the
direction of charts have been reversed.

Definition. A smooth n-manifold with boundary is a topological
space M, together with a family of local homeomorphisms F; defined
on some open sets U; of the half-space H, to M, such that the values of
the F;j cover M and, for any two elements F; and F; of the family, the
transition homeomorphism Fl._l o Fj, defined on Fl-_l(Fj(Ul') N Fj(Uj))
to F}l(Fj(Uj)ij(Uj)), is the restriction of some smooth map defined
on an open neighborhood of F;1(F;(U;) NF;(U;)). The boundary oM
is the union of the F;(U; N 0Hy). Such a family F of homeomor-
phisms is called an atlas of M, and its elements are called charts.
There exists a maximal atlas A containing J, made with all the local
homeomorphisms from H, to M, such that the transition homeomor-
phisms with every element of J satisfy the condition given just above.
We say that A gives to M its structure of manifold with boundary.

1565. Manifolds with boundary, the diffeology Way. Let X be a diffeo-
logical space. We say that X is a n-manifold with boundary if it is

locally diffeomorphic to the half-space Hp at all points. Such local
diffeomorphisms are called charts of X and a set of charts that covers
X is called an atlas.

Proposition. This definition is completely equivalent to the classic
way above.

Note 1. Here again we shall note that the main difference is that the
set X is a priori equipped with a diffeology, and we just check if its
diffeology is a diffeoclogy of manifold with boundary.

Note 2. The diffeology of a classic manifold with boundary M is
defined by parametrizations in M such that, the composite with the
inverse of all charts is smooth. That definition creates an equivalence
between the classic and the diffeoclogy categories.



38. MANIFOLDS WITH CORNERS 121
38. Manifolds with corners

156. Corners. We denote by
Kp = [0, "
the standard corner of R®. That is, the subset
Kp={(x1,...,xp) | x20,Vi=1...n}.

The corner K; is equipped with the subset diffeclogy inherited from
R"™, which coincides with the nth-power of [0, c[. The plots are just
the smooth parametrizations in P in R" such that, foralli=1...n
P;i(r) 2 0. The D-topology of K, is the usual topology defined by its
inclusion into R™.

Remark. Since g is constructed in a definite fashion, the theorems hold for
functions of several variables which are even in one of them. (The case that f
is of class C” offers no further difficulty.) The reference above to [2] is to take
care of this case.

Figure 20. Whitney Last Remark.

157. Local smooth maps on corners. A map f: Kp — R¥ is smooth
for the subset diffeology if and only if, it is the restriction of a smooth

map defined on an open neighborhood of K”.
What does that mean pecisely?

Let f: K — R be a map such that: for every smooth parametrization
P:U—>R2 taking its values in Ky, f o P is smooth. Then, f is the
restriction of a smooth map F defined on some open neighborhood
of Kp.

What doest that say?

That says that an heuristic consisting to define a smooth map from
the corner K, to R, as the restriction of a smooth map defined on
an open neighborhood of Kp, can be avoided by using the diffeclogy
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framework. Assuming f to be smooth for the subset diffeclogy do
the work, and moreover conceptually.

C® Proof. The proof is a recurence on the same theorem above for
half-spaces, see [GIZ19]. »

158. Local diffeomorphisms of corners. A local diffeomorphism f from

Ky into itself is the restriction of an étale map defined on some open
neighborhood of its domain of definition.

159. Classic manifolds with corners. Let M be a paracompact Haus-
dorff topological space. A n-chart with corners for M is a pair
(U, ¢), where U is an open subset of K", and ¢ is a homeomorphism
from U to an open subset of M. Two charts with corners (U, 0)
and (V, ¢) are said to be smoothly compatible if the composite map
Pt od: 67HP(V)) — ¢TH(@(U)) is a diffeomorphism, in the sense that
it admits a smooth extension to an open set in R®. An n-atlas with
corners for M is a pairwise compatible family of n-charts with corners
covering M. A maximal atlas is an atlas which is not a proper sub-
set of any other atlas. An n-manifold with corners is a paracompact
Hausdorff topological space M equipped with a maximal n-atlas with
corners.

160. Diffeology manifolds with corners. A diffeological space X is a

n-manifold with corners if and only if it is locally diffeomorphic to
Kp at all points.

Manifold in the corner. ..



Modeling: Manifolds, Orbifolds and Quasifolds

In this lecture we build the category of orbifolds, and also quasifolds,
by modeling locally these spaces according to what they should look
like; and manifolds, of course.

Orbifolds have been introduced by Ishiro Satake as V-Manifolds in
1956 and 1957 [Sat56] [Sat57]. They have been presented as smooth
structures for describing quotient spaces by a finite group of trans-
formations. We shall recall Satake construction first and show then
how we can rethink these spaces as diffeological spaces.

We show in particular how diffeology solves, in a pure geometrical
way, a problem unresolved by Satake and successors, about what
are smooth maps between orbifolds, and build then the subcategory
{Orbifolds} in the catagory {Diffeclogy}.

Figure 21. The cone orbifold viewed by a topologist.

123
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Let us mention that the word orbifold has been coined by Thurston
[Thu78] in 1978 as a substitue for V-manifold, but it recovers the
same original Satake notion without modification. This concept was
introduced to describe the smooth structure of spaces that look like
manifolds, except on a few points or subsets, where they look like
quotients of linear domains by a finite group of linear transformations.

The typical example is the quotient of the field C by a group of roots
of unity.! The quotient space is always drawn as a cone as shown by
Figure 21, to suggest the singularity of the point 0. But how do we
capture the smooth structure around the singular point? That is the
whole question.

39. Orbifolds, the Satake definition

The elementary brick in Satake construction is the Local Uniformiza-
tion System. It is a topological construction.

Figure 22. Local Uniformizing System.

IWe consider C for its field structure: addition and multiplication, not for its
complex structure which is anecdotic here.
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161. Local uniformization system. Let M be a Hausdorff space and
U c M an open subset. A local uniformizing system for U (l.u.s) is a

triple (U, G, @), where U is a connected open subset of R™ for some
n, where G is a finite group of diffeomorphisms of U,2 and where
¢: U - U is a map which induces a homeomorphism between U/G
and U.

Note. In Figure 22, f is this homeomorphism from U/G to U.

Local uniformizing systems are patched together by injections; these
can be thought of as the “transition maps”. The following definition
is taken from [Sat57, p. 466]:

162. Injections. An injection from an lu.s (U, G, ¢) to another lLu.s

(U',G’,¢/) is a diffeomorphism A from U onto an open subset of U’
such that

¢=¢ o

Figure 23. Injection.

163. Defining family. Let M be a Hausdorff space. A defining family
on M is a family F of L.u.s for open subsets of M, satisfying conditions

2in original definition, the fixed point sets have codimension > 2.
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below. An open subset U C M is said to be F-uniformized if there
exists an lu.s. (U, G, ¢) in F such that ¢(U) = U.

(1) Every point in M is contained in one F-uniformized open set,
at least. If a point p is contained in two JF-uniformized open
sets U; and Upy, then there exists an F-uniformized open set
Uz such that pe Uz c U; N Us.

(2) 1f (U, G, ¢) and (U, G’,¢') are lL.u.s in F and ¢(0) c cp’(ff’),
then there exists an injection A: U — U’

In other words, if p € U N U’ there exists a third l.u.s. ", a", o,
two injections A: U” — Tand \': 0" — U’ such that ¢oN = ¢ = ¢on,
as shown in Figure 24.

Figure 24. Defining Family.

164. V-manifold. The following definition is taken from [Sat57, p. 467,
Definition 1].
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Definition. A V-manifold is a composite concept formed of a Haus-
dorff topological space M and a defining family J.

Two defining families F and F' are said to be directly equivalent if
there exists a third defining family 5 containing both of them. Two
defining families are said to be equivalent if they are the ends of a
chain of directly equivalent defining families. Equivalent families are
regarded as defining one and the same V-manifold structure on M.

In [Sat57, p. 467, footnote 1] Satake write:

But in the following we consider a V-manifold M
with a fixed defining family J. (i.e. a “coordinate
V-manifold” (M, F).

That is the convention we have made and when we say V-manifold
it is always a coordinate V-manifold (M, ) we have in mind.

40. Orbifolds as diffeclogies

165. Diffeological orbifolds. Let X be a diffeological space. We say

that X is an diffeolgical n-orbifold (or a D-orbifold) if X is every-
where locally diffeomorphic to some R"/T, with I" a finite subgroup
of GL(n, R), possibly different from point to point. The diffeological
n-orbifolds are modeled on quotient spaces of type R?/T.

More precisely, for every point x € X, there exists a finite group
I € GL(n,R), a (connected) I'-invariant Euclidean domain U c R®
and a local diffeomorphism F : U/T' — X on a superset of x.

The situation, illustrated in Figure 25, looks like the previous def-
inition of l.u.s except that here the quotient U/I is equipped with
the quotient diffeclogy, the map class: R® — R™/I" is the canonical
subduction and F is a local diffeomorphism.

These local diffeomorphisms are called charts of the D-orbifold X. An
atlas of X is any covering set A of charts. Of course there exists a
saturated atlas made of all charts.
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Given an atlas A of X, that defines a generating family
F={Foclass|F € A},

where class is relative to the group I' associated with F. We call J
the strict generating family associated with the atlas A.

Note that when I is trivial we get the classical manifolds.

Figure 25. Generating Family for a D-orbifold.

166. Linear action or not? In the previous definition, it is equivalent
to ask I' to be a finite group of diffeomorphisms or to be linear. Indeed,
we define a I'-invariant Riemmannian metric by

= Y Gy,

#
yel

then the slice theorem states that this action is equivalent to an
orthogonal action.

167. Example: The simplest. It is important to clarify a similar point

we made for the diffeological definition of manifold. Here again an
D-orbifold come a priori as a diffeclogical space, that is, equipped
with a diffeclogy D. The fact that X is an orbifold is a property of
the diffeoclogy, not the set itself, as the following examples will show.
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The first example, the simplest, is certainly A; = R/{*1}, which is
equivalent to the half-line [0, co[ equipped with the pushforward of the
standard diffeology of R by the map x — x2. The D-topology is the
subset topology on [0,[. A plot of A; is a positive parametrization
that can be writen locally everywhere as some r — Q)2

168. Example: The cone orbifold. Not the simplest example but the
most known is the cone orbifold. It is defined as the quotient of the

complex number space C by a cyclic group Up. We denote it by:
Cm =C/Um,
where m € N, m # 0 and
Up = {expQink/m) |k =1...m}.

The diffeological space Cp, equipped with the quotient diffeology,
is by definition an orbifold. The topologists are used to represent
this orbifold by gluing the two sides of a fundamental domain, as it
is illustrated in Figure 21. But that representation disservices the
diffeological intuition. We will show now how the orbifold Cp, can be

represented as a special diffeology on the field C itself.

Figure 26. The cone orbifold viewed by a diffeologist.
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Considering then the map
Om: C—C with 0Op(z) =27,

it is clear that the preimages of the points { € C are exactly the
orbits of the group Up,. Since ¢p, is surjective, C can be identified
with the quotient set C/Up,, with canonical projection ¢p,. The last
question is what diffeclogy on C represents the quotient diffeoclogy?
Naturally, the answer is the pushforward

Com = 0m«(C™)
of the standard diffeology C™ on C. Note that the D-topology of Cy,
is still the standard topology of C.

A parametrization P : U — C belongs to €} if and only if, for all
point rg € U, there exists a small ball B centered at rp and a smooth
parametrization Q : B — C such that P(r) = Q(r)™, for all r € B.

Actually, if P(rg) # 0, it is sufficient to ask P to be smooth on some
small ball around rg, and if P(rg) = 0, then there is no shortcut, we
have to find Q satisfying the condition above.

Thus, as we can see in this simple example, the same set C can be
equipped with an inifinity of orbifold diffeoclogies, one for each integer,
without altering the underlying space.

169. Example: The waterdrop. This orbifold, the waterdrop drawn

in the many figures above, is a diffeology defined on the sphere s2.
By convenience, S? is regarded as a subset of C X R. A plot of the
waterdrop diffeology is a smooth parametrization ¢ in S? which is
identified to C X R, with N = (0, 1) the North Pole, satisfying:

£ = <Z(r))
C:U—> CxR with t(r))’
lz(r) 1% + t(r)? = 1.
such that, for all rg € U:

e if L(rg) # N, then there exists a small ball B centered at rg such
that L | B is smooth.
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cl>m

C 0 ~,

Figure 27. The waterdrop Orbifold.

e If L(rp) = N, then there exists a small ball B centered at ryp and a
smooth parametrization z in C defined on B such that, for all r € B,

_ 1 z(r)™
c(r)_x/1+|z(r>|2m< 1 )

Note that this orbifold diffeology on S? is a subdiffeology of the
standard diffeology of manifold, embedded in R3.

Note also that how it is possible to multiply the number of conical

points on the sphere.

170. Example: The hedgehog. After the cone which has a unique sin-
gularity, of conic type and structure group Uy, at the north pole, it

is not hard to imagine many other examples based on the construc-
tion of previous two: a sphere, or a plane, with as many different
singular conic (or not) points we wants. The fact that, contrarily to
manifolds, orbifolds may have a rich set of smooth local invariants,
permits to build easily more different orbifold strutures on the same
underlying space. In our examples above, we just picked up a diffeo-
logy finer than the standard manifold diffeoclogy which happens to be
an orbifold diffeology.

In particular, we have seen earlier that the quotient space of a disc by
Um is equivalent to the same disc but equipped with a finer diffeology.
It is then easy to extract from a manifold diffeology, a finer orbifold
diffeology with as many conic singularities as we want, with arbitrary
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Figure 28. The function L(n, m).

structure groups. Let’s build a simple example: Consider the plane
C and let L : Z+ iZ — N be the bijection described in Figure 28.

Then, let us define the following diffeclogy, with parametrizations
T : U — C such that, for all ry € U:

(1) if ¢lrg) &€ Z + iZ, then there exists a small ball B centered
at rp such that { [ B is smooth.

(2) If ¢(rg) = n+ im, with n,m € Z, then there exists a small
ball B centered at rg and a smooth parametrization z in C
defined on B such that, for all r € B,

g(r) = n + im + z(r) TL@m)

In this example, the integer points n + im € C are conic with cyclic
groups, all different, equal to Z141 (n m)-

It should be noted that, with all the transition functions, a descrip-
tion of this orbifold using the original Satake’s defining families,
would be, for the least, laborious. We can appreciate, on this ex-
ample, the simplification brought by the diffeological approach.
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171. Smooth Maps Between Orbifolds. Let us continue with the cone
orbifold Cp = C/Up,. Let f: R? — R? be defined by

0 ifr>lorr=20

% and n is even

<r£%andnisodd,

IA

£(x,7) = € VTpa(2)(r,0)  if 3y <
eV Ton()(x,y) if %ﬂ

where r = /x2 + y2 and py, is a function vanishing flatly outside the
interval ]11/(n + 1), 1/n[ and not inside, see Figure 29. Remark now

l/’\l - >

T IR R 1 /
1/n+1 1/n X

Figure 29. The function pp.

that

f(AX) = hx(A)f(X), with X e R® and A e SO(2).

On the annulus

1 1 hx(A) =12 if nis even, and
, with
n+1 n

<r<—
hx(A) = A if n is odd.

Now, the function f descends onto a smooth map ¢ from the cone
orbifold Cp, to itself. In particular because the homomorphism hx
flips from the identity to trivial on any successive anulus, ¢ has no
local equivariant smooth lifting.

This is a big difference with diffeomorphisms for which it is proven
that the stabilizer of one point is locally mapped equivariantly into
the stabilizer of the image by a homomorphism.
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R2 f R2

classm J Jclassm

Cm = R2/Uypy — Cm = R%/Um

This example is the very illustration of the unsuccessful attempt to
define smooth maps between orbifolds as locally equivariant maps, on
the level of local symmetry group, and that answer Satake footnote
in [Satb7, page 469],

“The notion of C*-map thus defined is inconvenient
in the point that a composite of two C™-maps de-
fined in a different choice of defining families is not
always a C* map.”

Embedding of orbifolds into a category such as {Diffeology} could
have solved this question. The existence of good smooth maps be-
tween orbifolds is crucial for having a covariant satisfactory theory
of orbifolds.

41. Equivalence between V-manifolds and D-orbifolds

172. V-manifolds are D-orbifolds. Let M be a Hausdorff topological
space. A defining family J on M determines a diffeology of orbifold.
Namely, the diffeology generated by the parametrizations ¢: U — U,
for all (U, G, ¢) € 7.

173. Equivalence of defining families. Let M be a Hausdorff topo-

logical space. If two defining families F and F' on M generate the
same diffeoclogy then they are equivalent. More precisely, the union
F" =3F U F is a defining family.

174. D-orbifolds are V-manifolds. Conversely, let X be a D-orbifold,
then equip X with the D-topology (assumed Hausdorff). Let A be
an atlas of X, the strict generating family of the atlas A is a defining
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family in the sense of Satake, and equip X with a structure of V-
manifold for its D-topology.

Two different atlases A and A’ give equivalent Satake defining fami-
lies, essentially because they are sub-atlases of the maximal atlas.

175. Equivalence of definitions. The two constructions above are, up

to an equivelence, inverse one from each other.

Note. Actually, Satake defined only what we call reflexion free V-
manifolds. But there was no technical obstacles to extend the defini-
tion to any V-manifold.

42. Internal structure of a D-orbifold

176. The groupoid G of germs of local diffeomorphisms. Let X be

any diffeclogical space. We define the groupoid G of germs of Ilo-
cal diffeomorphisms of X as follow:

Oobj(@) = X,
Mor(G) = { germ(¢)x | ¢ € Diff1oc(X) and x € dom(¢)}.

The source maps, the target maps and the composition of germs of
local diffeomorphisms are defined as follows:

src(germ(@)x) = x, trg(germ(g)x) = ¢(x).
germ(¢)y - germ(¢’), = germ(¢’ 0 @)y, with x’ = ¢(x).

The pseudogroup of local diffeomorphisms of X is equipped with the
functional diffeology of pseudogroup, that is, the diffeology of local
smooth map for the pairs (f,f 1), where f € Diffjoc(X). Let then
define the germ map by:

6 = {(¢, x) | ¢ € Diff1oc(X) and x € dom(¢)}.
germ : (¢, x) — germ(p)x.

We equip Mor(G) with the pushforward of the diffeology of & by
the map germ. That makes G a diffeological groupoid. That means
essentially that:
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(a) the multiplication and the inversion are smooth maps

(b) and the inclusion Obj(G) — Mor(G) by the identities is an in-
duction.

177. The structure groupoid of an orbifold. Let X be an n-orbifold,
A be an atlas, J be the strict generating family over A, N be the
nebula and ev be the evaluation map, that is:

N= H dom(F) and ev:N — X with ev(F,r) = F(1).
Fed

Figure 30. The Groupoid of the Teardrop.

We call Structure groupoid G of the orbifold X the subgroupoid of
the groupoid of germs of local diffeomorphisms of N that descends
on the identity of X along ev. That is,

Morg((F, 1), (F/,r')) = { germ (@),

¢ € Diffioc(R®), r’ = ¢(r)
F'o¢=F | dom(op)

Note. In order to show the dependency of the structure groupoid
with respect to the atlas A we need the two following lemma.
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178. Lifting the identity. Let Q = R®/I'. Consider a local smooth
map F from R2 to itself, such that classoF = class. In other words,

F is a local lifting of the identity on Q. Then,

F

R0 R™
(:lass\/A Ass
Q

Theorem. F is locally equal to some group action F(r) =joc Y - I,
where y € T.

C® Proof. Let us assume first that F is defined on an open ball B.

Then, for all r in the ball, there exists a y € T such that F(r) =y -r.
Next, for every y € T, let

Fy: B> R"XR? with Fy(@)=F@),y 1)
Let A c R® XR"™ be the diagonal and let us consider
Ay =F,'(M)={re B|F@®) =y r}.

Lemma 1. There exist at least one y € I' such that the interior AY is
non-empty.

<« Indeed, since Fy is smooth (thus continuous), the preimage Ay
by Fy of the diagonal is closed in B. However, the union of all the
preimages F;l (A) — when y runs over I' — is the ball B. Then, B is
a finite union of closed subsets. According to Baire’s theorem, there
is at least one y such that the interior EY is not empty. »

Lemma 2. The union 51- = Uye FEY is an open dense subset of B.

<« Indeed, let B’ = B be an open ball. Let us denote with a prime the
sets defined above but for B’. Then, AQ = (Fy | BH 1) = Ay M B,
and then A; = AY N B’. Thus, B'Nnlir = B' N (UYErAY) = uYepM,
which is not empty for the same reason that Uyerly is not empty.

Therefore, Ar is dense. »

In conclusion: the tangent linear map D(F): B — GL(xn, R) is smooth,
then continuous, thus D(F)7 (') is closed. But, Ar, which is an
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open dense subset of B, is contained in D(F) (). Hence, B is con-
tained in D(F)"1(I') (its own closure) which is contained in B. Thus,
DFE) () = B. Then, since B is connected, D(F)(B) c T is con-
nected. But I' © GL(n, R) is discrete, then D(F)(B) = {y}, for some
yerl.»

179. Lifting local diffeomorphisms. Let Q = R¥/T and Q' = R7/ r,
Then,

Theorem. Every local smooth lifting f of any local diffeomorphism f,

!/
from Q to Q/, is necessarily a local diffeomorphism, from R® to R™ .
In particular n = n'. Moreover, let

x € dom(f), x = f(x)

and r,r’ € R™® such that

class(r) = x and class(r’) = x'.

Then, the local lifting f can be chosen such that
HOES S

C® Proof. Let the local diffecomorphism f be defined on U with
values in U’. By definition of local diffeomorphism, they are both
open for the D-topology. Then U = class 1 (U) is open in R™. Since
the composite foclass: U — U’ is a plot in Q/, for all r € U there exists
a smooth local lifting : V — Rn/, defined on an open neighborhood
of r, such that class’ of = foclass | V.

RESTo5V — L R

class[ jclass’

/
Qo U 7 Q

Let x = class(r), x’ = f(x), r' = #(r), and then x’ = class’(z/).

Next, let U’ = class"1(U’). Since the composite floclass is a
plot in Q, there exists a smooth lifting f: VA R", defined on an
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open neighborhood of r/, such that classof = ! o class’ i V. Let
" = £(¢'), which can be different from r.

R? V' cO cr?

class[ jclass’

Q U cq
o=

Now, we consider the composite f o f: W — R®, where W = ! "
is a non-empty open subset of R” since it contains r. Moreover,
fof(r) =r". It also satisfies class o(f o ) = class. Indeed, classo(f o
F) = (classof)of = (f loclass’)of = flo(class’ of) = f lo(foclass) =
(f71 o f) o class = class. Thus, thanks to §178, there exists, locally,
y € T such that fof =y | W. By the way, r’’ = (f o F)(zr) =y -r. Let
f=vy1lo7f, then: classof = classoy ! of = classof = f ! oclass’, and
f is still a local lifting of f™!. Thus fof = 1y, that is, f = 1w,
We conclude that, around r, f is a local diffeomorphism. Now, if

" over x’, there exists Yy’ such that

; changing ¥ to y/ o F and F to Foy' ', we get £(r) = r"”,

we consider any another point r’’
N
and f and f still remain inverse of each other. Thus, for any r € R™®
over x and any r’ € R® over x/ = f(x), we can locally lift f to a local

diffeomorphism f such that f(r) =r’. »

Figure 31. Equivalence of categories.

180. Equivalence between categories, groupoids. Let A and C be two
categories. Let us recall that, according to [McL71, Chap.4§4 Thm. 1],
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a functor
S:A—>C

is an equivalence of categories if and only if,

(1) S is full and faithful,
(2) each object ¢ in C is isomorphic to S(a) for some object a
in A.

If A and C are groupoids, the last condition means that,

(2’) for each object ¢ of C, there exists an object a of A and an
arrow from S(a) to c.

In other words: Let the transitivity-components of a groupoid be
the maximal full subgroupoids such that each object is connected to
any other object by an arrow. The functor S is an equivalence of
groupoids if

(1) it is full and faithful,
(2) it descends surjectively on the set of transitivity-components.

A S c

compj jcomp

Comp(A) —s Comp(C)

181. Equivalence of structure-groupoids. Consider an n-orbifold X.
Let A be an atlas, let J be the associated strict generating family, let
N be the nebula of F and let G the associated structure groupoid.

Proposition. The fibers of the subduction ev: Obj(G) — X are ex-
actly the transitivity-components of G. In other words, the space of
transitivity components of the groupoid G associated with any at-
las of the orbifold X, equipped with the quotient diffeoclogy, is the
orbifold itself.

Theorem. Different atlases of X give equivalent structure groupoids.
The structure groupoids associated with diffeomorphic orbifold are
equivalent.
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ido id_t
O 7°L -t
0 8" e( )é
7 P
5
)
F

e

42
Figure 32. The Groupoid of A;1.

In other words, the equivalence class, in the sense of categories, of
the structure groupoids of a orbifold is a diffeological invariant.

C® Proof. The proof of this theorem is based on the previous two
propositions § 178 and § 179.

Let us start by proving the proposition. Let
F:U—>X and F: U > X

be two generating plots from the strict family J, and r € U c R and
r' € U ¢ R’. Assume that

ev(F,r) = ev(F',r') = x, thatis ,x = F(r) = F'().
Note that
F=foclass | U and F =f'oclass’ | U/,

where f, f' € A. Then, let

p=rf"Tof with ¢: £1((U)) » U,
is a local diffeomorphism that maps

& = f(class(r)) to & = f'(class’ ().
Then, according to §179:

(1) n=1/,
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Figure 33. Lifting the identity.

(2) there exists a local diffeomorphism ¢ of R7, lifting locally ¢
and mapping r to r’. That is

class’ o =joc P o class and ¢(r) =1’

Its germ realizes a morphism (an arrow) of the groupoid G connecting
(F,r) to (F/,r"), which are then on the same transitivity component:

F(r)=F' ()= comp(F,r) = comp(F’, ).

Of course, when F(r) # F/(z') there cannot be an arrow, by defini-
tion. Therefore, the fibers of the evaluation map are the transitive
components of the structure groupoid G of the orbifold.
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Now, for the theorem: let A and A’ be two atlases of X and consider
A" =ATTA"
With an obvious choice of notation:
Obj(G") = obj(a) | [ obi(ah,

and G” contains naturally G and G’ as full subgroupoids. The ques-
tion then is: how does the adjunction of the crossed arrows between
G and G’ change the distribution of transitivity-components? Ac-
cording to the previous proposition, it changes nothing since, for G,
G’ or G”, the set of transitivity-components are always exactly the
fibers of the respective subductions ev. In other words, the set of
groupoid components is always X, for any atlas of X. Thus G and G’
are equivalent to G”, therefore G and G’ are equivalent. »

43. Quasifolds as diffeologies

The notion de quasifold has been proposed by Elisa Prato in [EP01], it
extend the notion of orbifold. The original definition, which has been
modified once or twice, has been revisited by diffeclogy as follow:

182. Definition. A diffeoclogical space X is said to be a n-quasifold if

it is locally diffeomorphic everywhere to a quotient R™/T’, where I is
a countable subgroup of Aff(R™).

The main difference is that the group I' can be infinite, but countable.

Example 1. The first example would certainly be the irrational torus
Ty = R/(Z+ aZ) with x € R— Q. Also quotient of the 2-torus by the
irrational solenoid 8y. Here the subgroup is strictly affine.

Example 2. One can think also of the irrational cone or quasicone:
e(x — C/{GQiT[k(X}keZ,

where o € R — Q.

As a curiosity we have this triangle of subductions:
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where class : C — Cy is the standard projection from the space to
its quotient, and | - |? : z — |z|? is the projection from C to the
quotient C/U(1) which is equivalent to Ay = R?/O(2). Then, the map
7 : Cy — Ay is a subduction since class and | - |2
subductions [TB, § 1.51]. The preimages of 1 are all diffeomorphic to
the irrational torus Ty except for 0. It would be an exercise probably
to show that the local diffeomorphisms of Cy has two orbits: {0} and
Cx—1{0}. Note that the D-topology of Cqy is certainly, by density, the
pullback of the D-topology of Ay, which coincides with the topology
of the half-line [0, o[.s

= m o class are both
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Symplectic Mechanics and Diffeology

I give, in this lecture, a short survey on symplectic mechanics. The
basic foundations in the work of Lagrange at the end of the 18th
century and the beginning of the 19th, and what it became in the
middle of the 20th century with what it is called now: symplectic
mechanics. We will discuss also how to extend these constructions
to Diffeology, the main concepts.

There are a few different approaches to symplectic geometry in me-
chanics. At the beginning there is three papers from Joseph-Louis
Lagrange in 1808, 1809 and 1810 [Lag08, Lag09, Lagl0]:

1) Sur la théorie des variations des éléments des planétes et en parti-
culier des variations des grands axes de leurs orbites (1808).

2) Sur la théorie générale de la variation des constantes arbitraires
dans tous les problémes de la mécanique(1809).

3) Second mémoire sur la théorie générale de la variation des con-
stantes arbitraires dans tous les problémes de la mécanique (1810).

In these papers, Lagrange sets the first elements of what we can call
“symplectic calculus”. The question was the stability of the great
axes of the planets, and Lagrange brought a simplification in the
approximation computations of this time, in particular by Laplace
and Poisson. I will not write down here the details of his work but I
refer (for now) to the paper I wrote on the subject: Les Origines du
Calcul Symplectique chez Lagrange, but in French [PIZ98].

145
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That said, I will emphasize — in this overview on symplectic me-
chanics — the following points relative to the global structure of the
spaces of solutions of dynamical (symplectic) systems.

(1) The presymplectic/symplectic framework.

(2) The symmetries of dynamical systems.

(3) Isolated mechanical/dynamical systems, the Galilean and
Poincaré groups.

(4) The moment map associated to a group of symmetries.

(5) The conservation of the moment map (Noether-Souriau the-
orem).

(6) The Souriau cocycle and the barycentric decomposition.

(7) The elementary particles/systems and the classic spin.

(8) The “geometric quantization program”, the prequantization.

These few points summarizes, I believe, the main progress on the
global structure of dynamical systems made in the 20th century.

Of course, symplectic mechanics does not reduce to these chapters,
other constructions like the behavior of hamiltonian vector fields,
the geometric optics, reflexion, diffraction, caustics. .. The structure
of the group of symplectomorphisms, etc. All these subjects are
a part of modern symplectic mechanics. A whole year of lectures
could hardly be enough to cover all the applications of symplectic
mechanics.

44. The short approach to symplectic mechanics

The following presentation of the syplectic structure on the space of
solutions of a dynamical (second order differential equation) system
is due to Elie Cartan [Car22], followed by some authors, Galissot
[Galb2], and especially Jean-Marie Souriau in his book “Structure
des Systémes Dynamique” [Sou70].

183. To drive out the denominators. Let us recall that a classical

dynamical system in Galilean Mechanics, or Newtonian Mechanics,
is described by an ordinary second order differential equation. For
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example, for a material point:

d’x dx
m—— = F(x,v,t) where v=—.
dt dt
The unknown here is the path [t — x|, where t is a real number

defined on some interval and x € RS.

Then we transform this second order system into a first order differ-

ential equation system:
dv dx
m— =F(x,v,t) and v= —.
dt dt
Then we reinterpret the Newton equations by “driving out the de-

nominators” :
mdv = F(x, v, t)dt and dx = vdt.
We need here to explain this writing. Consider the subset
Y cR®*xR3xR

where F is defined. We call it the space of initial conditions, or
following Souriau: the “evolution space”. Let y = (x, v, t) a point in
Y, let us denote by dy a tangent vector to Y, at the point y, that is
a vector of R’. We can imagine dy being the shortcut the derivative
ofapaths—y

dx
dy .
dy = s € TyY with dy = | dv
s
dt

Then, the equations of motion writes
mdv -F(x,v,t)dt =0 and dx- vdt=0.
At this point we use a trick, and considering an other tangent vector

ox
8y = | dv | € Ty Y,
St

we define

o(dy, 8y) = (mdv — Fdt, 8x — vdt) — (mdv — Fdt, dx — vdt).
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Let us make some comment on the notation: first of all, F denotes
at the same time the function F and the value of F at the point
y = (x, v, t). Second of all, the 2-form » should rigorously be indexed
by the point y where it is taken, but the vectors dy and 8y contains
already this information, so it is unnecessary to be redundant.

One can check now that:

(1) @ is a 2-form on Y.
(2) the vector dy ~ dy/ds satisfies the equations of motion if
and only if it belongs to the kernel of .

The kernel of » is defined by

dy € ker(o0) &  o(dy,dy) =0 Vdy.

Therefore, the integral curves of the kernel distribution

y — ker()

are the solutions of the Newton equations.

Proposition 1. The space M of integral curves of the kernel distri-

bution is a manifold, that can be, for some kind of force F, non
Hausdorff. It is called the space of motions.

I would like to emphasize the fact the a solution of the differential
equation, in this approach, is an integral curve of the distribution
y — ker(w), that is, a subset of Y, the graph of some curve t —
(x,v,t). So the space of motions is indeed a set of subspaces of Y,
and this set of subspaces is equipped with a structure of manifold.

And beware to not confuse the motion with the trajectory of the
motion. The schedule of the trajectory is a part of the motion. For
example, a circular motion has a circle for trajectory but its motion
is a line, precisely an helix. That is why it is not enough to know
the route of the bus to take advantage of it, you have to know when
it stops in front of your door. The timetable is an element of the
movement.
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Proposition 2. The restrictions (x,v) — class¢(x,v), for all t € R,

made a canonical atlas of the manifold M.

Note that these canonical charts class; are called Darboux charts
because the symplectic form takes the canonical expression,

3
Wt = mZ dx; A dvj.

i=1

Proposition 3. If the force F is the gradient of some potential ¢,

actually F = —grad(¢), then the 2-form  is closed
dew =0,

and descends on the quotient space M into a symplectic 2-form.

In that case, the 2-form ® is the exterior derivative of the so-called
Cartan form

1
ABy) = m(v,dx)— hdt with h= EmHVH2 + 0.

Definition. We recall that a symplectic form on a manifold is a non
degenerate closed 2-form.

45. Presymplectic and symplectic manifolds

184. Presymplectic form. Let M be a manifold, a closed 2-form » on

M is said to be presymplectic if its kernel has a constant dimension
on M [Sou70]. The vector distribution

y — ker(e)

is called the characteristic distribution. Thanks to the Frobenious
theorem that states that for every differential form , the character-
istic distribution

y — ker(de) M ker(w)

is integrable, since ker(dw)y = TyM, the characteristic distribution
of a closed form y — ker(w) is integrable.
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The leaves of the integral submanifolds of the characteristic distribu-
tion are called characteristics of the distribution, and the resulting
foliation is called the characteristic foliation.

The characteristics of the presymplectic form » are the connected
submanifolds FF € M such that at each point y € F,

TyF = ker().

185. Symplectic dynamical systems. In symplectic mechanics, a dy-

namical system is defined as a presymplectic manifold (M, ®). By
analogy with the case of a particle, we call motions of the system
the characteristics of the presymplectic form. The space of motions,
which plays an important role in mechanics, is then the set of all
characteristics.

Note. There is no reason that, in general, the space of motions inher-
its a manifold structure by quotient, and it does not. That can be an
obstacle in ordinary differential geometry, but not from the general
diffeology point of view, where any case can be dealt with. The space
of characteristic of a presymplectic manifold can always be equipped
with the quotient diffeclogy, for which the usual diffeclogical tools
continue to work. We denote this space by

M = M/ker(w).
186. Symplectic form. A closed 2-form o on a manifold M is said to

be symplectic if it is non degenerate, that is, if its kernel is reduced

to {0}

o symplectic & do = 0 and ker(w) = 0.

A symplectic manifold is then a presymplectic manifold with a trivial
characteristic foliation:

Fy ={y}.
Proposition. Consider a presymplectic manifold (M, »), if the quo-
tient space M = M/ker(») is a manifold, it inherits a symplectic form
for which o is the pullback.

That is why symplectic geometry is important in physics:
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(1) Conservative dynamical systems are identified as presym-
plectic dynamical systems, for which the characteristic leaves
are the solutions, or motions, of the system.

(2) The space of solutions of a conservative dynamical system,
if it is a manifold itself, inhertis a symplectic structure.

The word “conservative” will be explained later.

187. Example: The geodesics trajectories on the Sphere. Consider the

sphere S2. Let US? be the unitary tangent bundle:
Us? = {(x,w) € R R?| || = |lu] = 1 and (x,u) = 0}.

Define on US? the 1-form

y = (x,u)e US?

y(8y) = (u, 8x), wi {53, = (8x,8u) e T,US2

let @ = dA, precisely
wy By, 8'y) = (du, 8'x) — (6'u, 5x).

One can check that o is presymplectic and its charactetistic distribu-
tion is defined by

dy x du
— e kere & — =ou and — = —oXx,
ds ds ds

for all a € R. The solutions of this sytem are great circles described

by the law of motion

si(0) si(0)

x(s) = e¥'"xg and u(s) = ¥ ug with {= xg A up.

Note that { = xAu is constant on the solutions, it is called the kinetic
momentum. It is a particular case of the general moment map theory
we talk later in the following.

Thus, the map
y=&x,uw—»{l{=xAu

from Y to S? realizes the quotient space

Y /ker(w) ~ S2.
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And the symplectic structure of the space of motions is equal, up to
some constant, to the standard area form

Surf(8¢,85'0) = (¢, 5L A 8'0).

This example is a special case of the general construction of the set of
geodesic trajectories, which are equipped with a symplectic structure
as soon as it is a manifold.

188. Example: The geodesics trajectories on the torus. The geodesic

trajectories of the 2-torus T2 = R?2/Z2 are the projections of the affine
lines in R?. Consider the projection which associates with each geo-
desic trajectory A, its direction u € Sl.1 Thisis a surjection. We can
write it
T Gyraj —> s! with n(d) = u.
Now, the fiber over the direction u € S! are all the projections on
the 2-torus T2 of the affine lines in R?, parallel to the unique line
of direction u, and passing through the origin. Depending on the
orientation, these lines cut the axis oy or the axis ox according the
action of Z® Z
(n,m): y— y+n+tm,

with

u = (o, B), with o? +F’>2 =1, and T =

R >

Thus,

i) ~ T,
where T'¢ is the torus of slope . If T is rational then T is diffeomor-
phic to the torus S!, otherwise it is not a manifold but a diffeological
space called the irrational torus (of slope t) [DI83].

So, in the case of the torus the space of geodesic trajectories is not
a manifold but at least a diffeoclogical space. We prove further in
the book that the canonical symplectic form on the space of geo-
desic curves (which is always a manifold) descends, in some sense, to
the quotient Q5traj, as a differential closed 2-form, according to the
definition in diffeology.

We consider first the oriented geodesic trajectories.
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That example shows in particular the necessity to enlarge the cate-
gory of manifolds if we want to describe a bigger class of dynamical
systems than usually.

189. Darboux theorem. An important theorem due to the mathe-

matician Jean Gaston Darboux makes explicit the local nature of
presymplectic and symplectic manifolds. Let (M, ») be a presymplec-
tic manifold of rank 2n; the rank is defined by

rank(w) = dim(M) — dim(ker(®)).
The rank of a 2-form is always even, let dim(M) = 2n + k. Then:

There exists an atlas A of charts such that, in any chart F € A, the
form o can be identified with the matrix, if k > 0:

Op -1, O

0p -1
1, 0, O], or <1n OH>
0 0 0 Booa

in the symplectic case k = 0.

This is an important, even crucial, theorem with an enormous set of
applications. In a few words: a symplectic structure is flat, always.

* There is no local invariants.

* All symplectic invariants are global.

46. Symmetries and moment map

The symmetries of a dynamical system, and its consequences, are
certainly at the heart of symplectic mechanics.

190. Symmetries of a system. Let (M, ») be a dynamical system, that

is, a presymplectic manifold. We call a symmetry of the system any
diffeomorphism f € Diff(M) that preserves the presymplectic form o.
So, we define the largest group of symmetries of the system

Diff(X, ») = {f € Diff(X) | f*(0) = 0}

When the form is symplectic, such a diffeomorphism is called a sym-
plectomorphism.
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Proposition. Except for trivial cases, the group Diff(X, ) is infinite
dimensional.

Theorem. On symplectic manifolds, Diff(X, ) is transitive on M. Ac-
tually Diff(X, ») is n-transitive if dim(X) = 2n [Boo69].

191. Galilean mechanics. The history has produced three kind of
Mechanics, each of them characterized by a group of transformations
[PIZ18]. The Aristotelean group, the Galilean group and the Poincaré
group. The Aristotelean mechanics has not been much developped.2
The Galilean group is a 10-dimensional Lie group, made of matrices

A b c
m=|0 1 e| with Ae SO(3);b,ce R%and e€ R.
0 0 1

This group is associated with Galilean/Newtonian mechanics. It acts
on R®xR by

A b ¢ r Ar+bt+c
0 1 e t| = t+e
0O 0 1 1 1

Now we can anwser the Question:
What is a (Galilean) isolated system?

Principle An isolated Galilean system is a presymplectic manifold
(M, ) with a symmetric action of the Galilean group.

Later we will see that one adds the condition for this action to be
Hamiltonian.

192. Relativity and the Poincaré Group. The group of Einstein Rel-
ativity is the Poincaré Group, that is, the group of affine transforma-
tions that preserve the quadratic form

ds® = c?dt® - dx? - dy2 - dz2,
with (x,y,2,t) € R3XR.

g: X—»LX+C,

2] have some project on this question.
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where X € R3 x R, Ce R* and L is a linear automorphism of dsQ,
a Lorentz transformation. Let X = (r,t) € R3 x R, every element of
the Lorentz group decompose uniquely in the product of 2 matrices

13 B B 1 0 X _ = 1
= (= + = =+ -
L (B 1) ( ) , with BB BB lz3 and a==* 1 R

B is a 3 X 3 matrix, ﬁ is a vector in RB, the bar over B ou B denotes
the transposition operator, and p = ||B].

The Poincaré group is also a 10-dimensional Lie group but with 4
connected components. It is customary to reduce the Poincaré group
to its identity component. Again,

Principle. An isolated Einstein relativistic system is a presymplectic
manifold (M, ») with a symmetric action of the Poincaré group.

47. Coadjoint orbits

193. Coadjoint action and orbits. Given a Lie group G, there is a

universal model of symplectic manifold. Consider a left invariant
1-form o and let §* be the space of left-invariant 1-forms.

G* = {ae NG | L(g)* () = o,

where L(g): g’ — gg’ is the left-multiplication. By invariance every
element of §* is uniquely determined by its value at the origin, that
makes §* a vector space with dimension dim(G). This space is the
space of momenta of the group G, it is also interpreted as the dual
of the Lie algebra, but we do not need that.

Now, the group G acts by conjugation on itself and by coadjoint
action on G*:

Ad(g): g’ — gg'g!
and for all ge G:
Adi(g): §F = §* with Ad(g)«(a) = Ad(g™H)*(w).
We define the coadjoint orbit of o € §* by
Oy = {Ads(g)() | g € GI,
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and we equip Oy with the quotient diffeology
Oq ~ G/St(a),
where St(a) is the stabilizer of o
St(a) = {g € G| Ady(g)(a) = a}.

Theorem. The exterior derivative dua is a presymplectic form on G
that have the orbits of St(a) as characteristics. It follows that Oy has
a natural structure of symplectic manifold. That is, there exists a
symplectic form » on Oy such that

class™(®) = do, with class: G — G/St(a).

194. Elementary systems or particles. The Kirillov-Kostant-Souriau

theorem on classification of transitive symplectic manifolds leads to
interpret coadjoint orbits of the groups of symmetries of the mechan-
ics as elementary particles. Thus, in Galilean Mechanics, elementary
particles will be coadjoint orbits of the Galilean group. In Einstein
Relativity they will be coadjoint orbits of the Poincaré group.

Note that in Galilean Mechanics, a large class of orbits have the type
O =R8xg?,
with the symplectic form
®m,s = m Can @sSurf,

where Can is the canonical symplectic form on R® and Surf the sur-
face element on S2. The S2 part represents the classical spin compo-
nent of the particle, s is the spin and m the mass of the elementary
particle.

48. The classic moment map

The impact of symmetries in symplectic mechanics are subsumed in
a special map called the moment map. It was introduced by Souriau
in the 60’s and published in [Sou70].
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195. The classic moment map. Let (M, ®») be a presymplectic mani-

fold. Let G be a Lie group with an action by symmetries on M, that
is, a smooth morphism

G 2 g — gu € Diff(X, ).

We say that G is a group of symmetries. Let G be the Lie algebra,
that is the space of smooth homomorphisms

G = Hom™(R, G).
It is identified with the space of invariant vector fields

dh(t)

d
Z = —h(t) - , ith Z2=2c(1 =
a(g) at ®)-g - wi c(la) dt |,

Every element of the Lie algebra Z defines a vector field Zyy on M,
called the infinitesimal action of G on M

d
Zm(x) = ah(t)M(X) ,
t=0

Applying the Cartan formula
Lg(e) = [del(®) + dle(®)],

where L denotes the Lie derivative by &, for any differential form e
and any vector field &, to w and Zp;, we get

dle(Zy)] =0,
where ©(Zy1) is the contraction of w by the vector field Zy.

Theorem-Definition. We say that the action of G on M is Hamiltonian
if o(Zyp), which is closed, is exact. Then, there exists a map

u: M — §* such that o(Zy) = dlx — mu(x) - Z].

This map is called the moment map, it is defined up to a constant,
the manifold M is assumed to be connected.

196. The Noether-Souriau theorem. Let (M,w®) be a presymplectic

manifold. Let G a Lie group equipped with an Hamiltonian ac-
tion on M. Then the moment map pu: M — G* is constant on the

characteristics. If the quotient M = M/ker(w) is a manifold, then
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the moment map descends on M. The moment map y represents the

invariants associated with the symmetries represented by G.

197. The Souriau cocycle. For a presymplectic manifold (M, ») with

a Hamiltonian action of G, with moment u, we can check the variance
of u according to the action of G on M and the coadjoint action of G
on G*. That gives the following theorem:

Theorem. (Souriau) The lack of equivariance of the moment map  is

a cocycle of the group G with values in §*, twisted by the coadjoint
action:
8(g) = plgm(x)) — Ad* (g) (u(x)).
The choice of another moment map change 6 by a coboundary. Thus,
the class is well defined and depends only on the form o and the action
of G.
class(0) € HY(G, §%).

I call this cocycle the Souriau cocycle.
We recall that these cocycles are defined as map 6: G — §* such that
6(gg") = Ad«(g)(8(g") + 6(g).
A coboundary is a map
Ale)(g) = Ad«(g)(e) —c,
for all £ € G*.

A major consequence of the moment map and its lack of equivariance
is the general theorem of barycentric decomposition.

198. The Barycentric decomposition theorem (Souriau). Let (M, )
be an isolated dynamical system, that is, a symplectic manifold with

an Hamiltonian action of the Galilean group. First of all let us recall
that, considering its cohomology:

Theorem. (Bargmann) The cohomology of the Galilean group is 1-

dimensional. Therefore the Souria cocycle © is equivalent to m®o,
where g is a chosen unit.

The number m is interpreted as the total mass of the system in the
unit Og.
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Theorem. For an isolated dynamical system (M, »), if the total mass
of the system is not zero then the manifold M is a product

M = R x My,

where R represents the motions of the center of gravity and Mg the
motions around the center of gravity. The group SO(3)XR continues
to act on Mpo.

199. The Kostant-Kirillov-Souriau theorem. The following theorem
is due under different formulations to Kostant, Kirillov and Souriau.

I give here the Souriau’s formulation.

Theorem. Let (M,w) be a symplectic manifold, transitive under a
Hamiltonian action of a Lie group G. Then, the moment mapu: M —
G* is a covering onto a coadjoint orbit, may be affine.

Let 6 be the Souriau cocycle of the system, it modifies the coadjoint
action by adjunction to the standard linear coadjoint ation

Ad%(g): € = Ad.(g)(e) + 6(g).
This action is called an affine coadjoint action.

200. Exemple: The cylinder and SL(2,R). The group SL(2,R) acts
transitively on the cylinder R?- {0}, preserving the symplectic form

Surf = dx A dy. And the moment map is given by

w(2)(Fy) = %Surf(z, oz) X dt,

where z = (x,y) € R2 - {0}, and
Fy = [s — esc}
is the one-parameter group defined by
oe sl(2,R),

the Lie algebra of SL(2, R), vector space of real 2X2 traceless matrices:

5[(2,R)={<a b) la,b,ce R}
CcC —a

We have clearly p(z) = p(-2).
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201. Dynamic variable and Poisson bracket. Let (M, ») a symplectic
manifold. Every compactly supported real function [x — u] defines a

l-parameter group of symplectomorphisms. The symplectic gradient
is uniquely defined by the equation:

0
o(grad,(u),8x) = -du with du= a—z(éx).

Since u is compactly supported, grad, (u) is compactly supported too,
and then integrable. The l-parameter group generated by grad,(u)

is denoted by:
s 1 gSerad,(uw)

We have then,
Lg(w) =0, with & = grad,(u);
and
<esgradm(u)>>|< (0) = .
Note 1. The function [x — u] is the moment map associated with

the symmetry (es gradm(u)) :
seR

Note 2. The Poisson bracket of two dynamical variables [x —> u] and
[x = v] is defined and denoted by:

{u, v} = o(grad,(w), grad,(v)).
It satisfies the identity
grad, ({u, v}) = [grad,(u), grad,(v)],

where the right is the bracket of vector fields. The Poisson bracket
is a morphism of algebras.

49. Geometric quantization

The program of geometric quantization try to answer the Dirac pro-
gram of quantization. It consist, for any symplectic manifold (M, ),
to find a Hilbert space H{ and a morphism from the algebra of the real
functions, for the Poisson bracket, the albegra of unitary operators:

u+— @t such that {u, v} = [{, ¥],
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and

i = 1:}(,
where here 1 denotes the constant function [x — 1].
The expected solution would have been

H =12(M) and () = Lg(9)
with
g = grad,(u), and for all ¢ € J.

Unfortunately, in that case

I=o
The first step in the direction of a solution to this problem is given
by the prequentization construction.

202. Prequantization. Consider a symplectic manifold (M, ©). Let P,

be its group of periods:

P, = {J w|loe HQ(M,Z)}

Then, according to [PIZ95]:

Theorem. There exists always a principal fiber bundle Y over M,
with group T, = R/P,, and equipped with a connection form A\ of
curvature »w. That is,

dr = 1" (w),
where n: Y — M.

Look in [TB, §8.37] for the definition of a connection form on a
principal bundle with group a diffeological torus R/P, where P is a
strict subgroup. Note that there maybe more than 1 such integration
bundles, the classification is given in the paper cited above.

Definition. [Sou70] A symplectic manifold (M, ») is quantizable if its

group of periods is P, = hZ.

In this case the integration bundle Y is a manifold, a Sl—principal
bundle. There exists a unique fundamental vector field T on Y such
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that:
M) =1 and di(T) =0.

Consider a dynamical variable x — u, lift it by wn, [y — u]. Then,
define the quantized lifting grad, (u) of grad, (u) on Y by

g?a\dm(u) =uXT+ny,
where 1y is defined by
dA(ny) =0 and m.(ny) = grad, (w.

Now, let H be the set of . complex valued function on Y satisfying
the equivariant condition

0(z - y) = z0(y),

where z-y is the action of z€ U(1) on y € Y. Let y — u the pullback
on Y of x = u. Define

Y

a(9) = @(gradm(u)).
We check esealy now that
A A 0
I1=1xt4+0= 1(¢)=a§_( () =o.

The other part of the condition {u, v} = [{I, 7] is still satisfied.
That construction is called the prequantization.

203. The Dirac program, almost. With the prequantization we have
a good quandiate which would be perfect if it satisfied the Dirac
conditions. Indeed a wave function ¢ in prequatization is, up to a
phase, a function on the symplectic manifold, that is, 2n variables.
There are n variables too much. In the simplest case the symplectic
manifold is R*XR", space of pairs (g, p), position g and momentum p.
The wave function is a function only on the poisition or momentum,

or a mix of both, but no more than n variables.

So, to resolve that problem, geometric quantization had proposed to
use a polarization, that is a projection

m:X—->Q
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which is a priori a fibration, where the leaves are Lagrangian sub-
spaces, that is n-dimensional subspaces where » vanishes.

w|THg =0 forallge Q.

The wave function would be, more or less, a function on Q. But to
represent the l-parameter group associated with a dynamical vari-
able x — u the polarization needs to be invariant by that group.
Unfortuantely, that almost never happens.

For example in the simplest example of the 2-dimensional harmonic
oscillator, where the space is just R X R and the group willing to be
represented SO(2). The ordinary polarization (q, p) — q, or (g, p) —
p, is not invariant by the matrices

cos(®) —sin(@)) (q\ _ (cos(®)g

sin(B)  cos(®) 0 sin(8)q/
The method of geometric quantization is front of a deep problem
until now without clear solution.

The case of the harmonic oscillator has been solved by the pairing
method, which is too long to explain in that kind of short survey
notes, but has been satisfactory solved, see for example [Sou75].

In conclusion, the problem has been posed by Dirac, and been solved
for some part by the geometric quantization program, but remains
largely open until today.

50. Symplectic diffeology

In the last decades many examples of wannabe symplectic spaces
in infinite dimension came from physics. Also physicists were more
and more interested in symplectic constructions involving singulari-
ties. These two directions are not covered by traditional symplectic
geometry and need a new framework. What was usually done is that
to each new example or new situation one creates a specific frame-
work specially adapted to that situation. We call that the heuristic
approach.
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On the other hand, diffeclogy has all the qualities necessary to fill
this program to extend symplectic geometry into the direction of infi-
nite dimensional spaces and singular situations. This is what we shall
discuss now. But we need to think and redefine some fundamental
definitions to frame correctly the field of symplectic diffeclogy. Espe-
cially, what does mean to be symplectic, to start with.

204. The Darboux condition in diffeclogy. One most striking prop-

erty symplectic manifolds share is the Darboux theorem. That is,
every symplectic manifold (M, ) is locally equivalent to R*? equipped
with the standard symplectic structure. That can be rephrased as
follow:

205. Theorem (Darboux). Let M be a manifold and ® be a sym-
plectic form on M. Then, the pseudogroup of local automorphisms
Diffj1oc (M, ©) is transitive.

Of course, that does not say nothing about the local structure itself.
We shall come back on that question, but that does not implies that
the form o is non degenerate. It just implies that o is presymplectic.

Now, since we deal with various properties of closed 2-forms we in-
troduce the general definition:

Definition 1. We call parasymplectic form on a diffeological space X,
any closed 2-form » on X.

Now we introduce:

Definition 2. We call presymplectic form on a diffeological space X,
any parasymplectic form o on X such that the pseudogroup of auto-
morphisms Diff1,c(X, ®) is transitive.

If that condition is sufficient to determine the germ of » at each point
as being the germ of (R*?xRX, Can), it is not necessarilly the case in
diffeology. That leads to a specific invariant in symplectic diffeology

Definition 3. The type of a presymplectic structure in diffeology will
be defined as some representant of equivalent germ,(w), where (X, )
run over presymplectic spaces and x € X.
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For example, (R?® x R¥,Can) is the type of all finite dimension
presymplectic manifolds.

The question now is to understand how can we characterize the sym-
plectic forms from the presymplectic ones? For that we need the help
of the moment map in diffeology.

206. The moment map in diffeology. Next, we consider the group of

symmetries (or automorphisms) of w, denoted by Diff(X,®). Then,
to introduce the moment map for any group of symmetries G, we
need to clarify some vocabulary and notations:

Definition 1. A diffeoclogical group is a group that is a diffeological
space such that the multiplication and the inversion are smooth.

Definition 2. A momentum (Plural momenta) of a diffeclogical group
G is any left-invariant 1-form on G. We denote by G* the space of
momenta :

G* ={ee QNQ) |L(g)*(e) = ¢, for all ge G}.

The set §* is a real vector space. It is also a diffeological vector space
for the functional diffeology, but we shall not discuss that point here.

Next, let (X, ) be a parasymplectic space and G be a diffeological
group.

Definition 3. A symmetric action of G on (X, ») is a smooth morphism
g — gx from G to Diff(X, 0),
where Diff(X, ) is equipped with the functional diffeology. That is,

forallge G, gx(©) =ao.

Now, to grab the essential nature of the moment map, which is a
map from X to §*, we need to understand it in the simplest possible
case. That is, when:

(1) o is exact, ® = da,
(2) and when «a is also invariant by G, gx (o) = a.



166 SYMPLECTIC MECHANICS AND DIFFEOLOGY

In these conditions, the moment map is given by
pu: X — §% with p(x) = 2" (o),
where
X:G—>X
is the orbit map
x(g) = gx(x).
We check immediately that,

Proposition 1. Since « is invariant by G, %" (o) is left invariant by G,
and therefore

u(x) e G*.
Actually, as we know that:

Not all closed 2-forms are exact, and even if they are exact, they do

not necessarily have an invariant primitive.

We shall see now, how we can generally come to a situation, so close
to the simple case above, that, modulo some minor subtleties, we can
build a good moment map in all cases.

Let us consider now the general case, with X connected. Let K be
the chain-homotopy operator, defined in [TB, §6.83]:

K: QF(X) — 0¥ 1(Paths(X)) with Kod+doX =1*-0*%.
Then, the differential 1-form Ko, defined on Paths(X), satisfies
dlKe] = (1" = 0%)(w),
and Ko is invariant by G [TB, §6.84]. Considering
o=>0"-0"w
and
a= Ko,

we are in the simple case:

® = da

and a invariant by G. We can apply the construction above and then:
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Definition 4. We define the paths moment map by
¥: Paths(X) = G§* with ¥(y) = 7" (Kw),

where Y: G — Paths(X) is the orbit map Y(g) = gx oY of the path
Y.
The paths moment map is additive with respect to the concatenation,

Yy vy) =) + ¥y,

and it is equivariant by G, which acts by composition on Paths(X),
and by coadjoint action on G*. That is, for all g,k € G and € € §*,

Ad(g): k —> gkg
and
Ady(g): € = Ad(g)«(e) = Ad(g™1)*(e).
Then,

Definition 5. We define the holonomy of the action of G on X as the
subgroup

I'={¥® |{e Loops(X)} = G*.

Proposition 2. The group I' is made of (closed) Adi-invariant mo-

menta. But ¥({) depends only on the homotopy class of {, so then T’
is a homomorphic image of n1(X), more precisely, its abelianized.

Definition 6. If ' = {03}, the action of G on (X,®») is said to be
Hamiltonian. The holonomy I' is the obstruction for the action of
the group G to be Hamiltonian.

Now, we can push forward the paths moment map on §*/T, as sug-
gested by the commutative diagram

Paths(X) —~— G*

endsl [Class

XXX T GYr

and we get then:
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Defintion 7. The two-points moment map is defined by:
$(x, x') = class(¥(y)) € G¥T,

for any path y such that ends(y) = (x, x/).
Proposition 3. The additivity of ¥ becomes the Chasles’s cocycle

condition on { :
P(x, x') + ¢, ) = px, ).

Since the group I is invariant by the coadjoint action, the coadjoint
action passes to the quotient group GV7T, and ¢ is a natural group-
valued moment map, equivariant for this quotient coadjoint action.

Definition 8. Because X is connected, there exists always a map
u: X = GYT  such that ¢(x,x") = u(x’) - ux).
The solutions of this equation are given by
u(x) = ¢(xo0, x) + ¢,

where xg is a chosen point in X and c is a constant. These are the
one-point moment maps.

But these moment maps u are a priori no longer equivariant. Their
variance introduces a 1-cocycle 6 of G with values in GYT.

Definition 9. Let xg € X and c € G*/T. We define:
0(g) = ¢(x0, g(x0)) + Ac(g),
for all g € G, with
Ac(g) = Ad«(g)(c)—c

Then, 6(g) is a 1-cocycle of G with values in §*/T, twisted by Ad.,
and Ac is a coboundary. Moreover,

u(g(x)) = Ady(g)(u(x)) + 6(g),

Changing the base point xo and the constant ¢ in u changes the
cocycle © into a equivalent cocycle.
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The cocycle © capture the lack of invariance of the moment p, we
called it the Souriau’s cocycle since it is a generalization of the man-

ifold case. The cohomology class
o = class(6) € HY(G, §*/T)

is uniquely defined by the action of G on X. We say that the action
of G on (X, ) is exact when o = 0, that is, when the cocycle 6 is a
coboundary.

Next, defining

AdS(g): v — Ad.(g)() + 6(g),
then

Ad®(gg") = Ad®(g) 0 AQ%(g).
The cocycle property of 6, that is,

6(gg") = Ad«(g)(8(g") + 6(g),

makes AdS an action of G on the group §7I'. This action is called
the affine action.

Proposition 4. For the affine action, the moment map p is equivariant:
w(g(x)) = AdS(g)(u(x)).

This construction extends to the category {Diffeology}, the moment
map for manifolds introduced by Souriau in [Sou70]. When X is a
manifold and the action of G is Hamiltonian, they are the standard
moment maps he defined there.

The remarkable and very important point is this: none of the con-
structions brought up above involves differential equations, and there
is no need for considering a potential Lie algebra either.

The momenta appear as invariant 1-forms on the group, naturally,
without intermediaries, and the moment map as a map in the space
of momenta.

Note that the group of automorphisms G, = Diff(X, ®) is a legitimate
diffeological group. The above constructions apply and give rise to
universal objects:
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universal momenta G,

- universal path moment map ¥,

universal holonomy Ty,

- universal two-points moment map (,

- universal moment maps [,

- universal Souriau’s cocycles 6,, and cohomology class 0.

Note. The universal cohomology class 0, is a parasymplectif invariant
depeding only on (M, ®).

A parasymplectic action of a diffeological group G is a smooth mor-
phism h: G — G, and the objects, associated with G, introduced by
the above moment maps constructions, are naturally subordinate to
their universal counterparts.

Many examples can be found in [TB, Sections 9.27 — 9.34]

207. Example: The moment of imprimitivity. Consider the cotangent

space T*M of a manifold M, equipped with the standard symplectic
form
® = dA,

where A is the Liouville form:

\ d(x,a)\ _ dx
(x.a) ds —%las /)

Let G be the Abelian group

G =C"(M,R).
Consider the action of G on T*M defined by
f: (x,a) — (x,a—dfy),

where x € M, a € T;M, and dfy is the differential of f at the point
x. Then, the moment map is given by

u: (x,a) = dlf = f(x)] = d[d4],
where 8 denotes here the Dirac distribution §;(f) = f(x).3

3This example is inspired from a heuristic in [Zie96].
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We see that in this case, the moment map identifies with a function
with values distributions but still has the definite formal statute of a

map into the space of momenta of the group of symmetries.

Moreover, this action is Hamiltonian and exact. This example gener-
alizes to cotangent of diffeological spaces, see [TB, Exercise 147].

C® Proof. Since 8y is a smooth function on C*(M, R), its differential
is a 1-form.4 Let us check that this 1-form is invariant: Let h €
C”(M, R), LW*(u(x)) = L(W)*(d[dx]) = dIL(B)*(8x)] = d[dx o L(W)],
but 8y o L(h): f = 8x(f + h) = f(x) + h(x). Then, d[dx o L(h)] =
dlf — f(x) + h(x)] = dIf — f(x)]. Therefore, L(h)*(u(x)) = u(x). »

208. Symplectic manifolds are coadjoint orbits. Because symplectic

forms of manifolds have no local invariants, as we know thanks to
Darboux’s theorem, they have a huge group of automorphisms. This
group is big enough to be transitive [Boo69], so that we will be able
to identify the symplectic manifold with its image by the universal
moment map. Then, by equivariance, it will give a coadjoint orbit
(affine or not) of its group of symmetries. In other words, coadjoint
orbits are the universal models of symplectic manifolds.

Precisely, let M be a connected Hausdorff manifold, and let o be a
closed 2-form on M. Let G, = Diff(M, ®) be its group of symmetries
and §; its space of momenta. Let I', be the holonomy, and p, be
a universal moment map with values in 9:/ I'y. We have, then, the
following:

Theorem 1. (P.I-Z) The form o is symplectic, that is non-degenerate,

if and only if:

1. the group Gy, is (locally) transitive on M;
2. the universal moment map p,: M — G/T, is injective.

This theorem is proved in [TB, §9.23], but let us make some com-

ments on the key elements.

4This deserves to be emphasized: the exterior derivative of the Dirac distribu-
tion exists and is a differential 1-form on the group of real functions.
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Remark Consider the closed 2-form o = (x° + y2) dx A dy; one can
show that it has an injective universal moment map py,. But its group
G, is not transitive, since » is degenerate in (0, 0), and only at that
point. Thus, the transitivity of G, is necessary.

The case homogeneous presymplectic manifolds is interesting for what
it suggests:

Theorem 2. (P.I-Z) Let (M, »w) be a presymplectic manifold, homoge-
neous under its group of automorphisms. Then, the characteristcis

of w are the preimages of the universal moment map .

C® Proof. Let us give some hints about the sequel of the proof.
Assume o is symplectic. Let mp, m; € M and p be a path connecting
these points. For all f € C*(M, R) with compact support, let

F: t > etrade(®

be the exponential of the symplectic gradient of the f. Then, F is a
l-parameter group of automorphisms, and its value on ¥,(p) is:

Vo (p)(F) = [f(m3) — f(mg)] X dt.

Now, if pyu(mp) = pe(mi), then there exists a loop £ in M such that
¥o(p) = ¥,(0). Applied to the 1-plot F, we deduce f(m1) = f(mg) for
all f. Therefore mp = mj, and p, is injective.

Conversely, let us assume that G, is transitive, and p, is injective.
By transitivity, the rank of o is constant. Now, let us assume that ®
is degenerate, that is, dim(ker(w)) > 0. Since the distribution ker(w)
is integrable, given two different points mp and m; in a characteristic,
there exists a path p connecting these two points and drawn entirely
in the characteristic, that is, such that dp(t)/dt € ker(w) for all t.
But that implies ¥,(p) = 0 [TB, §9.20]. Hence, p,(mg) = pe(mi).
But we assumed p, is injective. Thus, » is nondegenerate, that is,
symplectic. »

209. Symplectic diffeological spaces. Thanks to the two previous the-

orems I proposed a definition of symplectic diffeological space:
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Definition. A parasymplectic form » on a diffeological space X will
be sait symplectic if:

(1) The local automorphisms Diff15c(X, ») are transitive.
(2) The universal moment map His a covering onto its image.

The first condition means that o is presymplectic, we’ll call it the
Darboux condition. The second condition mimic the situation of
manifolds, but we can hardly ask the universal moment map to be
injective, we do not know enough. The weaker condition of being a

covering would be probably sufficient to insure the symplectic nature
of the presymplectic form. It is possible that we can weaken the sec-
ond condition by considering an equivalent of the universal moment
map for the pseudogroup of local automorphisms. But that remain
to be investigated.

Note. There is a conflict between the definition I gave above and
what is usually regarded as “symplectic orbifold”. For example, the
symplectic form ® = dx A dy descends on the quotient space Qp =
C/Um, where Uy, is the group of m-th roots of unity. And this space
is regarded as “symplectic” in the literature. However, it does not
fit the definition above because the pseudogroup of automorphisms
fixes the origin 0 € Qp, even though the universal moment map is
injective.

To relsolve this dilemma about the use of the word “symplectic”
outside the realm of differentiable manifolds, I suggest to call this
kind of parasymplectic spaces, like the cone orbifold, symplectically
generated, what they are. This opens a lot of questions by comparing
the two kinds of parasymplectic spaces.

Example: The infinite projective space:
CP™ = s%/s?,
where S* c {2 is the set of infinite complex sequences of norm 1, is a

symplectic diffeoclogical space. It is actually a coadjoint orbit of the
diffeological group U(J)).



Diffeology and Non-Commutative Geometry

In this lecture we show how we can build a bridge between some
diffeological spaces and noncommutative geometry, such that diffeo-
morphic spaces give Morita equivalent C*-algebras. These spaces are
orbifolds, generalized by quasifolds, regarded as diffeological spaces.

The basic ideas, at the source of the relationship between diffeclogy
noncommutative geometry, have been introduced in a first paper
[IZL18] of the following two papers, and its results extended in the
second one [IZP21]:

* “Noncommutative geometry and diffeology: The case of orbifolds”,
® “Quasifolds, diffeology and noncommutative geometry”.

We have seen that the concept of orbifold has been introduced by
Ishiro Stake [Sat56, Sat57] as V-manifolds, and renamed orbifolds by
Thurston [Thu78]. On the other hand, its generalization to quasifolds
was proposed by Elisa Prato [EPO1].

In the paper “Orbifolds as diffeologies” [IKZ10] we include the orb-
ifolds in the category {Diffeology}. In the second paper we give a
diffeological definition of “quasifolds” that fits correctly the original
definition. Thus, quasifolds are also included in the category {Diffeo-
logy}. By this inclusive diffeological approach it is obvious that the
Elisa Prato quasifolds are a generalization of orbifolds, which is not
necessarily obvious with the specific definitions. We have then this

174
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particular series of full subcategories:
{Manifolds} < {Orbifolds} < {Quasifolds} < {Diffeology}

Then, we associate a C*-algebra to the orbifold, or quasifold, such
that diffeomorphic spaces give Morita equivalent C*-algebra, which
is the minimum required.

I insist on the fact that the process of associating a C*-algebra to
these categories of spaces is not tautological as it can be with a direct
algebraic approach which contains already in the definition of the
category (based on groupoids or stacks), the particular property that
equivalent structures (groupoids or stacks) give Morita equivalent C*-
algebras. In our case, we start here a floor below, if I may say so,
with the geometry of the space, that is, its diffeology.

The outline of the construction is as follows:

(1) Definition of orbifolds and quasifolds in diffeology.

(2) Introduction of charts and atlases that define the structure.

(3) Associate with every atlas a strict generating family and its
nebula.

(4) Associate a groupoid over the space with the nebula of each
atlas, that captures the local structure point by point.

(5) Prove that two different atlases give to equivalent groupoids,
in the algebraic sense, which is the minimum required: the
groupoid [its class] is a diffeological invariant of the space.

(6) Prove that these groupoids are etale and Hausdorff.

(7) Associate a *-algebra, and a C*-algebra by completion, to
each of these groupoids, according to Jean Renault’s con-
struction.

(8) Use a central theorem from Muhly-Renault-Willian, proving
that two different atlases give Morita equivalent C*-algebras,
which is the minimum expected.

(9) And finally illustration by two examples: the C*-algebra
associated with the irrational torus Ty, and the C*—algebra
associated with the quotient R/Q.
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In the two cases, the idea is to associate a structure groupoid to

these objects and then, by a now standard procedure, associate a
C*-algebra.

C*-Algebras

N/

Groupoids

. {Orbifolds}
{Diffeclogy} o [ {Quasifolds} ]

I would like to finish this preamble by recalling that the development
of diffeclogy, starting in 1983 with the example of the irrational torus
[DI83], was deeply motivated by the emergence of noncommutative
geometry dealing with quasiperiodic potentials in quantum mechan-
ics. It was time to close the loop, at least for now.

51. Orbifolds and quasifolds again

210. The orbifolds. Let us recall that an orbifold is a diffeclogical
space that is locally diffeomorphic to some quotient R"/T, at each

point, where I' is a finite subgroup of GL(n,R). The group I' may
change from point to point. See lecture “Modeling: Manifolds, orb-
ifolds and quasifolds”.

Example 1. The quotient space O = C/Uypy,, with the group of roots
of unity Uy, = {exp(2ink/m) |k = 1...m}, is a cone-orbifold.

Example 2. The product [R/{*1}]" is a corner-orbifold.

Example 3. We have seen the waterdrop represented in Figure 27.
We recall that it is the sphere s?, equipped with a specific diffeclogy
described previously.

211. The quasifolds. I recall that a quasifold is a diffeological space

that is locally diffeomorphic to R®/I', where I is a countable subgroup
of the affine group Aff(R"), x — Ax + B, with A € GL(n,R) and
B € R". Diffeological quasifolds are a generalization of orbifolds.



51. ORBIFOLDS AND QUASIFOLDS AGAIN 177

Example 1. The first example of quasifold is the irrational torus, the
first special diffeological space studied for itself in 1983 [DI83], which
is at the source of the development of diffeology:

To = T?/Sq ~ R/(Z + 02),
where « € R—Q, 84 C T? is the projecttion of the line y = ax, and
T2 = [R/2Z]%.

Example 2. The second example & (for Geodesics) is inspired by the
first one. The lines of slope a are the geodesic trajectories on the
torus T2 of slope a. The set of all geodesic trajectories of the torus
T? are bundled over S, they are the projections on T? of all the
affine lines in R? directed by a unit vector u € S, Over the vector u
we have &y, the torus Ty which is rational or irrational depending if
the line Ru cut or not the lattice Z° elsewhere than in 0.

The set & of the geodesic trajectories of the torus T? is the quotient
of the space of geodesic trajectories of the plane R? by the action of
Z2. The space of geodesic trajectories of the plane is equivalent to
the cylinder

TS = {(u, 1) € St xR? | (u,r) = 0}.

The mapping

(o -1
(u,r)l—>(u,p—(r,Ju)) with J—(l O>

identifies
Ts! ~ sl xR.

The action of Z? on TS! is given by

(m) c(u,r) = (u,r+ [1— ui) <m>> )
n n

Translated on (u, p) that gives:

(5)-cum (e {(). )
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That is,
m u
< > : (u,p) = (u,p + nuy —muy) with u= < X) i
n uy
In other words, & is diffeomorphic to the quotient of R X R by the
relation

(t,p) ~ (t +{,p + ncos(2nt) — msin(2nt)) with {,n,me Z.

212. Charts, atlases and strict generating families. The definition of
charts, atlases and strict generating families for quasifolds are strictly

similar for that of orbifolds, but since we did not write them down for-
mally in the chapter “Modeling: Manifolds, orbifolds and quasifolds”,
we shall take the time to do it here.

Consider a quasifold X, and x € X. Let ' ¢ Aff(R™) be a countable
sugroup of the affine group of R™ and ¢ be a local diffeomorphism
from R%/T to X, defined on some open subset U c R™/T, such that
x € ¢(U). The subset U is open for the D-topology, that is in this
case, the quotient topology by the projection map class: R* — R"/T.

Definition 1. Any such diffeomorphism is called a chart. A set of
charts A, covering X, is called an atlas.

Let f: U — X be a chart, then U is an open subset of some R"/T for
the D-topology. Thus U = class 1(U) is a I-invariant open subset in
R™. Hence, F = f oclass is a plot of X. We shall call it the strict
lifting of f.

Definition 2. Let J be the set of strict liftings F = f o class, where
f: U — X runs over the charts in A. Then, J is a generating family
of X. We shall say that J is the strict generating family associated
with A.

52. Structure groupoids

213. Lifting the identity. Let Q = R"/T where I' is a countable sub-
group of Aff(R™). Consider a local smooth map F from R” to itself,
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such that

class oF = class.

In other words, F is a local lifting of the identity on Q. Then,

Theorem. F is locally equal to some group action
F(r) =1oc YT = Ar+ b,

where y = (A, b) € T, for some A € GL(R™) and be R™.

C® Proof. Let us assume first that F is defined on an open ball B.
Then, for all r in the ball, there exists a y € T such that F(r) =y - r.
Next, for every y € T, let

Fy: B> R"XR" with Fy(r) = F@),y ).
Let A c R™ X R™ be the diagonal and let us consider
Ay =F (M) ={re B|F@®) =y 1}

Lemma. There exist at least one y € I' such that the interior AY is
non-empty, and the union 51- = Uye FAY is an open dense subset of B.

<« The proof of this lemma is identical to that for orbifolds. »

The following is a bit different and deserves to be developed: There
exists a subset of I', indexed by a family J, for which O; = AYI. cB
is open and non-empty, U;c70; is an open dense subset of B, and
F | Oj: r =» Air + b;, where (A;, b;) € Aff(R™). Since F is smooth,
the first derivative D(F) restricted to O; is equal to A;, and then
the second derivative D%(F) | Of = 0, for all i € J. Then, since
D2(F) = 0 on an open dense subset of B, D2(F) = 0 on B, that
is D(F)(r) = A for all r € B, with A € GL(n,R). Now, the map
r — F(r) — Ar, defined on B, is smooth. But, restricted on O; it is
equal to b;. Its derivative vanishes on the open dense subset U;c50;
and thus vanishes on B. Therefore, F(r) — Ar = b on the whole B,
for be R®* and F(r) = Ar+bon B, withy=(A,b)e I'.»

214. Building the groupoid of a quasifold. The structure groupoid of

a quasifold X is built on the same principles as that of orbifolds. Let
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A be an atlas and let J be the strict generating family over A. Let
N be the nebula of J:

N= H dom(F) ={(F,r) |F € ¥ and r € dom(F)}.
FeJ
The evaluation map is the natural subduction

ev: N > X with ev(F,r) =F().

The structure groupoid of the quasifold X, associated with the atlas
A, is defined as the subgroupoid G of germs of local diffeomorphisms
of N that project to the identity of X along ev. That is,

Obj(G) =N
Mor(G) = { germ(®), | ¢ € Diffjoc(N) and evo & = ev | dom($)}.

The set Mor(G) is equipped with the functional diffeology inherited
by the full groupoid of germs of local diffeomorphisms.! Note that,
given ¢ € Diff1oc(N) and v € dom(®), there exist always two plots
F and F/ in F such that v = (F,r), with r € dom(F), and a local
diffeomorphism ¢ of R™, defined on an open ball centered in r, such
that dom(¢) < dom(F), ¢ = ¢ | {F}xdom(F) and F/o¢ = F | dom(0).
That is summarized by the diagram:

dom(F) D dom(9) % dom(F")

e

Note. According to the theorem in §213, the local diffeomorphisms,
defined on the domain of a generating plot, and lifting the identity of
the quasifold, are just the elements of the structure group associated
with the plot.

We can legitimately wonder what is the point of involving general

germs of local diffeomorphisms, if we merely end up with the structure
group we could have began with? The reason is that: The structure
groups connect the points of the nebula that project on a same point

IThat is defined precisely in the paper on orbifolds and C*-algebras [IZL18, §2
& 3]
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of the quasifold, only when they are inside the same domain. They
cannot connect the points of the nebula that project on the same

point of the quasifold but belonging to different domains, with maybe

different structure groups. This is the reason why we cannot avoid

the use of germs of local diffeomorphisms in the nebula, to begin
with. That situation is illustrated in Figure 33.

215. Lifting local diffecomorphisms. Let Q = R2/T and Q' = R™ /T,
where I' © Aff(R™) and I c Aff(R™ ) are countable subgroups. Then,

Theorem. Every local smooth lifting f of any local diffeomorphism f
of Q is necessarily a local diffeomorphism. In particular n = n’. More-
over, let x € dom(f), x’ = f(x), r,r' € R® be such that class(r) = x
and class(z’) = x/. Then, the local lifting f can be chosen such that
f(r) =r'. Note that n is also the diffeological dimension of R?/T.

C® Proof. This theorem is a consequence of the previous theorem
on the lifting of the identity »

216. Equivalence of structure groupoids. The construction and prop-

erties of the structure groupoid associated with a quasifold follow
word for word the equivalent construction and properties as in the
case of an orbifold.

Proposition. The fibers of the subduction ev: Obj(G) — X are ex-
actly the transitivity-components of G. In other words, the space
of transitivity components of the groupoid G associated with any at-
las of the quasifold X, equipped with the quotient diffeology, is the
quasifold itself.

Theorem. Different atlases of X give equivalent structure groupoids.
The structure groupoids associated with diffeomorphic quasifolds are
equivalent.

In other words, the equivalence class of the structure groupoids of a
quasifold is a diffeological invariant.
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53. The C*-algebra

We use the construction of the C*-algebra associated with an ar-
bitrary locally compact groupoid G, equipped with a Haar system,
introduced and described by Jean Renault in [JR80, Part II, §1].
Note that, for this construction, only the topology of the groupoid is
involved, and diffeological groupoids, when regarded as topological
groupoids, are equipped with the D-topology.2

We will denote by €(G) the completion of the compactly supported
continuous complex functions on Mor(G), for the uniform norm. And
we still consider, as is done for orbifolds, the particular case where
the Haar system is given by the counting measure. Let f and g be
two compactly supported complex functions, the convolution and the
involution are defined by

frgi)= > fB-Yg@E ™ and f£iy)=f D"
pe G*

The sums involved are supposed to converge. Here, y € Mor(G),
x = src(y) and G* = trg”!(x) is the subset of arrows with target x.
The star in z* denotes the conjugate of the complex number z. By
definition, the vector space C(G), equipped with these two operations,
is the C*-algebra associated with the groupoid G.

217. The structure groupoid is étale and Hausdorff. Let A be an at-

las of a quasifold X. The structure groupoid G associated with the
generating family of the atlas A is étale, namely: the projection
src: Mor(G) — ODbj(G) is an étale smooth map, that is, a local dif-
feomorphism at each point [TB, §2.5].

Proposition 1. For all g € Mor(G), there exists a D-open superset O
of g such that src restricted to O is a local diffeomorphism.

Proposition 2. The groupoid G is locally compact and Hausdorfr.

2Since smooth maps are D-continuous and diffeomorphism are D-
homeomorphisms.
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Note. Since the atlas A is assumed to be locally finite, the preim-
ages of the objects of G by the source map, or the target map, are
countable.

218. MRW-equivalence of structure groupoids. We consider a quasi-

fold X and two atlases A and A’, with associated strict generating
families ¥ and J’. We shall show in this section that the associ-
ated groupoids are equivalent in the sense of Muhly-Renault-Williams
[MRW87, 2.1]; this will later give Morita-equivalent C*-algebras.

This section follows [IZL.18, § 8]; we just check that the fact that the
structure groups are countable and not just finite, does not change
the result.

Let us recall what is an MRW-equivalence of groupoids. Let G and
G’ be two locally compact groupoids. We say that a locally compact
space Z is a (G, G')-equivalence if

(i) Z is a left principal G-space.

(ii) Z is a right principal G’-space.

(iii) The G and G’ actions commute.

(iv) The action of G on Z induces a bijection from Z/G to Obj(G’).
(v) The action of G’ on Z induces a bijection from Z/G’ to Obj(G).

Let src: Z — Obj(G) and trg: Z — Obj(G’) be the maps defining the
composable pairs associated with the actions of G and G’. That is,
a pair (g, z) is composable if trg(g) = src(z), and the composite is
denoted by g - z. Moreover, a pair (g/,z) is composable if src(g’) =
trg(z), and the composite is denoted by z - g’.

Let us also recall that an action is principal in the sense of Muhly-
Renault-Williams, if it is free: g-z = z only if g is a unit, and the
action map (g,z) — (g - z,z), defined on the composable pairs, is
proper [MRW87, § 2].

Now, using the hypothesis and notations of the previous pragraphs,
let us define Z to be the space of germs of local diffeomorphisms,
from the nebula of the family J to the nebula of the family J’, that
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project on the identity by the evaluation map. That is,

f € Diffjoc(dom(F), dom(F’), r € dom(F),
Fe J,F'e 3 and F/ o f = F | dom(f).

Z= {germ(f)r

Let

src(germ(f);) =r and trg(germ(f);) = £(r).
For the sake of simplicity, we make an abuse of notation: in re-
ality one should write, more precisely, src(germ(f);) = (F,r) and
trg(germ(f);) = (F/, £(1)).

Then, the action of g € Mor(G) on germ(f), is defined by com-
position if trg(g) = r, that is, g - germ(f); = germ(f o ¢)s, where
g = germ(g)s, ¢ € Diffjoc(N) and ¢(s) = r. Symmetrically, the ac-
tion of g’ € Mor(G’) on germ(f), is defined if src(g’) = f(z) by
z- g’ = germ(¢ o f),, where g’ = germ(¢’)¢(,). Then, we have:

Theorem. The actions of G and G’ on Z are principal, and Z is a
(G, G’ )-equivalence in the sense of Muhly-Renault-Williams.

C® Proof. First of all, let us point out that Z is a subspace of
the morphisms of the groupoid G” built previously by adjunction
of G and G/, and is equipped with the subset diffeology. All these
groupoids are locally compact and Hausdorff as we seen previously.

Let us check that the action of G on Z is free. In our case, z =
germ(f); and g = germ(9)s, where f and ¢ are local diffeomorphisms.
If g -z = z, then obviously g = germ(1),.

Next, let us denote by p the action of G on Z, defined on
G*Z={(g,2z) € Mor(G) xZ | trg(g) =src(2)} by plg,2z)=g-z.

This action is smooth because the composition of local diffeomor-
phisms is smooth, and passes onto the quotient groupoid in a smooth
operation, see [IZL18, § 3]. Moreover, this action is invertible, its in-
verse being defined on

ZxZ=1(,2) e Z2xZ|trg(z") = trg(2)}

by
p_l(z/, z)=(g= 7z z71, 7).
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In detail, p ' (germ(h)s, germ(f);) = (germ(f~! o h)g, germ(f);), with
f(r) = h(s). Now, the inverse is also smooth, when ZxZ Cc ZX Z is
equipped with the subset diffeology. In other words, p is an induction,
that is, a diffeomorphism from GxZ to ZxZ. However, since GxZ and
ZxZ are defined by closed relations, and G and Z are Hausdorff, GxZ
and Z % Z are closed into their ambient spaces. Thus, the intersection
of a compact subset in ZX Z with Zx Z is compact, and its preimage
by the induction p is compact. Therefore, p is proper. We notice
that the fact that the structure groups are no longer finite but just
countable does not play a role here.

It remains to check that the action of G on Z induces a bijection of
Z/G onto Obj(G’). Let us consider the map class: Z — Obj(G’) de-
fined by class(germ(f);) = f(r). Then, let class(z) = class(z'), with
z = germ(f); and z = germ(f')r/, that is, f(r) = f'(r'). However,
since f and f’ are local diffeomorphisms, ¢ = f'~1 o f is a local dif-
feomorphism with ¢(r') = r. Let g = germ(¢),/, then g € Mor(G)
and z' = g - z. Hence, the map class projects onto an injection from
Z/G to Obj(G’). Now, let (F/,r") € Obj(G’), and let x = F/(r') € X.
Since J is a generating family, there exists (F,r) € Obj(G) such
that F(r) = x. Let ¢ and ¢’ be the charts of X defined by factor-
ization: F = ¢ o class and F' = {/ o class’, where class: R®? — R2/T
and class’: R® — R2/T’. Let & = class(r) and &' = class’(z/). Since
P& = ¢/ (&) = x, ¥ =5 ¢ 0 ¢ is a local diffeomorphism from R?/T
to R%/I’ mapping & to €. Hence, according to the lifting of local
diffeomorphisms, there exists a local diffeomorphism f from dom(F)
to dom(F’), such that class’of = ¥ o class and f(r) = r/. Thus,
z = germ(f); belongs to Z and class(z) = r’ (precisely the element
(F/, ") of the nebula of F/). Therefore, the injective map class from
Z/G to Obj(G’) is also surjective, and identifies the two spaces. Ob-
viously, what has been said for the side G can be translated to the
side G'; the construction is completely symmetric. In conclusion,
Z satisfies the conditions of a (G,G’)-equivalence, in the sense of
Muhly-Renault-Williams. »
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219. The C*-algebra of a quasifold. Let X be a quasifold, let A be an
atlas and let G be the structure groupoid associated with A. Since

the atlas A is locally finite, the convolution defined above is well
defined. Indeed, in this case:

Proposition. For every compactly supported complex function f on
G, for all v = (F,r) € N = Obj(G), the set of arrows g € G" such
that f(g) # O is finite. That is, # Supp(f | G¥) < co. The convolution
is then well defined on C(G).

Then, for each atlas A of the quasifold X, we get the C*-algebra
2A = (C(G),*). The dependence of the C*-algebra on the atlas is
given by this theorem, which is a generalization of [IZL18, §9]:

Theorem. Different atlases give Morita-equivalent C*-algebras. Dif-
feomorphic quasifolds have Morita-equivalent C*-algebras.

In other words, we have defined a functor from the subcategory
of isomorphic {Quasifolds} in diffeology, to the category of Morita-
equivalent {C*-algebras}.

220. Example: The C*-algebra of the irrational torus. The first and
famous example is the so-called Denjoy-Poincaré torus, or irrational

torus, or noncommutative torus, or, more recently, quasitorus. It is,
according to its first definition, the quotient set of the 2-torus T? by
the irrational flow of slope o« € R — Q. It is denoted by Ty = T?/84,
where Sy is the image of the line y = ax by the projection R? 5 T? =
R2/Z?. Diffeologically speaking, Ty ~ R/(Z + «Z). The composite

R 928 R/(z4+oz) L5 T,, with F = foclass,

summarizes the situation where A = {f: R/(Z + aZ) — Ty} is the
canonical atlas of Ty, containing the only chart f, and F={F=fo
class} is the associated canonical strict generating family. According
to lifting the identity, the groupoid G associated with the atlas A is
simply

Obj(Ge) =R and Mor(Gy) = {(x, tptoum) | x€ R and n,me Z}.
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However, we can also identify Ty with (R/Z)/[(Z + «Z)/Z], that is
Ty~ SY/Z, with m(z) = e*™ ™z,

for all m € Z and z € S!. Moreover, the groupoid S of this action of
Zon S'cCis simply

Obj(Se) =S! and Mor(Sy) = {(z, ¥ ™) |z € S! and m € Z}.

The groupoids Gy and Sy are equivalent, thanks to the functor ¢
from the first to the second:
2inx 2iT[X’ eQiT(ocm>.

$opj(x) =e and  ®nor(X, tntam) = (e

Moreover, they are also MRW-equivalent, by considering the set of

2Inx - ayerywhere from R to S1.

germs of local diffeomorphisms x — e
Therefore, their associated C*-algebras are Morita equivalent. The
algebra associated with Sy has been computed numerous times and
it is called irrational rotation algebra [MR81]. It is the universal C*-
algebra generated by two unitary elements U and V, satisfying the
relation

VU = &2myy,

Remark 1. Thanks to the theorem on equivalence of diffeomorphic
qusifolds, and because two irrational tori T and Tp are diffeomorphic
if and only if « and P are conjugate modulo GL(2,Z) [DI83], we get
the corollary that, if o and P are conjugate modulo GL(2, Z), then the
algebra 2|y and g are Morita equivalent, which is the direct sense of
Rieffel’s theorem [MR81, Thm 4].

Remark 2. The converse of Rieffel’s theorem is a different matter
altogether. We should recover a diffeological groupoid G from the
algebra 2. Then, the space of transitive components would be the
required quasifold, as stated by the proposition on equivalence of
structure groupoids. In the case of the irrational torus, it is not very
difficult. The spectrum of the unitary operator V is the circle S! and
the adjoint action by the operator U gives UVU™! = 2™V which
translates on the spectrum by the irrational rotation of angle a. In
that way, we recover the groupoid of the irrational rotations on the
circle, which gives Ty as quasifold.
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Remark 3. Of course, the situation of the irrational torus is simple
and we do not exactly know how it can be reproduced for an arbitrary
quasifold. However, this certainly is the way to follow to recover the
quasifold from its algebra:

Task. Find the groupoid made with the Morita invariant of the al-
gebra, which will give the space of transitivity components as the
requested quasifold.

221. Example: The C*-algebra of R/Q. The diffeological space R/Q
is a legitimate quasifold. This is a simple example with a groupoid
G given by

Obj(G) =R and Mor(G)={(x,t;)|x€ R and r € Q}.

The algebra that is associated with G is the set 2 of complex compact
supported functions on Mor(G). Let us identify C°(Mor(G), C) with
Maps(Q, CO(R, ©)) by
f=(f)req with f(x)=f(x,t;), andlet Supp(f)={r]|f # 0}
Then,
A = {f € Maps(Q, C%(R, C)) | # Supp(f) < =}.
The convolution product and the algebra conjugation are, thus, given
by:
(Fx@)r(x) =) frs(x+5)gs(x), and £(x)=f,(x+0)"
S

Now, the quotient R/Q is also diffeomorphic to the Q-circle
Sq =5'/Uq, where Uqg = {e*™},cq

is the subgroup of rational roots of unity. As a diffeological subgroup
of S1, Uq is discrete. The groupoid S of the action of Ug on St is
given by:

Obj(S) =S! and Mor(S) = {(z,‘r) } ze Sland te UQ}.

The exponential x — z = 2™

the two groupoids G and S. Their associated algebras are Morita-
equivalent. The algebra G associated with S is made of families of

realizes a MRW-equivalence between
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continuous complex functions indexed by rational roots of unity, in
the same way as before:

& = {(f)rerq | £ € C%(S', C) and # Supp(f) < eo}.
The convolution product and the algebra conjugation are, then, given

by:
(f % g)r(2) = E f5:(02)gs(z) and £ (z) = fx(t2)%,
g

where T = 1/t = 1%, the complex conjugate.

Now, consider f and let Up be the subgroup in Uq generated by
Supp(f); this is the group of some root of unity & of some order p.
Let Mp(C) be the space of p X p matrices with complex coefficients.
Define f — M, from & to Mp(C) ® cocst, o), by

M(2)? = f5:(0z), forallze S' ando,te Up.

That gives a representation of G in the tensor product of the space of
endomorphisms of the infinite-dimensional C-vector space Maps(Uqg, C)
by C0(s!, C), with finite support.

Not Commuting



Functional Diffeology on Fourier Coefficients

In this exercise we transfer the functional diffeoclogy defined on smooth
complex periodic functions to the space of Fourier coefficients of
smooth complex periodic functions.

We denote by G‘I’;’er(R, C) the space of 1-periodic complex valued real

functions,
Cper(R,C) = {f € C”(R,O) | f(x + 1) = f(x)}.

This space is then equipped with the functional diffeclogy. Let f €
C’;er(R, C), and (fn)pez be its sequence of Fourier coefficients

1
fp= J f(x)e ™% dx ne Z.
0

We know that the Fourier series converges to f, uniformly on [0, 1]
(see for example [Vil68, §2 Thm. 1]). We note
+N
— 1: 2innx — 2innx
f(X)_1\lrE>noo fhe or f(x)= ane .
n=-N neZ
The set of Fourier coefficients of the smooth periodic real functions
with values in C is a vector subspace & of Maps(Z, C). Let

Jj: Coer(R, C) — Maps(Z,C) with j(f) = (fn)nez.

The map j is injective. We denote by & the subspace of Maps(Z, C)
made of the Fourier coefficients of the smooth periodic functions, that

190
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is,
€= {(fn)nez =i |fe e;er(R,C)}.

We know that the subspace € is made exactly of all rapidly decreasing
sequences of complex numbers (op. cit.),

forall pe N, nPf, —— 0.
|n|—o

222. Exercise: Pushforward functional diffeology. Let & be the vec-

tor space of rapidly decreasing sequences of complex numbers, defined
above.

Q1. Show that the parametrizations P : r — (£,(r))pez in € satisfying
the following conditions define a diffeology.

(1) The functions f, : dom(P) — C are smooth.
(2) For all ball B ¢ dom(P), for all k,p € N, there exists a
positive number Mg p such that for all integer n

ok, (r)
ork

M
< “kp

< for all r e B. (&)
[n|P

Q2. Show that the diffeclogy defined by (&) is the pushforward on &,
by j, of the functional diffeology on €7 (R, C).

Note 1. In other words, the parametrization r — (f,(r))pecz is a plot
of the pushed forward functional diffeoclogy if the functions f, are
smooth and their derivatives are uniformly rapidly decreasing, what
we denote (rather imprecisely) by

n
or¥  |n]5w

Note 2. Thanks to paracompacity, it is enough that, for every point
rg € dom(P), there exists a ball B’ centered at rg such that (&%) holds
to ensure that (&) holds on every ball B c dom(P).

C®» Proof. We verify, first of all, that the condition (&) defines a
diffeology on the space & of rapidly decreasing sequences of complex
numbers.
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Al (Covering axiom). If fp(r) is constant in r, for all n, then the
condition (&) is trivially satisfied for k > 0, and for k = O it means
that the series is rapidly decreasing, which is expected.

A2 (Locality axiom). According to Note 2, the condition (&) is local.

A3 (Smooth compatibility axiom). Let P : (r — fp(r))pe z satisfying
(%) and F : s = r be a smooth parametrization in the domain of P.
We have, for all k > 0,

k

akfn<s> Z ﬂfnu) o dr
kt\ s’ " dsk )

where the Qg ¢ are polynomlals. Now, since the function s — r is

smooth, the operators Qg ¢ are bounded on every ball. Let then
so € dom(F), rg = F(sg) and B be a ball centered at ry such that the
condition (&) is satisfied. Let B’ ¢ F71(B) be a ball centered at so,
we have for all se B/,

ok £, (s) k(b (r) or okr
Tk Ll 50 [R50 3k
0s ¢i=1| Or GF 0s

E Myp or okr

< i

< L aie 2P Q“(@ ’ask>

where the M ;, are the constants of the inequality (&) for the ball B.

Let then
o (0 o
kU Qs "7 dsk

we get, for all se B/,

k
/
my ¢ = sup and My , = ka’g Mg p»

se B’

k£, (s) Mi(’p

‘ sk |7 |nlP
Hence, thanks to Note 2, PoF still satisfies the condition (&%). There-
fore, this condition defines a diffeclogy on the set & of rapidly de-

creasing sequences of complex numbers.

Let us show now that the diffeology defined on £ by (&) is the push-
forward by j of the functional diffeology of Cjq (R, C).
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1. Let us prove, first of all, that j is smooth, where €°p°er(R,C) is
equipped with the functional diffeclogy and & with the diffeology
defined by (&). Let P : r — f; be a plot of CJ; (R, C) defined on
some real domain U, the composite jo P writes

1
joP:r— (fo(r)pez with f(r) = J £ (x)e 2"PX gy
0

Since (r, x) — f;(x) is smooth, the f, : r — fn(r) are smooth, and:

akfn(r) _ Jl akfr(x) e—21'1'tnX dx.

ork o ork
For all nonzero integer n, after p integrations by parts, we get
ok £a(r) 1 (PP (E®)\  _gimnx
ork (2imm)P JO 0xP ( ork > ° .
Therefore, defining for every ball B ¢ dom(P) the number
1 P ok
Mg,p = Gop f;lg X?[lo},)u 3xP arkfr(X) ,
we have
akafjlgr) < llvzllklg for all r € B.

Hence, jo P is a plot of £&. Therefore j is smooth.

2. Conversely, remember that j is injective, then let us show that
j_l &> (i’;er(R., C) is smooth. Let P : r — (f4(r))pez be a paramet-
rization in & satisfying the condition (&), and let

j_1 oP:rm[x— fF(x)].

The parametrization r — f; is given by

+N
f(x) = lim Sy(r,x) with Sy(r,x) = Z fo(r)e?™ax,
N—oo
n=-N
The Sy are smooth for all N, we want to show that the limit (r, x) —
fr(x) is smooth too. For all k, p, N € N, let us introduce the series of
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partial derivatives

+N
k,p — ﬂi — . pa fn(r) 211'tnx
Sy (r, x) 3xP 3k Sy(r, x) %(mnn) 3.k

The functions Sllf{p are smooth, with respect to (r, x), for all N, k, p.
Let |S| llfr’p(r, x) be the series of moduli of the terms of Sllfr’p :

ISINP @, x) = Zmn ‘afn(f)

Then, let B ¢ dom(P) be some ball. Thanks to the hypothesis,
applying (2) of Q1 to p + 2, we have, for all r € B,

+N
Y [|2nnl|P o fnlgr) < c+2 Z (QmP—=0re k’p+2
n=-N or n=1

where ¢, corresponding to n = 0, is some constant. Hence, for all
re B,xe [0,1] and Ne N

|S|§'p(I,X)SK

where K = C+2(2T[)pMk’p+2(112/6). Next, since the series ISIﬁ’p(r, X)
is increasing and upper bounded, it is convergent, and therefore the
series Sllf{p (r, x) is also convergent. Moreover, according to what pre-
ceded: the sequence of smooth functions Sﬁ’p converges uniformly
on B x [0,1] to some function Si{o’p when N — . Now, accord-
ing to (an obvious improvement of) [Don00, Thm. 3.10] the map
(r,x) » f7(x) = limN_w SN(r, x) is smooth, and the Si{o’p are the
partial derivatives
p k
SEP(r,x) = aa 5 aa Ao fe (.

Thus, the parametrization r — [x — £;(x)] is a plot of CF (R, C) such
that j(r — ;) = (fnp(r))pez. Therefore, j is a diffeomorphism from

per(R' C), equipped with the functional diffeology, to &, equipped
with the diffeology defined by (&). In other words, the diffeology
defined on &€ by (&) is the pushforward of the functional diffeology

on Cpe: (R, C). »



Smooth Function on Periodic Functions

This exercisel gives a simple example of a function on the space of
rapidly decreasing sequences that is smooth for the functional diffeo-
logy, inherited by the smooth periodic functions, but not smooth for
the ordinary product diffeology.

We consider the subspace £ of rapidly decreasing complex sequences
(zn)nez € €. We consider the diffeology (&) on €, inherited by the
functional diffeclogy on the space of smooth periodic functions, de-
fined in “Functional diffeology on Fourier coefficients” previously. We
denote by Can the diffeology inherited by the product diffeology, (&%)
is finer than Can.

223. Exercise. Show that the linear map F : £ — C,

F:(Zpnez — Z Zn,

neZz

is smooth for the diffeclogy (&), but not for the Can diffeology.

Hint: find a 1-plot vy : t = (2(t)) ez for the diffeclogy Can such that
F oy is not smooth.

C®» Proof. We know that the map j: f — (fg)pez, from @‘I’;er(R., C) to

€, where the f, are the Fourier coefficients of f, is a diffeomorphism

when Cle,

the diffeology (&) (op.cit.). The inverse is given by j_1 s (fp)pez —

(R, C) is equiped with the functional diffeclogy and € with

1Joint with P. Donato.
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[X g ZHEZ fHGQjT[nX]. Let C = j_l(Zn)neZ, then F((ZD)DGZ) = C(O)
Therefore F = 0 o j! where 0 is the evaluation at the origin, 0(f) =
£(0). Slnce 0: Cper(R, C) — C is smooth for the functional diffeclogy
and _] is a diffeomorphism, F' is smooth.

Next, consider the path

. 2|n|
Yt (Zn(t)pez with zp(t) = e 12lel®  t

where t € R. Since every zp is smooth, the path y is smooth with & C
[1ne z C equipped with the subset diffeology of the product diffeology.
Since |zp(t)| = e 12l is rapidly decreasing in n, the partial sums

211\1]=—N zp(t) converge for all t € R. Let f = F oy, that is,

. 2|nl|
f(t) = Z e lnlgle™ 't

nez
We shall check now that f is not derivable at t = 0. Consider the
variation

£(t)—£(0)
Af(t,0) = ————
t
_ oy ool gie® ™t _ ~Inl
neZz t
ie2|n|t
= Ze_lnlx
neZz t
But,
. 2|n|
e1e t_
itenl.
t t—0
Hence,

AF(E0) —— iy el
(6,0 S50 1)

neZ
but that is not convergent. Therefore f is not derivable in t = 0. »

L. G g
R S A N




Symplectic Diffeology on the Space of
Smooth Periodic Functions

We consider a symplectic structure on the space of smooth periodic
functions and the action of the infinite torus as we have seen in
previous notes “Functional Diffeology on Fourier Coefficients” and
“Infinite Torus Action on Smooth Periodic Functions”. We study the
action of the irrational solenoid and we show a reduction process
for its moment map levels, extending a diffeological version of Elisa
Prato’s quasispheres construction [EP01] to infinite dimension,! using
the diffeclogy tools.

54. A primitive of the symplectic form

We consider the space @;er(R, C) of 1l-periodic complex valued real
functions equipped with the functional diffeology. We denote by &
the space of Fourier coefficients of smooth periodic functions and by
J: Coer(R, C) — € the mapping

1
J(f) = (fn)nez with fn = J f(X)e—Qthnde,
0

IThis exercise has been inspired by a few and very interesting exchanges I have
had with Elisa Prato and Fiametta Battaglia in January 2014 at Firenze where
I stayed at the invitation of Elisa. Let me take this opportunity to thank them
sincerely.
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and € is equipped with the pushforward by j of the functional dif-
feology on CJe (R, C) from “Functional Diffeology on Fourier Coeffi-

cients”.
224. Exercise I. For all plots P : U — CJ. (R, C) let
1 (< ()
e(P)(8r) = J £(x) — x (5r) dx.
2im Jg r

Q1. Check that ¢ defines a differential 1-form on CJ. (R, C).

Q2. Develop ¢ and ® = d¢ also in terms of the real and imaginary
parts f(x) = a(x) + ib(x).

Q3. Develop ¢ and o in terms of Fourier coefficients.

C®» Proof. Let us check first that ¢ is a well defined form. Let

P:r— f; be a plot in C’;er(R, C), let Q:s—r be a plot in dom(P).

We want to check that (P o Q) = Q*(e(P)), that is,
e(PoQ)g(8s) = e(P),(dr) with r=Q(s) and &r = %(85),
s

where 8r is a tangent vector at r to dom(P). But

1
e(PoQ)s(ds) = i P o Q(s)(x) M(Bs) dx
2im Jo 0s
1
= i P(r)(x) Mg(t‘bs) dx, with r = Q(s)
2im Jo or O0s
1
= i (%) 04 (x) (8r) dx, with &r = E(Ss)
2im Jo or 0s

or
= ¢(P),(8r), with r = Q(s8) and &r = a—(&s).
s
Therefore, (P o Q) = Q*(e(P)) and ¢ is a well defined differential
l-form on CJ (R, C).

For Question 2. The exterior derivative of ¢ is given by an immediate
application of the definition

de(P),(8r,8'r) = 8(e(P),(8'r)) — &' (e(P),(81)),
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for two independent variations & and &'. Then,

15—~
2in Jo Or or

U (%), , Ofp(x)
or (3'r) or (8r) dx.

Now let f7(x) = ar(x) + iby(x) and let us denote simply

0 ob
a=ay(x), b=>b(x), da= —a(Br), and 8b = —(8r).
or or
Then,

1 0 (x)

e(P)(Br) = £ (x) (dr) dx

-
,
o

in or

(a—1ib)(da + idb) dx

Il
Y

=
o =

in

[y

1 1
J (adb—bda)dx + — J (ada + bdb) dx
0 2im

Pl -

1 1
J (adb - bda) dx + %d U (a2 + b2 dx] (51)
0

0 1T

Therefore, since d o d = 0, the exterior derivative is
1 (!
w(P);(8r,8'r) = J (5a8'b—8'asdb) dx.
T Jo

For Question 3. Since everything is smooth we can exchange limits
and integrals. Let

1
fo(r) = J fr(x)e 2 X gy
0

we have then:

1
e(P),(3r) = 1J £(x) afr(X)(Sr)dx.
2im Jg or

1
- 1,J ( Y fn<r>e—2f“nX> < ¥ aﬂn(r)(aﬂe”“m) dx
2im 0

0 \nez meZ r
afm(r)

1
= — Y f0d

(5r )J 2in(m—n)x dx
2iT n mez 0
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n()

= —— ¥ fn(r)

2IiT pez

(8r).

And therefore, for the exterior derivative,

o(P)p(6r,8'r) = y afn(r) 5y 0@ 51
21Tl'.nez or or
afn(r) / afn(r)

- or (®'r) 31 (8r).

Let us notice that if % : €5, (R, C) — C denotes the evaluation map
X(f) = f(x), then the 2-form  is the mean value of the pullbacks

l 1
0= J X (wo) dx,
T Jo

where wp is the canonical symplectic form on C. »
55. Hamiltonian action of the infinite torus

225. Exercise II. We consider the 2-form » = d¢ defined on the space
of Fourier coefficients &, equipped with the pushforward of the func-

tional diffeology. We consider then the action of the infinite torus
T on &, described in “Infinite Torus Action on Smooth Periodic
Functions”.

(tndnez - (Zndnez = (tnZndnez-
Q1. Verify that the action of T* on £ is Hamiltonian and exact.2

Q2. Show that the moment maps of the action of T® on & are given
by
W@ = Y 12,12 + o,
nez
where Z = (Zplpez € &, mp : T® — U(1) is the n-th projection
np(Z) = Zp,, © is the canonical invariant 1-form on U(1l), and o is a

constant momentum of T, that is, a constant invariant 1-form.

2See [TB, Chapter 9]
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Q3. Let (ap)nez be a sequence of irrational numbers independent
over Q, see Exercise II of “Infinite Torus Action on Smooth Periodic
Functions”. Consider the induction

L:R > T with (¢t) = (emmnt) ,
nez

and the induced action of R on €&
t(Zpdnez = <92mantzn>

Show that the 1-point moment maps are given by

neZ.

v(Z) = h(Z)dt with h(Z) = Z onlZnl? +c,
nez

where ¢ is some constant.

C®» Proof. For Question 1. The primitive ¢ is invariant by the action
of T*. Let us recall that

()

e(P) (or) = Z Za

neZ

for all plots P : r +— (Zp(2))pez in €. Then, let T = (Tplpez € T,
we have

(8r),

TP (B3r) = e(xoP),(dr)

= i Y Tnzn(r)w(gr)
2iT nez or

= i Z Zn(r)TnTn Zn(r)(ﬁr)
2in pez

0Z

= — Y Z.® “(r)<a>
2in pez

= &(P)(®r).

Therefore, the action is Hamiltonian and equivariant [TB, §9.11].
For Question 2. Let 6 be the canonical 1-form on U(1l) defined by
class*(0) = dt, with class: R > T =R/Z.

Let my : T — U(1) be the n-th projection Z — Zj, for all Z =
(Zpdnez € €. Let T :r+— (Cu(r))pez be a plot in T, the l-point



202 SYMPLECTIC DIFFEOLOGY ON SMOOTH PERIODIC FUNCTIONS

moment map p of the action of T on & is given, up to a constant,
by
W2Z)@(Br) = 27 (e)(©)r(8r)

e(Z 0 Q) (3r)

1 - _0Z
= — ¥y ZnCn(r)M(Sr)

2IiT ez or

_ i 2% 0Cn(r)
T iy, ey,
1

= 2 %
e ngz | Zn |2 15 (0)(Q)(81).

(dr)

Therefore, a general 1l-point moment map writes

— 1 2 _%
wz) = anzz | Zn 1% () + 0.
Remark that on any ball, for all n € Z, Cnp(r) = exp(2inty(r)) for
some smooth real functions t;. Then, the moment map is also given,
modulo a constant, by

WZ)(@Qr (B = ) 1Znl?

neZz

atn(r)
o1 (3r).

Note also that, since T is a plot in T* for the tempered diffeology,
the norm of the derivatives 0C,(r)/0r, that is, 0t,(r)/0r, are domi-
nated by a polynomial in n what insures the convergence of the series
defining the moment map just above.

For Question 3. The induction \ : R - T%
Lt (eQimnt)

induces a projection * : T% — R*, where T, is the space of momenta

neZz

of T*. The moment maps with respect to the group R are then the
composites v = ¥ oy, that is,

v = L*{i Y |Zn|21t;(6)+0}

21‘1‘[ nez

1
= Y 1Znl?(mp o )*(®) + .*(0).

2jT[ nez
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But
T oL @t > exp(2inant), then (myo 1)*(0) = 2inay, dt.

Thus,
v(Z) = h(Z)dt with h(Z) = Z onlZnl? +c,

nez
where 1*(0) =cdt, ce R. »

56. Orbits of the Hamiltonian flow

226. Exercise III. We continue with the data of previous exercise.

Let Y be a level of the moment map v of the action of R, that is,
Y = {Z = (ZH)DEZ IS | Z an|Zn|2 = C} with ¢ > 0.
nez

Q1. Verify that, for all Z € Y, if there exists Z, # 0 and Zy # O,
then the stabilizer of Z is reduced to {0} and the orbit of Z by R,
equipped with the subset diffeclogy, is diffeomorphic to R. Such
orbits are called principal orbits.

Q2. Verify that the non principal orbits, that is, the singular orbits,
are the subspaces

Sl ={Ze Y|Zn=0if m+#n}, with ne N,
each diffeomorphic to the circle st

Q3. Show that the union
S = U Sll1 cY,
nez

equipped with the subset diffeoclogy is actually the sum of the Sll1 [TB,
§1.39], that is,
S = H Sl and then dim(8) = 1.

nez

Q4. Show that Y-8 is open for the D-topology (D-open) [TB, §2.8].
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C® Proof. For Question 1. Let Z € Y with Z, # 0 and Z, # 0, the
map

Zn
Tz,
PN (eQmOLHtTn, eQmocmtTm) with n
Zm
Tm | ——
| Zm|

is an induction from R into T2, because oy and o, are independent
over Q, see [TB, Exercise 31]. Therefore, the orbit map t +—> t(Z) is
an induction.

For Question 2. There exists n such that for all m # n, Zy = 0 but
Zn #* 0, since YpezanlZnl? > 0. The orbit map is a covering onto
the circle SII1 induced in Y.

For Question 3. Let P : U — § be a plot. For every ne Z let Oy =
(ntpoP)1(C—{0}), where n, : Y — C is the projection ny((Zm)lmez) =
Zp. Since my o P is smooth, then continuous, every Op C U is open.
Moreover, let n # m, assume r € Op N Opy, that is, Z,(r) # 0 and
Zm(r) # 0, but P takes its values in the union of the Slln, me Z,
hence Z,(r) #* 0 implies Zp,(r) = 0 for all m # n thus O, N Oy = .
Therefore,

U= U On and Oanm=®,

neZz

for all n # m.

That means that the Op are the connected components of U. Thus,
P takes locally its values in the Slll, n € Z, that means that 8 is the

diffeological sum of the circles Sl ne Z, see [TB, §1.39].

n
For Question 4. Let P : U — Y be a plot, P(r) = (Zp(r))pez. For
all rg € P~1(Y - 8) there exist at least two different indices n and m
such that Z,(rg) # 0 and Z,(rg) # 0. Since Z, and Zp, are smooth
there exists an open neighborhood V of rg such that Z,(r) # 0 and
Zm(r) # 0, for all r € V, that is, V.c P71(Y-8). Thus, P (Y-8) is a
union of open domains, it is then an open domain, and consequently
Y -8 is D-open. »
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57. Reduction of a moment map level

227. Exercise IV. We denote by X the space of orbits of the action
of RonY. We equip Y with the quotient diffeology, and denote by

pr: Y — X the projection.
Q1. Why could we call the space X, an infinite quasiprojective space?

Q2. Show that there exists a closed 2-form @ on X (We say that @
is parasymplectic) such that

® Y =pr(@).
This is a particular case of symplectic reduction with singularities.

C® Proof. For Question 1. Let Z = (Zplpez € Y, by the change
Zn — \/anZy/\/c the subspace Y is mapped into S € &, the unit
sphere in €. Now, if all ap would be equal to 1 then the action of
R would be the action of S! and X would be diffeomorphic to CP®,
the infinite projective space, and the projection pr : Y — X would
be the infinite Hopf fibration, see [TB, §4.11] for the same infinite
projective space with another diffeclogy. That explains the choice of
vocabulary.

For Question 2. We shall apply the general criterion for a differential
form to be the pullback of another one. Let P: U —> Yand P : U—>Y
be two plots

P
U4>
P/

Y
Jpr such that proP =proP’
X

We want to check if, in these conditions, ®(P) = o(P’). That would
insure the existence of @, a (necessarily closed) 2-form on X such
that © = pr*(@) [TB, §6.38]. We consider first of all what happens
on the open subset

Ug =P (Y -8).
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Since pro P = pro P/, P7I(Y - 8) = P"1(Y -8) = Up. Now, the

restrictions of P and P’ on Ug take their values in the subset of Y

made of principal orbits of R, for which the stabilizer of the action

of R is {0}. Therefore, for each r € Ug there is a unique t(r) € R

such that, for all n, Z,(r) = 2tz () Now, o = de, and

0Z, (1)
0

! _ i 5/
eBN:6r) = ¥ Zn)

€39)

1 - Zn
- Lty Zn(r)a (r)

or
2iT nez r (8z)

) ot(r)

+ (z 4 Z()Za(0) ) 7

nez

= &(P),(8r) + ct(dp).

Therefore, [0(P')—w(P)] | Ug = 0. Thus, by continuity, [(PH-e(P)] |
Up = 0, where Ug is the closure of Ug. It remains to check what
happens on the complementary V = U — Ug. The subset V is open,
thus P | V and P’ | V are two plots of Y but with values in the
subset of singular orbits 8. Since § has dimension 1 and o is a 2-form,
(P | V) = (P’ | V) = 0. In conclusion o(P’) = o(P) everywhere on
U. That proves that there exists a 2-form @ on X = Y/R such that
prf(@) = 0. »

(dr)




Infinite Torus Action on Smooth Periodic Functions

We continue the previous exercise on the space of Fourier coefficients
of smooth periodic functions, equipped with the functional diffeoclogy,
by considering the infinite product T® of tori U(1) as a group of
diffeomorphisms.

We denote by T the set of infinite sequences T = (Tp)pez, Where
Tp € T=U(), that is, Tp € C and Tpty =1:

™ =]]uw.
nez

Let € be the set of Fourier coefficients of smooth 1-periodic functions
equipped with the pushforward of the functional diffeclogy, as it is
described in “Functional Diffeclogy on Fourier Coefficients”. There
is a natural linear action of T® on &, defined by

T-Z=(twnez Znlnez = (tnZndnez.

Indeed, multiplying by a number of modulus 1 transforms a rapidly
decreasing sequence of complex numbers into another, and every T =
(tp)nez € T is invertible

(t)pez = (Tndnez.
Moreover, for every plot r > (Zp(r))pez in &, for all p € N,

0PZ,(r)
orP

0Pt Z, (1)
orP

207
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The same holds for the inverse. Hence, the action of (Tp)pez is
smooth as well as its inverse, thus (tp)pez acts by diffeomorphism.
We have then a monomorphism

n: T = GL®(E).

228. Exercise I. We consider the group T of diffeomorphisms of €.

We shall say that a parametrization r — t(r) = (tp(z))pez in T is
tempered if the T, are smooth and if for every k € N, for every rg in
the domain of the parametrization, there exists a ball B centered at
rg, a polynomial Px(n), and an integer N such that

ok, ()

Vre B,Vn>N, |—~ =~
r n 3rk

< Px(nm). (s)

Q1. Show that the tempered parametrizations form a group diffeo-
logy on T*.

Q2. Show that, equipped with the tempered diffeoclogy, the action of
the group T* on & is smooth.

Q3. Show that for all N € N, the injection iy : TN — T defined by

Tn=UCn ifne{l,...,N},
Tp =1 otherwise,

(@) =1 with {

is an induction.

C® Proof. For Question 1. Let us show that the condition (&)
defines a diffeology, actually a sub-diffeology of the product diffeology
on the infinite product of tori T™ = [[,cz T. We denote indifferently
U(1) or T, for Torus.

(Covering axiom) If th(r) = tp is constant in r, for all n, then
| 0%ty (r)/0r¥| is equal to 1 for k = 0 and equal to O for k > O.
It satisfies the condition (&).

(Locality axiom) By definition the condition (#) is local in the vari-
able r.

(Smooth compatibility axiom) Let { : (r = tp(r))pez satisfying (&)
and F : s — r be a smooth parametrization in the domain of L. We
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have, for all k > 0,

0% ta(s) _ i o) (or 0
dsk ort kt\ds "7 0sk )
where the Qi ¢ are polynomials. Therefore,
o (3 ¥
kt\9s’ " ask )|

Since the function s +— r is smooth, these polynomials are locally
absolutely bounded, let

or okr
Mit = 8UPre s (Qut | 550+ 5k /|-

Next, let Ny satisfying (#) for k = {, and N’ = sup;—; . Ny, then for
all n> N/,

k

Z My (Pe(n).

‘ Tn(S) Tn(r)

0sk

Hence, the partial derivatives of the T, with respect to r are still

dominated by polynomials, and the condition (#) defines a diffeology
on the set T.

For Question 2. Now, let us check that (#) defines a group diffeology.
First of all, let T : r = (tp(t)pez and v’ : r = () (r))nez be two
plots of T*, the derivatives of the terms of the product t,(r)T)(r)
write

P _ i MO AC)
-1 ark— ar ’
Hence,
M f k\ |35 tta( | (3%
ark - €=1 2 ark—e arz
k k ,
< Z <€>Pk_€(n) Pe(l‘l).
(=1
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The partial derivatives of the product 'cn'r;1 are still dominated by a
polynomial. The inverse mapping is given by t : (tp)pez — (Tndnez,
the absolute values of the partial derivatives of an element of the se-
quence and the corresponding element of the inverse coincide. There-
fore, T, equipped with the diffeology (#) is a diffeological group.

For Question 3. The injection iy : ™ -5 T is clearly smooth since
that, for all plots T in TN, the derivatives of the components tTp of

the composite Lty o T : r+—> (Tp(r))pez vanish for n outside {1,...,N},
hence
0¥t ()
p> "nvl 6
n =0 if |n| > N.
ork

Conversely if T : r — (t5(r))pez is a plot in T™ with values in L (TN,
then the components r — th(r) are smooth, by definition of the
diffeology on T*, and hence Lﬁl o T is smooth. Therefore, 1y is an

induction. »

229. Exercise II. Let o = (ap)pne 7z be a sequence of positive irrational

numbers independent over Q, that is, for every sequence (qp)necz,
with finite support, of rational numbers g, € Q one has

anan=0 = qn=20 for all n.
neZz

Q1. Give an example of such a family of irrational numbers.

Q2. Show that . : R — T, defined by

L(t) = (eQi"“nt> ,
nez

is an induction.

C{> Proof. For Question 1. Consider a transcendent number o (we
assume o < 1 even if it is not necessary). We define

ap =1 and am=am—[am} for m # 0,

where the bracket denotes the integral part. That defines oy for all
n € Z. Now, for a finitely supported sequence of rational numbers



INFINITE TORUS ACTION ON SMOOTH PERIODIC FUNCTIONS 211

gn, We have

Y qnotn = go+ Y dn (an - [an])
nez nez
n#0
= qo— ZZ qn[an] + ZZ QH(XH;
120 120

with only a finite part of this sum is not zero. Then, if } ,c > qnon =0
we multiply both sides by oze, with { big enough to get an algebraic
equation in «, with all powers positive. But we assumed o transcen-
dent, then all the coefficients are 0, what implies q, = 0, for all
ne 2z

For Question 2. We need to check first of all that . is smooth. The
successive derivatives are simply
ak e21'1't<xnt
otk
Since 0 < ap £ 1, for all n € Z, we have

= (2inoy)¥ ™t

ak e21'1tocn t
otk

Hence, the derivatives are absolutely dominated by (constant) poly-

< (em)k.

nomials and . is a plot in T®. Next, consider a plot in T with
values in ((R), the composite with the projection on the first two
components gives a plot in T2 with values in the solenoid

(exp(2imt), exp(2inat)) e Rr.

But the injection t — (exp(2int), exp(2inat)) is an induction, see [TB,
Exercise 31], therefore, . is an induction. »

A'"“t '%)u,\; W |

J !
am u‘mw ‘LJ‘T*L—( ‘Sene.



Basic 1-Forms on Principal Fiber Bundles

We explicit a criterion for basic 1-forms on general principal bundles.

This is a specialization of the general criterion of paragraph 6.38 in
the textbook, for basic 1-forms on principal fiber bundles [TB, §8.11].

230. Exercise. Let m: X — B be a principal fibration with structure
group G. Let a be a 1-form on X. Prove that « is basic, that is, is
the pullback ©*(B) of a 1-form on B, if and only if:

(1) o vanishes on “vertical plots”, that is, the preimages by n of
the points of B. In short, o | ©1(b) = 0, for all b € B.

(2) o is invariant by the structure group, that is, g (a) = o, for
all g € G, where gx denotes the action of g on X.

Give a simple example showing that this criterion is then no more
valid even for a 2-form.

C® Proof. Assume that o = n*(B). Let P : U — X be a vertical plot,
then a(P) = [t*(B)I(P) = B(n o P), but mto P = cst, thus p(no P) =0,
that is, a(P) = 0, see [TB, Exercise 96]. Now, let g € G, then
gx () = gx(*(B)) = (mo gx)*(B), but mo gx = n, thus gx(a) = a.
Therefore, the two conditions above are satisfied.

Conversely, assume that the two conditions above are satisfied, and
let P: U— X and P’ : U — X be two plots such that toP = no P/
Since m is a principal diffeological fibration, there exists, around every
point of U, a subdomain V < U and a plot r — y(r) in G, defined

212
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on V, such that P/(r) = y(r)x(P(r)), for all r € V [TB, 8.13, Note 1].
Hence,

«(P') = alr = y(D)x (P
Now we need the following formula, which is a generalization of [TB,
8.37 (%) ]. Let R(x) : G — X be the orbit map R(x)(g) = gx(x), let
Y be a plot in G defined on some domain U and let P be a plot in X
defined on some domain V, then

al(z, ) = Y@x PG <5r

= ol(r, 8) > (@D x @PEN]
65 (s)

0

+ al(r, s) —» Y(r)X(P(S))](r) <§S

+als = Y(D)x (P(s)]s(8s) = [R(P(END* (1) (Br)+[y (1) % ()] (P)s(85).
Now, since R(P(s)) is the orbit map of the point x = P(s),
[RP()* (@0]() = [RP() (o [ T (B)I(Y),
with b = n(x). But, according to the hypothesis, a [ T *(b) = 0, thus
[R(P ()" ()](),(8r) = 0.

Next, since, by assumption, a is invariant by the action of G, [y(r)% (](P) =
o(P). Therefore,

> = alr » y(@©)x (P(s))](8r)

al(r, ) = Y@x (PG 1 <6r

Bs) = oa(P),;(3r).

This implies in particular a(P’) = alr > y(r)x (P(r))] = a(P). Hence,
according to the criterion [TB, 6.38], there exists a l1-form B on B
such that a = n*(B). For the second question, consider the 2-form
® = dx A dy on the plane R?. We can consider the first projection
pry : (x,y) = x. It is a principal fibration with group (R, +) for the
action tg2(x,y) = (x,y +t). The 2-form o is, in particular, invariant
by this action. Moreover, the restriction of w on a fiber of pr; is a
linear 2-form on R, thus vanishes. This example satisfies the two
conditions above, but since ® ¥ 0, ® is not the pullback by pr; of a
2-form on R (which is necessarily 0). »



Differential of Holonomy for Torus Bundles

We explicit the holonomy function on a torus bundle on a diffeclogical
space. Here the word torus denotes any quotient T = R/I’, where
I' is a strict subgroup of R. Then, we explicit the differential of
the holonomy in terms of the Chain-Homotopy Operator and the
curvature.

In this note we will consider a principal fiber bundle n : Y — X, with
X and Y two diffeclogical spaces, and with structure group a torus
T = R/T, where I' is any strict subgroup of R. As we know, if [' = aZ
then the torus T is a manifold isomorphic to the circle S!, and if T
has more than 1 generator, T is said to be irrational, and it’s not
anymore a manifold. We assume that there exists on Y a connection
form A, that is, a differential 1-from satisfying the two conditions

(1) A is invariant by the action of T:
For all te T, T;’}O\) = A,

where Ty denotes the action of Tt on Y.
(2) A is calibrated:

Forallye Y, $*(\) =8,

where 7 : T — Y is the orbit map y(t) = tvy(y), and 6 is the
canonical 1-form on T, pushforward of the canonical 1-form
dt on R.
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Then, the connection is defined by the horizontal paths in Y, and
they are

Hor(Y) = {y € Paths(Y) | A(y); = 0 for all t € R}.
See [TB] for the details of these constructions, in particular § 8.37.
58. Loops bundles

231. Exercise I. Show that the pushforward

Ty : Loops(Y) — Loops(X), defined by my D =nol,
is surjective.

C®» Proof. Consider a loop { in X, that is, { € C®(R,X) and
€(0) = £(1). The pullback of Y by { is a principal bundle on R with
a connection, therefore it is trivial [TB, §8.34]: there exists an equi-
variant diffeomorphism ¢ : R X T — {*(Y). Let 0(t,t) = (t, f(t, 1)),
with f(t, ) € Yf(t)-

RxT 20 ¢'(v) P2, v
JP“ J

pry
R—— X

)

Then, by equivariance, ¢§(t,t) = (t, Ty (£(t))), where f € Paths(Y)
and mof = {. There exists a unique a € T such that f(1) = ay(£(0)).
Now, since T is connected there exists T € Paths(T) such that t(0) =
1 and ©(1) = a!. Then, {: t — t(t)y(f(t)) is a path in Y such that
nol = {, and 0(0) = (1) = f(0). Therefore, { € Paths(Y) and
nol=1L »

Now, there is more than m, being surjective. Using the same ideas
than in exercise I

232. Exercise II. Show that the pushforward m : Loops(Y) — Loops(X)
is not only surjective but even a subduction.

C® Proof. Let r — {; be a plot in Loops(X) defined on a small open
ball B centered at 0 in some R™. Since r — {; is smooth, the map
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Q : (r,t) = {;(t) defined on B X R is a plot of X. Since we have
a connection on m: Y — X, we have a connection, by pullback, on
pr; : Q"(Y) - BxR. And since BXR is contractible, the fibration
pr; @ Q*(Y) — BXR is trivial, that is, there exists an equivariant
diffeomorphism ¢ : BXR X T — Q*(Y). By equivariance, ¢(r,t,t) =
(z, t, tv (& (1)), where (z, t) — f(t) is a plot of Y. That is equivalent
to say that r — f; is a plot of Paths(Y). We have then nofy(t) = {,(t).

BXxRXT — 0 ¢ (y) P2, v

I LT

BXRTX

Thus, there exists r — ar € T such that (1) = (a;)v(£(0). Let
o :r — £(0) and B : r — f(1). Since a and P are homotopic,
the pullbacks o*(Y) and R*(Y) are equivalent (actually trivial) [TB,
§8.34]. Therefore, r —> ar is a plot of T, as well as r — a;l. Now, the
projection class : R — T is the universal covering. The ball B being
contractible, there exists a unique lifting r — ar of r = a;l such that
ag = 0 [TB, §8.25]. Consider then (r,t) — T,(t) = class(td;). The
parametrization r — T, is a plot of Paths(T) such that a,(0) = 1 and
a,(1) = a;l. Then, let {;(t) = t,(t)y(£(t)), it is a plot of Y such that
1:(0) = £(0) and {;(1) = t.(D)v(£(1)) = (a; Dy ((ar)y (£(0)) = £(0).
Thus, r — 0, is a plot of Loops(Y), and a lifting of r — {;, that is,
such that mo {; = {, for all r € B. Hence, every plot in Loops(X)
has a local smooth lifting in Loops(Y) everywhere. Therefore, my :
Loops(Y) — Loops(X) is a subduction. »

59. Holonomy function

In this section we shall explicit the holonomy H of the connection
defined by A, and compute its differential.

233. Exercise III. Show that there exists a smooth map

H:Loops(X) - T defined by H({) = class <J~ A) ,
4
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for all { € Loops(Y) such that « ol ={. And where class denotes the
canonical projection from R to T.

C® Proof. Let { and ' be two loops in Y projecting on {. Since
n:Y — X is a diffeological fiber bundle, there exists a loop T in T
such that {/(t) = t(t)y({(t)). According to [TB, §8.37], we have

At T(t)y(@(t)))t(l) = v (6)+(1) + A (1).

Then,

1
J A = AL (1) dt

{ JO

r\1 .

= At = Ty U (1) dt

UO

rl 1 B

= H(0):(1) dt+J At = () (1) dt
JO 0

= o+ ﬁ A.
Jt {

But since T is a loop in T and 6 is the canonical 1-form on T = R/T,

ITG e I'. Therefore, class (f@, ?\) = class (IT’, ?\). We get the map

H, which is well defined: H({) = class (IE 7\). Let us denote H the

integral of A on the loops in Y. We have the following commutative

diagram:
Loops(Y) ;Y
n*l Jclass
Loops(X) —— T
Now, since my is a subduction, according to the previous exercise, the
map H is smooth. »

The values of H is exactly the group of holonomy of the connection
defined by A, see [TB, §8.35]. It is a subgroup of T, it is either
discrete or the whole T. A way to check if it is discrete is to compute
its “differential”. We will define it as:

dTH = H"(8).
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234. Exercise IV. Show that

drH+ KXo =0,
where X is the Chain-Homotopy Operator [TB, §6.83].
C® Proof. Remark that
A= [EHJ}] =X\
(

Then, apply the fundamental property of the Chain-Homotopy Op-
erator, restricted to the space of loops of Y. That gives

d(IN) + K(d\) = [(1*F - 0%) | Loops(Y)I(A\) = 0.
Recalling that dA = 1" (), we get
dH + K(n*(0)) = 0.

The variance of the Chain-Homotopy Operator states that the follow-
ing diagram is commutative, see [TB, § 6.84].

QK(X) —2X, gk~1(Paths(X))

| Jeor
Qk(Y) XL okl (Paths(Y))
Thus (forgetting the indices on X),
dH + (1) *(Ke) = 0.

But dH = H*(dt), and dt = class*(8), thus dH = H*(class*(0)) =
(class oH)*(0) = (H o M) *(0) = (n4)*(dTH). Hence,

(M) *(dTH) + (1) (Kw) = (1) *(dTH + Ko) = 0.

Now, since 4 is a subduction, according to the previous exercise, and
thanks to [TB, §6.39],

dTH + KXo = 0.

And that is the expression of the differential of the holonomy. We get
from this identity that if the curvature » vanishes, then the holonomy
is discrete and the fiber bundle reduces to a covering. »
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Conclusion By definition [TB, § 6.83], the Chain-Homotopy Operator
is defined by
Ko =i o $(w),
where T € Hom™(R, Diff(Loops(X))) is the action of reparametriza-
tion of paths:
w(e)(y) = [t = y(t + &),
and $(w) is the mean value of the “time-pullbacks”:

1

¥(w) = J t*(w) dt,
0

with £(y) = y(t). That way, the differential of the holonomy writes:
drH+i:F =0 with F = ®().

That is the (infinitesimal) equivariant cohomology way of expressing

this differential: H is the moment map associated with the reparametriza-

tion group action on Loops(X), with respect to the 2-form F.

LASER {e‘%‘rﬁces

Take a good look, this torus flat!




Non-Symplectic Manifold with
Injective Universal Moment Map

This addendum is an exercise, with a detailed solution, made with
the Note 2 of the article 9.23 of the textbook. This example shows
how the condition of transitivity of the automorphisms is necessary
for being a symplectic manifold.

Considering the program of symplectic diffeclogy I have suggested to
call symplectic differential form on a diffeological space X any closed
2-form o satisfying the two following properties:

(1) The universal moment map W, : X = G, is injective.
(2) The local automorphisms Diffjc(X, ®) are transitive on X.

The first condition is to avoid non zero characteristics of ® because
of the theorem [TB, §9.26] claiming that for manifolds homogeneous
under Diff(X, ), the characteristics of ® are precisely the pre-images
of the universal moment map.

The second condition is the transposition to diffeoclogy of Darboux
theorem satisfied by symplectic manifold. It could be strengthened
by considering the group of automorphisms, which is still satified for
manifolds, but it doesn’t seem necessary so be it.

Now, we shall see why the second condition is necessary by con-
structing an example of a closed 2-form on a manifold for which the

220
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univesal moment map is injective but the group of automorphism is
not transitive.

235. Exercise. Let us consider the real plane R? equipped with the
2-form

o= (x>+y?)dx Ady.
Q1. Why is o closed?

Q2. Describe the kernel of . We admit that the group of compact
supported automorphisms of a symplectic manifold is transitive, de-
duce that Diff(R?, ®), the group of automorphisms of w, has 2 orbits:
{02} and R? - {0g21.

Q3. Tell why every automorphism of (R?, ») is Hamiltonian.

Q4. Exhibit the unique equivariant universal moment map p, for
(R?, ®) such that Mw(0g2) = Og+. Why is it unique?

Q5. Show that if z = (x,y) # (0,0), then py(z) # Og+. Conclude
that y, is injective.

C® Proof. Q1. o is closed because it is a 2-form on a 2-dimensional
space (op.cit. §6.39).

Q2. Let z = (x,y) € R?, by definition
ker(wz) = {u e R? | w,(u)(v) = 0 for all v € R%}.

But, 0 (u)(v) = (x%+ y?)det(uv). Thus, since det(--) is nondegener-
ate, if z # (0,0) then ker(w;) = {0g21}, else ker(wg) = R2. It follows
that, since an automorphism of » induces an isomorphism on the ker-
nel, the origin Og2 must be mapped onto itself by any automorphism
of w. Indeed, Or2 is the only point with kernel R2. Then, for all
¢ € Diff(R?,0), R? - {0} is invariant by ¢, thus ¢ | R? — {Og2} is
a symplectomorphism of R2 - {Og2}. Now, R? — {Og2} is open and
o R2 - {0R21} is symplectic, according to the assumption: for every
two points z and z’ in R? - {0R2} there exists a compact supported
automorphism ¢ of (R% — {Og2},0 | R? — {Og2}) mapping z to z'.
But since a compact in R? - {0R2} is a closed and bounded subset,
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the complement of the support contains an open neighborhood of
Or2 on which ¢ is the identity, thus ¢ can be smoothly extended by
¢(0g2) = Or2. This extension, still mapping z to z', satisfies obi-
ously ¢*(®) = ® on R? and then belongs to Diff(R?,®). Therefore,
Diff(R?, ®) is transitive on R%—{0}, that is, the group Diff(R?, ») has
two orbits in R?: {0g2} and R? - {0g2}.

Q3. Since R? is contractible (precisely, has a vanishing first homol-
ogy), the automorphisms Diff(R?, ») are Hamiltonian (op.cit. §9.7
and 9.15).

Q4. Since the action of Diff(R2, ®) has a fixed point, Og2, the moment
map is exact and there exists an invariant primitive y, (op. cit. §9.10,
Note 2). Actually, applying the expressions (#) and (%) of (op. cit.
§9.20), to a path p, connecting Og2 to z = (x,y), an equivariant
primitive y, (op. cit. §9.9) of the 2-points moment map(op. cit. §9.8)
is given, for every plot F of Diff (R?, 0), by

1

to (2) (F) (8r) = J 0p(ry (P4 (BP(D)) dt,
0

with
-1 OF (r)(p(t))
or

This moment is unique because two moment maps differ only by a

dp(t) = [D(F()(p(t) (3r).

constant in §* (R? is connected) (op.cit. §9.9), and the constant is
fixed by py(0g2) = Ogx.

Q5. The proof that the moment map M, restricted to R? — {0R21} is
injective is contained in the proof of (op.cit. §9.23, B) by chosing a
real smooth function f on R? vanishing outside a small ball centered
at z’ # z not containing z nor Or2. Now we have just to show that for
all ze R? - {0r2}, po(2) # Og+. For that we will apply the previous
formula to

p(t) =tz and F(z) = <cos(2nr) —sin(2nr)>

sin(2nr) cos(2nr)
with
teR, z=(x,y)eR? reR and dr=1.
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By linearity, D(F(r))(p(t)) = F(r), and then
1 aF(r)

or
< cos(2mr) sin(2nr)) <— sin(2nr) —cos(21tr)> <tx>
= X 21 X
—sin(2nr) cos(2nr) cos(2nr) —sin(2nr) ty
+1 0 ty tx

On the other hand, p(t) = % = z. Hence,

Loy (X — —ty
p(t) = <y> , and Jp(t) =2=n < tX) .

1

sp(t) = F(r)~ (p(£))

Therefore,

1 p—
o)p(t)(p(t))(Sp(t))dt=21tJ ons (;) ( ty> .

Mo (2)(F)(8r) = J
0 tx

0

1 p—
= 2nJ ((¢x)% + (ty)?)det <X y) tdt
0 y X

1 1

2mn

= sz (22472 (x2+yD)t3dt = 2Tt(x2+y2)2j t3dt = Z(x2+y?)2.
0 0

Hence, if z = (x,y) # (0,0) the value of the moment map above,

computed on the 1-path F, is not zero, which implies py(z) 7 Ogx.

In conclusion, pe(Og2) = Ogs, Mo | R? — {Og2} is injective and if
z # Og2 then p,(z) # Og=, therefore y, is injective. »

So, what is this exercise all about? The paragraph 9.23 states that a
closed 2-form w on a manifold is symplectic, that is, nondegenerate, if

and only if its group of automorphisms is transitive and the universal
moment map is injective. This exercise shows that the injectivity of
the universal moment map is not sufficient (and the condition of
transitivity is necessary), since it exhibits a non symplectic closed
2-form on R? with an injective universal moment map.

S0



On Riemannian Metric in Diffeology

In this note, we attempt to establish the formal framework of Rie-
mannian diffeclogy. This involves providing a definition of a Rie-
mannian metric that coincides with the standard definition of mani-
folds. It’s easy to define a symmetric, covariant positive 2-tenor, the
tricky part being deciding what we mean by positive definite.

I have opted for a pointwise approach to the definition of a Riemann-
ian metric on diffeological spaces.

60. Pointed or pointwise diffeoclogy

The notion of pointed or pointwise diffeclogy has been used at a
few places already: for the dimension in diffeclogy [TB, §2.19/20],
or for the construction of differential p-forms bundles and p-vectors
bundles (op.cit. §6.45). We can detach the definition of pointwise
diffeological objects from an ambient diffeclogy, and make it depend
solely on a pointed diffeoclogy. First, let us recall that :

236. Pointed parametrization. A pointed parametrization in a set X

at a point x is any parametrization P : U — X such that: 0 € U and
P(0) = x. We denote by Paramy(X) the set of all parametrizations
pointed at x.

237. Pointed diffeoclogy. Let X a set and x € X, we call a pointed
diffeology at x any set Dy c Paramy(X) that satisfies the two axioms:

224
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(1) The constant parametrization 0 — x belongs to Dy.

(2) For all parametrization P : U — X belonging to Dy and for
all smooth parametrization F : V — U, pointed at 0, Po F
belongs to Dy.

Note that a pointed diffeology at x is always the germ at the point x
of the diffeclogy it generates (op.cit. §1.6). And, for any diffeology
D, the subset Dy < D of plots pointed at x is a pointed diffeology.

238. Pointed path. A pointed path at x € X is a pointed smooth

parametrization at x, defined on R or some interval la, bl.

239. Pointed p-form. A pointed p-form at x is a map oy that asso-

ciates to every pointed plot P at x a linear p-form ox(P) € AP(R™)
at 0 € dom(P) c R?, such that ox(F o P) = F*(ax(P))o, that is:
(XX(F o P)(V]_, ey vp) = aX(P)(lei ey MVP),
with M = D(F)(0),

for all smooth parametrization F in dom(P) pointed at 0. We shall
denote the space of pointed p-forms at x by A2 (X).

Note. The value at x of a (global) p-form is a pointed p-form, but
maybe not all pointed p-forms are values of a (global) p-form. We
have denoted by AR(X) the space of values of p-forms at x (op. cit.
§6.45). Actually, according to our notations:

AEX) e AB(0.

61. Smooth covariant tensor

We recall (op.cit. §6.20 Note, 6.21) that a smooth covariant tensor
on a diffeological space is a map € that associates to every plot P in
X a smooth covariant tensor €(P) on U = dom(P), such that

e(PoF) = F*(e(P))

for all smooth parametrization F : V — U. The tensor € is symetric
if e(P) is symetric for all P. In the following we deal with symetric



226 ON RIEMANNIAN METRIC IN DIFFEOLOGY

2-tensor and we denotes their space by
£2(X),

and the space of symetric 2-tensor on the Euclidean subset U by
¥2(U) with the identification € ~ e(1y).

About the notations, if € is a smooth covariant k-tensor on a domain
U c R", we denote by £,(v1) - - - (vi) the evaluation of £ at the point
r € U, applied to the k-uple of vectors vy, -, vk € R2. Forn=1, a
vector is just a number and 1 is the canonical basis vector.

62. Riemannian metric on a diffeological space

240. Riemannian metric. We shall define, for now, a Riemannian

metric on a diffeological space X a covariant 2-tensor that satisfies
the following conditions:

® (Symetric) The tensor g is symetric:
g € T2(X).
e (Positive) For all path y € Paths(X), g(y) =0, that is
g()(1)(1) >0 forallte R.

Actually we can restrict the case to paths defined on R or on
intervals ]a, bl, in that case g(y):(1)(1) 20 for all t € dom(y)
obviously.

¢ (Definite) The tensor g is positive definite:

g(¥):(1)(1) = 0 if and only if Vae Q1(X), a(y):(1) = 0.

The last condition can be weakened by considering pointed differen-
tial forms, as defined above. Considering the space AX(X) of pointed
k-forms at x by, the positivity condition becomes:

o (Definite’) The tensor g is positive definite if for all point
x € X, for all path Yy pointed at x:

g(¥)o(1)(1) = 0 if and only if Vay € 7\}1{(X), ax(y)o(1) = 0.
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It is not clear what definition is the best, for many examples built
with manifolds and spaces of smooth maps they do coincide. But
they may differ in general and, depending on the problem, one must
choose one or the other.

241. Length and energy of a path. Let g be a Riemannian metric on

a diffeological space X. For all path y in X, we define its length and
its energy by:

1 1 1
Length(y) = J Ve (1) dt, and E(y) = 2J g(y): (L) dt.
0 0

63. How does this fit?

242. Exercise 1. For all x € X we say that a path y is centered at x

if y(0) = x. Let g be a symmetric 2-tensor on X. Show that:

® g is positive if for all x € X, for all path y centered at x,
g(¥)o(1)(1) 2 0.

® g is definite if for all x € X, for all path Yy centered at x,
g(y)o(1)(1) = 0 implies that for all 1-form « on X, pointed
or not, aly)g(1) = 0.

C® Proof. It is a part of the definition that if g(y)¢(1)(1) > 0 for all
path y in X and all t € dom(y), then, for all x € X, for all path y
centered in x, g(y)o(1)(1) = 0. Conversely, assume that for all x € X,
for all path y centered in x, g(y)o(1)(1) 2 0. Let y’ be a path in X
and t € dom(y"), let x = y/(t). Let T(t') = t’ + t be the translation
by tin R and y =y’ o T¢ Then,
g(No(1)(1) = gy’ o Tpo(1)(1)
= T;(g(y'No (1))
= g(y)) (1)) because D(T¢)o(1) = 1.

Thus, for all t € dom(y"), g(y")¢:(1)(1) = 0.

The same use of translation by t proves the second proposition. »
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Figure 34. The transition function.

243. Exercise 2. Show that for X = M be a manifold, this definition
coincide with the standard definition. We choose the definition of
positive definite metric with pointed forms. Say why on manifold
the two conditions coincide.

C® Proof. Let A be an atlas of M and let dim(M) = n. By definition,
for all chart F € A, g(F) is a symetric 2-tensor on dom(F), since a
chart is a particular plot. Let x € M and two charts F, F' € A such
that F(r) = F(z/) = x. Since A is a generating family, there exists
an open neighborhood V c dom(F) of r and a plot Q : V — dom(F”)
such that F o Q = F | V, Q(r) = r/, and we can choose V such
that Q(V) < dom(F’). Thus, g(F | V) = g(F o Q) = Q*(g(F)), but
Q=F"1loF [ V is the transition diffeomorphism, hence: g(F) =
(F'~! o F)*(g(F")) which is the definition of a 2-tensor on a manifold.

Now, let F be a chart of M. As we said g(F) is a symmetric 2-
tensor on dom(F) c R™. Let g(F); be its value in r, and x = F(r).
Let v € R" and yy : t — r+ tv, yy is a2 smooth path in dom(F),
defined on some interval in R and centered at r. Let YV = Foy, then
y7(0) = F(r) = x. Then:
g(¥")o(1)(1) = g(F o yy)o(1)(1)
= yi (g(F))o(1)(1)

= 5(F)y, 0 ({7 (O (v (O, with Y5(8) = =

= g(F)(W)(v)
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Since g(y)o(1)(1) > 0 for all vy, then, for y =y, g(F)(v)(v) 2 0 for
all r € dom(F) and v € R™. Thus, g(F) is a non-negative symmetric
2-tensor.

Now, let F be a chart and let us check that g(F) is positive defi-
nite. Let r € dom(F) and v € R®. Let x = F(r). Assume that
g(F)(v,v) =0. Let yy(t) =r+ tv and YV = F o yy, then:

g (V)W) = g(F).y, 0y (v (O { (0))
=y (g(F)No(1)(1)
= g(Foyy)o(1)(1)
= g(y"o(1(D)

So, if g(F)(v,v) = 0 then g(y")o(1)(1) = 0, which implies, by hy-
pothesis, that for all 1-form oy pointed at x, ax(y") = 0. Consider
now the coordinate 1-forms el’.k TV vi, for all v =Y ; viel-, where
()], is the canonical basis of R”. Push the form e} onto M by the
chart F: Let €] defined as follow: for all plots P : U — X pointed at x,
there exists a smooth parametrization Q pointed at r, with F(r) = x,
defined on neighborhood V of 0 € U such that P [ V = FoQ. Then, let
eX(P) = Q*(e]), this is a 1-form centered at x. Indeed, for P’ = PoF,
Q' = QoF and €f(PoF) = (Qo F)*(ef) = F*(Q*(e])) = F*(F(P)).
Now, since g is assumed to be positive definite: €}(y") = 0, but
YV = Fovyy, thus eX(y") = yi(e}) = () (¥+(0) = ef(v) = vi.

Figure 35. A path in a chart.
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Hence, for all i, v; = 0 and then v = 0. The 2-tensor g(F) defined on
dom(F) is a positive definite metric. »

" e R3, denote by (v, v') their

ordinary scalar product. Let y € Paths(R3), call a variation of Y a

244. Exercise 3. For two vectors v, v

path t — (x¢, v¢) such that x; = y(t) and v; € R3. For two variations
v = [t = (x¢, v¢)] and v/ = [t = (xt, v{)] of vy, define the product

1
V)= | (e a
0
Q1. Considers this product to define a formal Riemannian metric on

Paths(R®).
Q2. Explicit the energy of a path [s — ys] in Paths(R3).

C® Proof. Let P : U — Paths(X) be a n-plot. Let us define g(P) a
2-tensor on U by: for all r € U and v, v e R.3,

L /oy (®) oy (1)
N — T T !
g®P)r(v)(v') Jo < o (v, o (v )> dt.

Let us prove that g is a Riemannian metric on Paths(X). Consider
g(P o F), with F a smooth paramerization in U. Let us denote F :
s—r,P:r—yandthen PoF:s—r— y. We have:

1
g(P o F)g(w)(w') = J <ag(st)(w>, aY(t)(w’>> dt

0 aS
L /dy(t) or oy(t) or, ,
= Jo < o &(W), or a(w )> dt

We remind that for a smooth parametrization f : x — y, where x and
y are two real variables, we use indiferently the notations

oy
0x
Then for gof: x+— y — z, the chain-rule writes:

D(f) or D(x+y) or

D(x—2z)=D(x—y2z)=D(y— 2)oD(x — x),
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or:
0z 0z Oy
_— = — O _—.
0x 0y 0x
Therefore, by denoting

v = —I(W) and v = g(W’)

Os 0s

we get:

1
g(P o F)g(w)(w') = J <aY(t) 0w, aY(t)ar(vv’>> dt
0 or O0s or Os

1
_ J <aY(t) (n, YW (v’)> at
0 or or

Os 0s

Hence, g is a covariant 2-tensor on Paths(R3). It is symmetric be-

0 0
— g(P)r—qe ( Q(S)<w>> ( Q(S)<w’>> — QP (W)

cause the scalar product is symetric. Now, let s — yg be a path in
Paths(R?),

L /9 d Ik 2

0 0s 0s 0 0s
Obviously g(s — v5)s(1)(1) is positive. Now

oys(®) ||?
gls > v (LW =0 = H Yai g
then Jys(t)
7Y§ =0 = ys=y.
s

The path s — Y is constant. Thus, for all 1-forms o on Paths(R3),
a(s — y) = 0. Differential forms vanish on constant plots (op. cit.
Ex. 96). Therefore, the tensor g defined on Paths(R3) is positive
and definite, it is a diffeological Riemannian metric according to the
definition above. Hence,

1t )
E(s»—)Ys)=J dsj dtH Ys(t)
2 0 0 as

’ 2

is the energy of the path s — ys in Paths(R3). »



A Few Half-Lines

In this note we shall talk about a few diffeologies that appeared,
equipping the half-line [0, oo[.

As you may know, the half-line [0,[c R can be equipped with the
subset diffeology [TB, § 1.33], that is, a plot in [0, co[ is just a smooth
parametrization in R taking its values in [0,o[. Let us denote this
space by A. Actually, A is a manifold with boundary according to
(op.cit. §4.12, 4.16), the boundary being the point {0}. Now the
set [0, appears in many other places, as the underlying set for
the quotients A, = R®/0O(n) (op.cit. §1.50, Ex. 50). Indeed, the
quotient space! A, can be realized as the set [0, o[ equipped with the
pushforward of the usual diffeology of R™ by the norm-square map
sq, : x — ||x||°>. Now, for every integer n, thanks to the inclusion

Jat1 . j2 5 RO gefined by J01(x) = <§> ,

we get a family of smooth injections on the quotient spaces, denoted
:n+1

by Jjn
These definitions give a direct system {Apn, jp'}n,meN indexed by the
integers, where the j3', m = n + k, are defined by

+k . .n+k __ .n+k .n+k-1 .1
“Dp = Apyk, and jy = Jn+k-1°Jn+k-2° """ °Jn+1-

.n
Jn
This is summarized by the commutative diagram:

1Actually A = R/{%1} is an orbifold (op.cit. §4.17).

232
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Jn-l-l
Rn n—) Rn+1

Tn Th+1

Ay — A
n a1 n+1

Jn

Since the category {Diffeology} is stable by the operations of sum
(op.cit. §1.39) and quotient (op.cit. §1.50), it is possible to de-
fine the direct limit (or inductive limit or colimit) of a direct system
{X;, fl-j}i,jel, where I is an up-directed set of indices,? the X; are dif-
feological spaces, and the fl.j : Xj = Xj are smooth maps such that
£l o f¥ = £l and f! = 1x,. By definition

iel
where the equivalence relation is defined by

(m,x) ~(n,y) &3k, k>2m,k >n and jf;(x) =j§(y).

Then, a plot in 11&1 X; is any parametrization P : U — 11_m$ X; such that
there exists everywhere in U, locally, a plot Q : V — [ [;c; X; satisfy-
ing class(Q(r)) = P(r) for all r € V, where class is the projection from
]_L-el X; onto its quotient ]ﬂ. X;. Now, thanks to the definition of the
sum of diffeological spaces, that means that everywhere in V, there
exists an index i and a domain W C V such that val(Q [ W) c X;.
In other words, there exists everywhere in U, an index i, a domain
W C U, and a plot Q : W — Xj, such that P(r) = class;(Q(r)), where
class; = class | X; and r € W. So, that is the natural diffeologi-
cal construction of limit we inherit from the standard definition of
sums and quotients.? Now, applied to our system above, and after
identifying each Ap with [0, o[ equipped with the pushforward of the

2In French: un ensemble filtrant croissant d’indices.
31 didn’t include this definition in the book because I didn’t use this construction
explicitly in it, and it’s something that follows naturally from the definition of sums
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smooth diffeology of R® by the square map sq : x — |x||?, the maps
Jjo' reduce to 1ljg o[, and the plots in Aw = @;(An) are the paramet-
rizations P : U — [0, o[ such that everywhere in U, there exists an
integer N, a domain V c U, and a smoothmap Q: V — RYN such that
P(r) = ||Q(r)||? for all r € V. In other words, there exist N smooth
real functions Q;, defined on V, such that

N
P() =) Qi)?
i=1
And that’s all for the description of the diffeology of Aw. The plots
are the non-negative parametrizations of R which write locally as a
finite sum of squares of smooth real functions.

Now: a day of June, a few years ago, during the Conference in honor
of Souriau, I was drinking a Coke on the Cours Mirabeau in Aix-en-
Provence with Enxin Wu when he asked if A, and A could coincide
as diffeological spaces? In other words, if any non-negative paramet-
rization of R could be locally written as a sum of squares of smooth
real functions? A good question... We asked Google: “non negative
function as sums of squares”, unexpectedly the first link appeared on
the screen was the paper of Bony and al. [BBCPO06], which states in
its very abstract that:

“For n = 4, there are C* nonnegative functions f
of n variables (...) which are not a finite sum of
squares of C? functions.”

It was done. In our words: there exist 4-plots in A that cannot be
locally lifted smoothly in [ [ oy
not plots in Aw. Therefore, if clearly the diffeology of the limit A is
finer than the diffeclogy of A, the converse is not true, and these two
diffeologies on [0, o[ do not coincide. We have finally the chain of

Ap, or: there are plots in A which are

strictly ordered diffeological spaces on the same underlying set [0, oof,

Dy <Dy < - < Do < A

and quotients. But thanks to this note, I’ve been able to include a paragraph on
the definitions of limits, inductive and projective.



1-Forms on Half-Lines

In this note we characterize the differential 1-forms, defined on the
various half-lines A, Ap, Aw, that share the same underlying set [0, oo[.

We consider a series of diffeologies on the set [0, ool:

(A) Equipped with the subset diffeology, it is a manifold with bound-
ary {0}, [TB, §4.12, 4.16]. It is denote by A.

(B) Equipped with the pushforward of the standard diffeology of R",
n > 0, by the norm-square map:

Sq:R® > [0,0o] with Sq:x e |x|?,

it represents the quotients A, = R”/O(n) (op.cit. §1.50, Ex. 50).
We denote Aw, = limp sy Ap, and when we write Ap, we allow n to
represent also oo.

Note 1. There are no two different half-lines above that are diffeomor-
phic. We recall that dimg(A,) = n, dimg(Aw) = o and dimg(A) = oo,
(op.cit. § Ex. 50,51) and “A few half-lines” in these notes.

Note 2. The choice of the function Sq to characterize the quotient
R™/0O(n) is irrelevant. Every other bijection with the space of orbits
could have been used to push forward the standard diffeology of R”,
as explained in (op.cit. §1.52). For example we could have chosen
equivalently X +— || X||, but then the injection j : [0,c[— R would
have not been smooth.
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245. The 1-forms are closed. Every differential 1-form defined on Ap,

A, or A C R, is closed. Moreover, every half-line is contractible.
Therefore, every 1-form is exact.

Note. In the case n = 1, the 1-forms are closed simply because the
dimension of A1 is 1 (op.cit. §6.39). But because the dimension of
Ap and A at the origin are n or oo, the argument of the dimension
doesn’t apply so simply.

C®» Proof. Any of these half-lines has [0, o[ as underlying space,
only the diffeclogy change. In each case, the subset |0, o[ is D-open.
In each case, the diffeclogy induced on ]0, o[ is the standard diffeo-
logy. The difference of behavior in the diffeclogy happens only on
the neighborhood of {0}. Now, let o be a 1-form on a half-line, let P
be a m-plot and U c R™ be its domain. The subset V = P~1(]0, co[)
is open in U and because ]0, [ is 1-dimensional d[a(P [ V)] = 0.
The complementary W of V in U is closed. On its interior W the
plot is constant, therefore a(P | W) = 0, and then dla(P | W)] = 0.
Now, on the boundary 0V = V-V = W - W, every point r is a
limit limp—yeo Iy, With ry € V. Thus, by continuity, for all £,&’ € R™,
dla(P)] (&, &) = limpy e dla(P [ V)], (E,E') = 0. Hence, da(P) = 0
everywhere, that is, doo = 0.

Next, about contractibility. Since the radial retraction x — sx in R"
is equivariant under the action of O(n), the quotients Ay, = R™®/0O(n)
are contractible, and also the limit Aw. For A we have the retraction
ps:t s’t. The map (s,t) — st, defined on R X A takes its values
in A and is smooth. Thus, A is contractible. According to (op. cit.
§6.90) every closed differential form on a contractible diffeological
space is exact. Therefore, every l-form on these half-lines is the
differential of a smooth function, this function can be normalized by
zero at the origin, and then is unique. »

246. The case of A. Every differential 1-form on the embedded half-
line A c R is the restriction of a differential 1-form defined on R. In

other words, the natural induction j : [0,[— R induces a surjective
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pullback j* : Q1 (R) — Q'(A). That is, for all « € Q'(A), there exists
a e C”(R, R) such that ay = a(x) dx, for all x > 0.

C® Proof. Thanks to (op.cit. §4.13) we know that a smooth func-
tion from A to R is the restriction of a smooth function from R to R.
Together with the proposition 1, that gives the result. »

247. The case of A,. The set [0, oo is equipped with the pushforward
of the standard diffeology of R" by the norm-square map Sq. That
identifies A, with R?/O(n) by class(X) ~ ||X||2. The injection j :
Ap =~ [0, 0[— R is smooth. The pullback j* : Q1 (R) — Q1(Ap) is, here
again, surjective.l

C® Proof. The smoothness of the injection comes from the smooth-
ness of the square Sq : R® — [0, [, with Sq(X) = ||X||?. Now, for
the same reason than previously, every 1-form o on Ay is exact, that
is, there exists a function f € C”(An, R) such that oo = df. Pulled
back on R”, we have Sq*(a) = Sq*(df) = d(f o Sq). The function
F = fo8q is smooth and invariant by O(n). Conversely every smooth
function F : R®” — R that is O(n)-invariant is the pullback, by Sq,
of a smooth function f on A,. So, every l-form on A, is the push-
forward of a differential dF, where F is smooth and O(n)-invariant.
Let us restrict F to the subspace of the vectors (x,0), x € R, and
let F(x) for F(x,0). We have F(x) = f(x?), that is, F(4+x) = F(-x).
Thanks to Whitney theorem [Whi43], there exists a smooth function
g € C*(R,R) such that F(x) = g(x?). Thus, f(x?) = g(x?), in other
words: f = g | [0,00[, f is the restriction of a smooth function to the
interval [0,o[. Thus a = df = d(g o j) = j*(dg); written differently,
o = a(t) dt, for all t € [0,o0[. On R, the pullback of a writes,

n
5q*(@x = 2a (|X[|*) X - dX = 2a (|X|?) ) x'ax’,
i=1
where a is a smooth function on R. »

248. The l-forms vanish at the origin. Every differential 1-form o,

defined on any half-line A or A, or A, vanishes at the origin (op. cit.

INote that the inclusion j is smooth injective but not an induction.
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§6.40). That is, for every l-plot y pointed at the origin, y(0) = O,
we have aly)g = 0.

In other words, the cotangent space reduces to {0} at the origin,
(op. cit. §6.48); it is equal to R everywhere else. An interesting ques-
tion would be to describe the diffeoclogy of the cotangent space, and
to study its parasymplectic structure,? that is, the struture defined
by the differential of its Liouville form (op. cit. §6.49).

C® Proof. According to what comes before, in every case the in-
jection j from the half-line into R is smooth, and the form « is the
pullback, by j, of some smooth 1-form A € Ql(R). Thus, aly)g =
F(A)X) = A(Goy). But joy(0) = 0 and jo y(t) > 0 imply
dy(t)/dt |t=o= 0. Therefore, A(jo y)g = Ap(dy(t)/dt |t=0) = O,
and a(y)g = 0. »

249. The 1-forms as a 1-dimensional module. From what precedes
we conclude that, in every case: Ay = A or Ap or A, the space of
differential 1-forms Q1(A,) is a 1-dimensional module on Q°(A,), with
dt | [0,00[ as a generator.

250. Gauges on diffeological spaces. There is a notion of volume for

diffeoclogical spaces of finite constant dimension, in (op.cit. §6.44)
that almost applies to the half-lines but not completely. First of
all, in our case the dimension is not constant (except for the case
n = 1), but more importantly, the 1-form vanishes at the origin, and
volumes are assumed to be nowhere vanishing. Nevertheless, in every
case above, the space of 1-forms is a l-dimensional module on the
space of smooth functions, and that is an important remark. That
leads to the introduction of the concept of k-jauge on a diffeological
space, which is slightly different from the concept of volume, but
pursues the same idea:

Definition. We call a k-gauge on a diffeological space X, any k-form
generating Q¥(X) as a 1-dimensional module on Q°(X).

2Terminology introduced in “Example of Singular Reduction in Symplectic
Diffeology”.
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In our case, for every half-line X, the pullback j*(dt), where j is the
smooth injection of [0, co[ into R, is a generator of Q1 (X). The concept
of k-gauge on diffeological spaces worth being studied. There are a
few questions around it that need to be answered.

Half lines

[
L
0 2 Ay = R/{i1}

RZ

\ As = R2/0(2)
[ ot
7 C O
0 [x|2




1-Forms on the Subset Half-Line

We revisit the fact that 1-forms on [0,~[C R are the restrictions of
smooth 1-forms defined on a neighborhood of the half-line in R.

This is a previous result cited in “1-Forms on Half Lines” about the
half-line subset [0, o[ C R, that every of its 1-forms are the restriction
of some 1-form on R. But in this note, we give a direct proof using
Whithey theorem [Whi43, Theorem 1 and final remark] (see facsimile
in lecture “Local Diffeology, Modeling”).

251. Proposition. Let A = [0,[C R equipped with the subset dif-

feology. Let o € Q1(A), then there exists a smooth 1-form & defined
on some neighborhood of A such that o« = & [ A. In other words,
there exists a smooth function a € C”(] — €, [), € > 0, such that «
is the restriction of a(x)dx to [0,[. In other words, for any n-plot
P:r— xyin A,

0xy
or (8r),
where, n € N, r belongs to the domain of P and 8r € RE.

a(P)(8r) = a(P(r))

C® Proof. Since ]0,o[c [0, o[ inherits the usual smooth diffeology,
let o [ ]0, [ = f(x)dx, and f € C*(]0, [, R).

Now, let sq : t > t2, then sq*(0)¢(8t) = alt — t2):(5t) = F(t)dt,
with F € €°(R,R). And for all t # 0, F(t) = £(t%) x 2t.

Next, sq*(a) is invariant by —1 : t — —t, thus (-1)*(sq*(e))+(8t) =
sq*(a);(8t). That is, —F(-t) = F(t) and then F(0) = 0. Hence, there
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exists a smooth function ¢ € C*(R,R) such that F(t) = 2t¢(t), for
all t € R, and then £(t?) = ¢(t) for all t 5 0. Therefore, the function
¢ is even, we can apply the Whitney theorem [Whi43]:

Theorem. (Whitney) An even function f(x) = f(-x), defined on a
neighborhood of the origin, may be written as g(x?). If f is smooth,
g may be made smooth.

There exists then a smooth function g defined on a neighborhood of
the origin such that f(t2) = g(t2). Thatis, f = g [ 10,00[. Let us
then define & = g(x)dx, & is a smooth 1l-form defined on an open
neighborhood of [0, o[, and o [ 10,0[= & [ 10, oo[.

Now, let y be any path in [0,[. Let O = Y_l(]O,w[), O cRis
open, and on this open subset a(y) = a(y). Hence, by continuity
&(y) = a(y) on the closure O of O (since &(y) and a(y) are smooth).
But v is constant (and equal to 0) on R—0, then &(y) and a(y) both
vanishe on R — O. Thus aly) = &(y) on the whole R. Therefore,
since & and « coincide on the 1l-plots, they coincide as 1-forms [TB,
§6.37]. »

The embedded half-line . R2




Cotangent Space of the Half-Line

We investigate the nature and structure of the cotangent space of the
embedded half-line A = [0, <[C R.

Consider the half-line A = [0,[c R, equipped with the subset dif-
feology. We have seen above, in “1-Forms on Half-Lines”, that every
l1-form o on A is the pullback of some 1-form on R. In other words,
there exists a smooth function a € C*(R, R) such that

(), (5r) = a(P(r)) To

or,

where P is some plot in A, r € dom(P) and &r is a vector of RZ2, with
n the dimension of the plot P. One can also write

a(P),(dr) = a(x)dx,

with P : r = x and 8x = D(P),(8r). We have also seen that the value
of o at any point x # 0 is given by a(x), and that the value of a at 0
is 0. Therefore, the map

n:Ax0N(A) - R x R, defined by m(x,o) = (x,xa(x)),

gives a representation of the cotangent space T*(A) [TB, 6.48], where
its image is equipped with the pushforward diffeoclogy. Indeed, if
n(x,a) = n(x/,a’), then x = x’ and if x # 0, then a(x) = a(x’). If
x = 0, then for whatsoever a and o, 7(0, o) = (0,0) = n(0, o). Since
every l-form vanishes at the origin, (0,0) = m(0,®) represents the
value of o at x = 0, for all a.

242



COTANGENT SPACE OF THE HALF-LINE 243

It’s now time to investigate the diffeclogy on the set
val(m) = {(0,0)}|_J10, =[x R
when it is equipped with the pushforward diffeology by m.

252. Real functions vanishing at the origin. Let f € C”(R,R) such
that f(0) = 0. Then, there exists ¢ € C”(R X R) such that f(x) =
x(x), for all x € R.

Let Cj(R,R) be the subset of real smooth functions vanishing at
the origin, equipped with the induced diffeclogy of the functional
diffeology on C”(R X R). Then, the map

f
J1E2(R,R) - C°(R,R) defined by () = ¢: x> 10
X

is a diffeomorphism.

C® Proof. First of all, if x # 0, ¢(x) = f(x)/x. For x = 0, ¢ is
extended by continuity and ¢(0) = f’(0). Next, it is clear that the
map j : £ — ¢ is bijective. Now let us consider a plot r — f; in
Co (R, R). Applying the Taylor’s formula with rest [Die70a, §8.14.3],
we get, since f7(0) = 0 for all r:

1
f(x) = x£/(0) + XQJ (1- o) f/ (xt)dt.
0

And since ¢y (x) = f;(x)/x, we get

1
or(x) = £/(0) + xJ (1- )£/ (xt)dt.
0

This expression shows clearly, for f constant in r, that ¢ is smooth.
It shows, moreover, that (r,x) — ¢y(x) is smooth, that is, r — ¢ is
a plot of C*(R,R). Conversely, if r — ¢, is a plot, then r — [x —
x¢@r(x)] is obviously a plot. Therefore, e is a diffecomorphism. »

253. Representing T*(A). Let us factorize the projection m : (x, o) —
(x,a(x)) by

(x,0) = (x,f =[x xa(x)]) —» (x, f(x) = (x, xa(x))).

Thanks to the first article, the first arrow (x,a) — (x,f = [x —
xa(x)]) is a diffeomorphism from AxQ!(A) to AXCF (A, R). The second
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A

y

T*(4)

Figure 36. The representation of T*(A).

arrow
ev: (x,f) — (x,f(x)),

defined on A X C7 (A, R) is an evaluation map.

1) The cotangent space T*(A) is diffeomorphic to {(0,0)}(J]0,[XR,
equipped with the pushforward diffeology by ev.

2) This diffeology, on {(0,0)}(J10, «[XR, is not the subset diffeclogy
of R?, it is strictly finer.

C® Proof. Indeed, consider the 1-plot vy : t — (x(t) = t2,y(t) =t) of
{(0,0)} |J10, o[XR for the subset diffeclogy. Assume that there exists
a local lift of v in AXCJ (A, R) near 0, that is, a smooth path t — f; in
Cy (R, R) such that y(t) = f;(x(t)). According to the article 1, there
exists a smooth path t — a; such that f;(x) = xai(x). Thus, y(t) =
x(t)as(x(t)), that is, t = t2a;(t2), i.e. a;(t%) = 1/t. And that is not
possible since t — a;(t2) is defined for t = 0 (and moreover smooth).
Therefore, ev is not a subduction on {(0, 0)} [ J10, «o[XR for the subset
diffeology. Said differently, not all plots of the subset diffeclogy are
plots for the cotangent diffeology. The cotangent diffeclogy is then
finer than the subset diffeclogy. »



1-Forms on Half-Spaces

In this note we shall see that every differential 1-form on the half-
space H? = [0, o[ x R®! is the restriction of a smooth 1-form on RZ.

This is a (almost) straightforward generalisation of the proposition
of “1-Forms On The Half Line” in the previous article. And with a
little bit of rewriting, this proof applies to all differential k-forms on
half-spaces.

254. Differential 1-form on half-space. Let H™ = [0, oo[ X R™! be the
half n-space, equipped with the subset diffeology. Let o € Q' (H?) be

a differential 1-form on H®. Then, there exists a smooth 1l-form &
defined on some neighborhood of H” — R” such that oo = & [ H™.

C® Proof. Since 10,0[x R21 < [0,0[x R® ! inherits the usual
smooth diffeology,

n-1
a ] ]0,0[x REL = a(x, y)dx + Z bi(x, y)dy;

i=1
where (x,y) €]0,00[x R®! and a, b; € €°(J0,o[x R* 1 R).
Now, let
sq; : (6, 7) = (t2, ),
then
59} (W 1) (8L, 8y)) = al(t,y) = (%, 7)) ;) (B, 8y)
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n-1

= A(t,y)dt+ Y Bj(t, y)dyi,
i=1

with A,B; € C*(R®,R). And for all t # 0,
A(t,y) = 2ta(t?,y) and B;(t, y) = b;(t2, y).

Next, sqj(a) is invariant by (-1, 1) : (t, y) — (=t, y), thus

sq1 (W (55 (B, 8y) = (=1, 1)"(sq]())(y,5)(5t, 8y)
= qu(a)(_t,y)(—Bt,By)

n-1
= A(-t,y)(-dt) + ;1 Bi(-t, y)dy.

Thus, —A(-t,y) = A(t,y) and Bj(t,y) = Bj(-t,y). In particular,
A(0,y) = 0. Hence, there exists a smooth function A € C*(R",R)
such that A(t,y) = 2tA(t, y), for all t € R. Thus, a(tQ,y) = A(t,y).
Now, A is even in t, as well as the B;. We can then apply the Hassler
Whitney theorem [Whi43, Theorem 1 and final remark] (See facsimile
in lecture “Local Diffeology, Modeling”), stated as follows:

Theorem. (Whitney) If a smooth function f(t,x) isevenint, f(t,x) =

f(~t, x), then there exists a smooth function g(t, x) such that f(t,x) =
g(tz, x).
Hence, there exists a smooth function a(t,y) such that A(t,y) =
a(t?, y), and there exists (n—1) smooth functions b; such that B;(t, y) =
pj(tz,y). We have then, for all t > 0, a(t,y) = a(t,y) and b;(t,y) =
b;(t, y).
Let us then define & on RZ,

n-1

&=alx,y)dx+ ) b(t,y)dy

i=1
The form a is a smooth 1-form defined on an open neighborhood
of H?, and o [ ]O,co[X R =g [ 10, oo[ X R 1 Let us prove now
that o and & coincide on the whole H®. Since o and & | H are two
differential 1-forms on HP, it is enough to show that they take the
same value on any smooth path.
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Let y be any path in [0,0[x R® 1. Let O =y71(]0,o[x R* 1), O cR
is open, and on this open subset a(y) = aly). Hence, by continuity
a(y) = a(y) on the closure O of O (since &(y) and a(y) are smooth).
But on the open subset R—0, y takes its values in 0H? = {0} x R*™};
Y | R-0 is a plot of the boundary dH®. Let iy : R®! — JHZ,
io(y) = (0,y). Then, i3(a) and i3(&) are both 1-forms on R 1 Let
us prove that they coincide. On the one hand

n-1

5@y ®y) = > b0, y)8y.

i=1

On the other hand, let us notice that

ip =sq; 0ig: y = (0,y5) — (0%, ).
Thus, i5(e0) = i3(sqj()) and then i5(a)y(8y) = sqi(ad(g ;) (0,8y).
But,

n-1
Sq?(a)(o,y) (0,8y) = AQ,y)x0+ 'Zl B;(0, y)8y;
i=

since B;(t,y) = b;(t?,y). Hence « and & coincide on 0H® and then
a(y) and a(y) coincide everywhere. Therefore, since & and o coincide
on the 1-plots in H", they coincide as 1-forms [TB, §6.37], and then,
a=a | H™ »

The embedded half-gpace oH = {0} x R




p-Forms on Half-Spaces

We shall see that every differential p-form on the half-space H" =
[0, o[ x R®! is the restriction of a smooth p-form on R”.

This note is a natural development of the previous “1-Forms on half-
spaces”.

255. Differential p-forms on half-spaces. Let H® = [0,0o[XR™ ! be
the half n-space, equipped with the subset diffeclogy. Let v € QP(H™)
be a differential p-form on H”. Then, there exists a smooth p-form
® defined on some neighborhood of H” c R” such that v = & [ H™.

C® Proof. Since H? =]0, o[xR™ 1 c H? = [0, o[x R®"! inherits the
usual smooth diffeology,

o [H? = Y  ai.x(x,y)dxAdyjA---Adyk
1<j< <k

+ Y  bi.x(x,y)dyiAdyj A Adyk,
i<j< <k

where (x,y) € H? and atj..k, bij..k € C*(H%, R).

Now, let
sqq : (t,5) — (tz,y),
then let
sqi@ = ol y) - ¢, 3)
= Y Ayx(y)dtadyjA--- Adyk
1<j<--<k

248
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+ Y  Biy.x(t,y)dyiAndyjA...dyk,
i<j<-<k

with Alj...k: Bij..k € C*(R™,R). And for all t # 0,
Agj.x(t,y) = 2tayj x(t%, y) and By x(t, y) = by k(% y).

Next, sq’{ (w) is invariant by € : (t,y) — (-t, y), thus

sqi(e@) = €"(sqi(®))
= Y  Ay.xGty)(=dtAdyiA--- Adyx)
1<j<.- <k
+ Y By.xGty)dyiandyjac-Adyk.
i<j<--<k
Thus, —Ayj k(-t,y) = A1j.k(t,y) and Byj. x(t, y) = Bjj..x(-t, y). In
particular, Alj...k(O,y) = 0. Hence, there exists a smooth function
Ajj.x € C*(R",R) such that Ajj x(t,y) = QtAU”_k(t,y), for all
t € R. Thus, for all t # 0, ayj. x(t%,y) = Ayj ik (t,y). Now, Ay g
is even in t, as well as the Bjj.x. We can then apply the Hassler
Whitney theorem [Whi43, Theorem 1 and final remark], stated as
follows:

Theorem. (Whitney) If a smooth function f(t, x) isevenint, f(t,x) =
f(—t, x), then there exists a smooth function g(t, x) such that f(t, x) =
g(t?, x).

Hence, there exist smooth functions ay; x(t,y) and by; x(t,y), such
that Ay; . (t,5) = ay;_;(t%, ) and By x(t,y) = by (¢, y). Then,
for all t >0, a1j..k(t, y) = ay;. x(t,y) and by..k(t,y) = byj i (t, y).

Let us then define ® on RZ,

0 = Y éljmk(X,‘Y)dX/\dyj/\---/\dyk
1<j<- <k

+ Y by x(t,y)dyiAdyj A Adyk.
i<j<-<k

The form & is a smooth p-form defined on an open neighborhood of
H?, and o | H® = & | H®. Let us prove now that ® and & coincide
on the whole H”. Since » and & [ H" are two differential p-forms on
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H", it is sufficient to check that they take the same value on every
smooth p-path.

Let 0 be any p-path in H?. Let O = o }(H®), O c RP is open, and
on this open subset (o) = w(o). Hence, by continuity &(c) = w(c) on
the closure O of O (since ®(0) and w(0) are smooth). But on the open
subset RP -0, o takes its values in 0H? = {0} x R® ;6 =0 | RP-0O
is a plot of the boundary 0H®. Let i : R®! — 0H®, i(y) = (0,y).
Then, i*(0) and i*(&) are both p-forms on R®!. Let us prove that
they coincide. On the one hand

(@) = Z by;.. k0, y)dyiAdyj A~ Adyk.
i<j<e <k

On the other hand, let us notice that
i=sq0i:y~(0,y)~ (0% y).
Thus, i*(e) = i*(sq](®)) and then
@)y 31y, ..., 8p-17) =597(0)(0,5)(0,81¥, ..., 8p-1¥).
Hence,

sq1(@) = ~<-<Z <kBij...k(O,_Y)dy1‘/\dyj/\'--/\dyk
i<j<-

n-1
= .)21 by, k0, y)dyi Adyj A - Adyx,
=

since A(0,y) = 0 and Byj. x(t,y) = ij._.k(tz,y). Hence » and & coin-

cide on 0H" and then #(o) and w(o) coincide everywhere. Therefore,

since ® and v coincide on the p-plots, they coincide as p-forms [TB,
§6.37], and then, ® = & | H®. »




p-Forms on Corners

In this note we shall see that, for the subset diffeclogy, differential
forms defined on half-spaces or corners of Euclidean spaces, are the
restrictions of a differential forms defined on an open neighborhood
of the corner in the ambient Euclidean space.

Heuristically, smooth maps from corners K® = {(x1,...,xp) | x; 20}
into the real line R are just defined as restrictions of smooth maps,
defined on some open neighborhood of the corner [Cer61] [Dou62] etc.
This heuristic becomes a theorem in diffeology where K is equipped

with the subset diffeology. Indeed, every map from K" to R which
is smooth composed with any smooth parametrization P: U — R”
taking its values in K7, is the restriction of a smooth maps defined
on some open neighborhood of the corner [TB, §4.16].

It is always a progress when a convention, based on mathematicians’
intuition, becomes a theorem in a well defined axiomatic. Here the
axiomatic is the theory of Diffeology. Noticing that C*(K",R) is
just the space of differential O-forms Q0(K?®), it is legitimate to ask
about the behavior of differential k-forms on K2, that is, QX(K®) as
it is defined in (op.cit §6.28). In this note we prove the following
theorem stated in (art. 259):

Theorem. Every differential form on the corner K" is the restriction
of a smooth form on an open neighborhood of K” in R™. Precisely,

2561
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the pullback : j*: Q¥(R®) — Q¥ (K?) is surjective, where j denotes the
inclusion from K" into R™.

Do we need to remind that a differential k-form on a diffeological
space X is a mapping o that associates with each plot P in X, a
smooth k-form o(P) on dom(P), such that the smooth compatibility
condition o(F o P) = F*(a(P)) is satisfied, where F is any smooth
parametrization in dom(P).

64. Smooth structure on corners

256. Corners as diffeologies. We denote by K” the corner

Kn={(Xj)?=1€ R.n|X1-20, i=1,...,n}.

And we equip it with the subset diffeology. A plot in K" is just a
regular smooth parametrization in R” but taking its values in K.

(A) The corner K is the diffeological n-power of the half-line K =
[0, o[ € R, equipped with the subset diffeology.

(B) The corner K® is embedded in R®, and closed. That is, the
D-topology of the induction K® < R" coincides with the induced
topology! of R”, see (op.cit §2.13).

(C) Let Xg ={0}c X1 c--- c X; = K® be the natural filtration of
K™, where the levels X; are defined by

X; = {(x)}L; € K" | there exists i; < --- < ip—j such that x;, = 0}.

Then, the stratum

Sj=Xj—Xj1

IThe standard topology of R™ is the D-topology of its standard smooth
structure.
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is the subset of points in R™ that have j, and only j, coordinates
strictly positive. The strata S; are equipped with the subset diffeo-
logy.2
There exist iy < --- < ij such that x;, > 0,
Sj = {(Xi)?=1 € Rn‘ ! J . . i }
and xp; =0 for all m ¢ {i,...,§.}
Then, Sj is D-open in Xj, j > 1. As a subset of Xj, Sj is the (diffeolo-
gical) sum of (?) connected components indexed by a string of j ones
and n— j zeros.

C® Proof. For the first item, it’s immediately by definition. Consid-
ering the second item: for any subset U c K" open for the induced
topology, there exists (by definition) an open subset O € R"” such
that U = O M K®. Then, for all plots P in K2, P~1(U) = P71(0) is
open, because plots are continuous. On the other hand, let U c K®
be D-open. Then, sq '(U) c R® is open, where sq: R®? — K? is the
map sq(x)P; = (x2)Z ;. And sq }(U) | K® is open for the induced
topology of R™. Now, the map sq restricted to K” is an homeomor-
phism. Hence, since U = sq(sq~1(U) | K), U is open for the induced
topology of R™. Therefore the D-topology of the induction coincides
with the induced topology, as we claimed.

For the third item: let x € X;, then the number v of vanishing
coordinates of x is at least n—j, iie. v 2 n—1. Next, if x € XJ-
and x ¢ Xj-1, then v 2n—-jand v < n-j+1, thus, v= n-j.
Therefore, Xj— X1 is the subset of points in R"™ that have exactly
n—j coordinates equal to O and the other j strictly positive:

Consider now a point x = (x1,...,%y) € Sj—Sj-1. Since the j non-
zero coordinates of x are strictly positive, there exists ¢ > 0 such that
xj— €& > 0, for all non-zero coordinate of x. The open n-parallelepiped
Cx =Ilx1-¢,x1+elx - XIxp—¢, xp + €[C R” contains x, and CxNS; C
S]' - Sj_]_. Thus,
si-sii= |J cxznos;
x€8j—S8j-1

2Recall that, by transitivity of subset diffeology, to be a subspace of Sy or K*
or of R" is identical.
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Now, let P : U — Sj be a plot for the subset diffeclogy. We have,
P71(8j - Sj-1) = Uxes;-s,, P H(Cx N'S)), but P7H(Cy NS =P 1(Cy)
since val(P) c S;. Next, since P is smooth as a map into R™ and Cy
is open, P l(cy) is open and then P_l(Sj —8j-1) is open. Therefore,
Sj—Sj-1 is D-open in S;. »

257. Smooth maps on corners. We know that a map f: K® - R, is
smooth in the sense of diffeclogy, if and only if it is the restriction of

a smooth map F defined on some open neighborhood O of K” into R,
see (op.cit §4.16). That is, f € C*(K", R) if and only if, f =F [ K"
and F € C”(O,R).

258. The square function lemma. Let sq: R®™ — K" be the smooth
parametrization:

sq(x1,...,Xp) = (X%,...,Xfl).

Then sq*: Q¥(K?) — Q¥ (R?) is injective. That is, for all a € Q¥(K?),
if sq*(o) = 0, then a = 0.

C® Proof. Note that each component of Sj—Sj-1 is isomorphic to RJ.
Hence, if sq*(a) = 0, since sq | sq_l(Sj - Sj-1) is a 2-folds covering
over Sj—Sj-1, « [ Sj—Sj—1 = 0. that is, for all plots Q in S; — Sj-1,
a(Q) = 0. Let then, for some j > 1, Pij: U; — Sj be a plot. In
view of what precedes, the subset 0; = PjTl(Sj - 8j-1) is open, and
a(Pj [ Oj) = a(P;) | Oj = 0. By continuity, a(P;) [6j = 0, where 61'

is the closure of Oj. Let then Uj; = U;j —6j and Pj-; = Pj i Uj-1.
Then, Uj-; is open and Pj-1: Uj-1 — Sj-1 is a plot. This construction
gives a descending recursion, starting with any plot P: U — K", by
initializing P, = P, Uy = U and S; = K"”. One has P; = P | Uj,
Uj-1 C Uj, the recursion ends with a plot Pp with values in So = {03},
and a(Pg) = 0 since Pg is constant. Therefore o« = 0. p»

259. Differential forms on corners. The previous article (art. 257)

deals with smooth real functions on corners, that is, QO(K2). It is a
particular case of the more general theorem:

Theorem. Any differential k-form on the corner K”, equipped with
the subset diffeology of R™, is the restriction of a smooth differential
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k-form defined on some open neighborhood of the corner. Precisely,
the pullback : j*: QX(R?) — QX¥(K®) is surjective, where j denotes the
inclusion from K” to R™.
C® Proof. Let o € QK(K®?) and K" = {xDi; | x>0,i=1,...,n}.
One has
o[ K" = Z ajlmjk(X]_, e, Xn) dxi; A AdZXjy,

i1 <o+ <lg

with ij = 1,...,n and aj, . j € C=(K"™, R). Recall that sq: (xpi, —

(Xi2)11-1=1, then

59" (0) = Z Aj (X1, .00, X)) dxip A A dXg,
i <<y
where A;j . ; € C”(R®,R). Let g: G, xq,...) > (..,=xj,...), then
sqo¢j = sq and (sqo¢*(w) = €5(sq*(0)), that is, sq"(0) = £ (sq*(w)).
Hence,

ej(sq*(a))) = Y An.p(x,..., X, ..., xp) dxiy A Adxg,
i< e<ip
ip#j
- Y Agy g (X1, o0, =X, 00, Xg) dXy AL dXj e AdXy
iy <SS <y
Then,
Aipae (X1, 000, =%, 000, Xn) = A (X1, %, 00, X)),
ip#j
Ail...j...ik(Xl)'"1_Xj)"'7XI]) = _Ail...j...ik(Xl)"'7Xj;"'7XI1)'
Hence,

All]lk(Xli L] XJ = 0; L] Xn) = O
Thus,
Ail...j...ik(X].) D] Xj) seey Xn) = 2Xjéjl.“j“.jk(xl: LI Xj) L] Xn),

with A; e C”(R™,R). Therefore, there are real smooth func-
tions Aj,; defined on R® such that

— ok A
Ail...l'k(Xl: ey Xn) =2 Xijp oo XikAh...ik(Xl: ey Xn)‘

Now,
sq* (0 | K") =sq* () | {x; # 0}



256 p-FORMS ON CORNERS

implies
k 2 2
Y 2%xy...xpan. (X7, .00, xp) dxip A Adxg,
1< <ix
— k A
= Y 2%xp...x Ag g (X1, .00, Xp) dxip Ao A,
i1 <<
Hence,
~ 2 2 .
Aj i (x1,...,x0) = aj,. 5, (x7,...,x5) forx;#0,i=1,...,n
Thus (x1,...,%5) = Ay ;.(x1,..., %), which belongs to C°(R?,R),

is even in each variable. Therefore, according to Schwartz Theorem
[Sch75],3 there exists

éi;[...l'k € ew(Rn, R),
such that
Ail...ik (Xlr e Xl'l) = gl'l...ik (X%’ M) XI?I)
One deduces:
éjl,,_jk(xl, ceoy Xp) = aj..5.(x1,...,%xp), for all (x1,...,xp) € K"
Then, defining the k-form » on R™ by
®= Z gjl__.l-k(xl, ceo, Xp) dxi Ao A dX,

11 <+ <dy
one has already
o N o n
0w K =0 K.
Let us show that o [ K® = ¢. That is, let us check that for all plots
P: U > R", P"(w) = o(P). Actually, one has

59" (@) =sq™(0 | K™).

Indeed:
sq* (@) = A5 (X1,..., %) dxg A AdXg,
i1...0x
k A~

= 2%xq o X Ap i (X, o, Xn) dxg A AdXg,
i1...0x

— k 2 2

= Y 2°x;...xpay 5 (%7, .00, Xp) dxpp A A dEg.
i1...0x

3Which is a generalisation of a famous Whitney theorem [Whi43]
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And, on the other hand:

k 2 2
sq(@ [KM = ¥ 2%xj ... xp28y 5, (X1, ..., Xg) dxi A A dX,.

i1...0x

Thus, sq*(w —® | K®) = 0. Therefore, according to the previous
lemma (art. 258), o —® | K® = 0. And indeed, o is the restriction of
the smooth k-form o on KZ. »

65. Application

260. An exemple of application. Among the possible applications of
the theorems above (art. 258) and (art. 259), there is already one
worthy of mention. It is about the description of closed 2-form, in-

variant with respect to the action of a Lie group. As it has been
showed in particular in the classification of SO(3)-symplectic man-
ifolds [Igl84, Igl91], any closed 2-form form ® on a manifold M, in-
variant by a compact group* G, is characterized by its moment map
p:M— G* (we assume the action Hamiltonian), and for each moment
map, a closed 2-form ¢ € Z2(M/G). Let us be precise: the space of
closed 2-forms Z2(M) is a vector space, the space of G-equivariant
maps from M to G* is also a vector space. Then, the map associat-
ing its moment map? p with each invariant closed 2-form o is linear.
What we claim is that the kernel of this map is exactly Z2(M/G),
where M/G is equipped with the quotient diffeology.

Now, if an equivariant map is easy to conceive, it is more problematic
for a differential form on the space of orbits, which is generally not
a manifold. This is where the above theorem can help, because it
happens that M/G is not far to be a manifold with boundary or
corners, as show the following example.

Let us consider the simple case of M = R2% equipped with the
standard symplectic form © = YiL;dg; A dp;. It is invariant by
the group SO(2,R)" acting naturally, each factor on its respective

4There could be a diffeological generalisation possible to non compact group.
5The manifold M is supposed to be connected. To have a unicity of the moment
maps we decide to fix their value to O at some base point mg € M, for example.
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copie of R%. The (diffeological) quotient space Q% = R?%/SO(2, R)®
is the n-th power of Q = R?/SO(2,R). Let X = (X)&,; with
X; = (qi,p;). There is a natural smooth bijection jon: Q% — K&,
given by jon: class(X) = (||X;]|2)Z;. It turns out that this smooth
bijection® induces, by pullback, an injection j5, from Q¥(K®) into
0X(Q,). Thus, thanks to (art. 259), for each 2-form ¢ on the quotient
Qp there exists a 2-form ¢ on R”, such that ¢ = j5 (¢). And the
2-form ® is characterized by p and ¢ | K2, with ¢ € QX(R®).

C® Proof. Let us prove that jj, is injective. Let x = (x;)]=; € R”
and tn: x = (x;,0)]L; from R" into R22. Let ju: R%/{+1}® — K be
defined by jp: class(x) — sq(x) = (Xj2 =1- Then, jn = jon oL, where

L is the projection of , from R?/{£1}" to Q.

Rn L RQH
classl [Class
R%/{£1}" ——— Q, = R?"/SO(2, R)" ] K™ = [0, oo[?
L 2n

But sq = jp o class and we know that sq* = class* oj}: Q¥ (K®) —
QK(RP) is injective (art. 258), thus j&: QX(KP®) — QXRZ/{£1}) is
injective. On the other hand, j, = jop © L, then ji = 1% o j3 . Since
Jjn is injective, j5  is necessarilly injective too. »

6Which is not a diffeomorphism [PIZ07].



Differential Forms on the Cross

We describe the differential forms on the diffeological space consisting
of the union of the two axes ox U oy in R?.

This question was raised by professor Jedrzej Sniatycki: describe the
differential forms on the space X, union of the two axes in R?

X=A{,0|xe Rru{(,y)|ye R},
equipped with the subset diffeology.

261. The forms on the cross. Every differential 1-form o on X, is the
restriction of a 1-form on R? of type A = a(x)dx + b(y)dy. In other

words, for all plots P: r — (%, yr) in X,

0

X &I'
51 .

0xr
(&r) + b(_Yr)
or

The 1-forms a and b are the restrictions of o« on the axes:

a(P)(dr) = a(x;)

a(x)dx =a ] ox and b(y)dy=a/ oy.

Note. According to the definition [TB, § 6.40], the value of a at (0, 0)
is zero if and only if a(0) = b(0) = 0. Indeed evaluated on the plots
t — (t,0), and t — (0,t) at t = 0, « is equal to a(0)dx or b(0)dy,
which are not zero, except if both are 0.

C® Proof. First of all, notice that the four semi-axes: ox , ox+,

oy and oy+, are D-open in X. That is, open for the D-topology
[TB, §2.8]. Indeed, for example, for any plot P in X, P l(oxT) =

259
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P {(x,y) | x > 0}, which is open because it is the pullback of an
open subset by a continuous map. And mutatis mutandis for ox ,
oy and oy+.

Let P be defined on U — R%, and let

+

O=P L ox  UoxT Uoy U oy+).

The subset O is open. Let us prove first that,
a—AJO=0.
That is, for all r € O and all 8r € R"
a(P)(8dr) — a(x)8x; — b(y)dyr = 0.

We denoted
0 ay T

Xy _
ar (dr) and By, = or (8r).

Let r € O and P(r) € ox™, for example. Then, there is an open
neighbourhood V of r such that P | V takes its values in ox™. Thus,
on V, by definition a(P) (8r) = a(x;)8xy. And since y; = 0 on V,
a(P)(dr) = a(x)dx;y + b(y )8yr. Mutatis mutandis for all other
values of P(r) when r € 0. We get eventually that on O, (a—A)(P) |
O=0.

Now, for all 8r € R™, (a— A)(P),(dr) is a smooth function in r. This
function vanishes on O, by continuity it vanishes on the closure 0.
Let U = U-0, U’ is an open subset of R® and then P | U’ is
a plot in X. Then, it makes sense to evaluate (o — A)(P);(8r) on
U’. But since, for all r € U/, P(r) = (0,0), (e — A)(P),(dr) = 0.
Indeed, a differential form evaluated on a constant plot is zero (since
it factorizes through R®). Thus, for all r € U, (a— A)(P),(8r) = 0.
Hence a(P);(8r) = a(x;)8x; + b(y)8yr, and a= A [ X. »

p

Oxy =

°Y

ox

0




A note on Hamiltonian Diffeomorphisms

We describe the group Ham(X, »), of Hamiltonian transformations of
a parasymplectic space (X, ®), as the kernel of a morphism into the
product of the tori of periods of the elements of the holonomy groups.

We consider a diffeological space X equipped with a parasymplectic
form w, that is, a closed 2-form on X. Let G, be the group Diff(X, »)
and G be its identity component. Let Cf, be the universal covering
of GJ, and © : G, — G{ be the projection. Let I, be the holonomy
of », defined in [TB, §9.7], that is,

Ty = {%, | L € Loops(X)},

where ¥, is the universal moment map, i.e. the moment map relative
to the group G,. Let us remind that I'y is made of closed 1-forms
on Gy. Then, for all y € T, there exists a unique homomorphism
¥ : Gy — R such that dy = nw*(y). Let

Ao = () ker(d.
el

The group of Hamiltonian transformations is then defined (op. cit.
§9.15) by

Ham(X, ») = n(H,).

That is what is written in the book Diffeology in the sections 9.15 and
9.16. But we can go a little bit further and write the group Ham(X, »)

261
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directly as the kernel of one homomorphism. For all y € Ty, let Py
the group of periods:

Py = {LY | £ € Loops(Gy, 1)}.

We assume now that the periods Py is a strict subgroup of R. The
fonction y projects onto a smooth homomorphism y from G into the
torus of periods

Ty = R/Py,

and the projection class : R — Ty is the universal covering. This
situation is illustrated by the following commutative diagram of ho-
momorphisms.

Gg#R

T\Il Jclass

GZTTY

262. The group of Hamiltonian diffeomorphisms. Let y € [',. The

projection of ker(y) C GZ in Gg, by T, is the kernel of Y. Therefore,

Ham (X, w) = ﬂ ker(I).
vele

Defining
n:Gg > [ Ty by n@ = G@ver,,
yeTlo
we have then
Ham(X, 0) = ker(y).

C® Proof. Let g = n(g) and g € ker(¥), then y(g) = y(n(g)) =
class(¥(g)) = class(0) = 1. We denote the group operation on Ty
multiplicatively. Thus, n(ker(y)) < ker(y). Now, let g € ker(y) and
let g € wl(g). Thus y(g) € Py. But since Py is the group of periods
of y, there exists a loop { in G, such that

1@=| v
4
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On the other hand, g is the fixed-ends homotopy class of a path p in
G, pointed at the identity, and

¥y = J Y.
p
Next, let g’ = { v p, where { is the reverse loop {(t) = (1 - t).
Technically, we work with stationary paths and the concatenation is
an internal operation. Then,

w(g) =g and Y(él)=J_ Y=J_Y+J =—JY+JY=O.

Thus, g € n(ker(7)). Therefore, n(ker(y)) = ker(y). »

The next proposition seems to be obvious but needs a proof regarding
the diffeology involved (op. cit. §6.29).

263. {0} < Q¥(X) is closed. The subset {0} ¢ 0¥(X) is closed for the
D-topology of the functional diffeology of Q¥(X).

C® Proof. Let us remind that a subset of a diffeological space is
open if and only if its pullback by any plot is open (op.cit. §2.8).
Alternatively, a subset is closed if and only if its pullback by any plot
is closed. So, let P : r = oy a plot defined on U in QK(X). Let

P Y0)={re U|o =0}
= {r € U | For all plots in X, 0;(Q)s = 0}
= ﬂ {re U|Forallse V,u(Q)s =0}
QeD
where Q is defined on some domain V, s € V and o;(Q)s € AX(RD),
the vector space of k-linear forms on R", assumes P is an n-plot. Let
PQ=A{(r,s) e UxV|a(Q)s = 0}.

Since (r,8) = 0;(Q)s is smooth, then continuous, the subset PQ is
closed. Now,
PO = () pr(PQ),
QeD
where pr; : (r,s) = r is an open map. Thus, since PQ is closed then
pr;(PQ) is closed and P71(0) is an intersection of closed subsets,
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hence closed. Therefore, P71(0) is closed for every plot P in Q¥(X),
that is, {0} c ¥(X) is closed. »

264. The D-topology of Diff(X,®). Let (X,®) be a parasymplectic
space. For the D-topology, Diff(X, ») is closed in Diff(X).

C® Proof. Let us consider the map
F : Diff(X) = 0%(X) with F: ¢ — ¢*(0) —o.
The group Diff(X, ®) is the kernel of F, that is,
Diff(X, ©) = ker(F) = F~1(0).

Since the pullback is a smooth operation (op. cit. §6.32), with 02(X)
equipped with the functionnal diffeoclogy, and since 0 € Q%(X) is
closed for the D-topology, we checked that just above, Diff(X, ®) is
closed in Diff(X). »

Clearly this proposition applies to any group Diff(X, o) of automor-
phisms, where o is any k-form.

Vladimir Igorevich Arnold, a master in Hamiltonian
geometry and mechanics.



Differential of a Lie-Group Valued Function

In this note we give a meaning of the differential of a smooth function
defined on a diffeological space, with values in a Lie group.

66. The general question

This question has been raised by Cheyne Miller,! as a byproduct of
his reflexion on the differential of the holonomy function, in the case
of a general fiber bundle, or a more general situation. I am sure he
will not see any objection that I share my reflexion on his question
in these notes.

Precisely, a part of his question translates into:

Question (Cheyne Miller) Let h : X — G be a smooth function defined
on a general diffeological space, with values into an ordinary Lie
group. What would be the meaning of dh ?

When G is the abelian group (R, +), we know the answer:
dh = h*(dt),

where dt is the standard 1-form on R. More recently we have seen, in
the previous note “Differential of holonomy For torus bundles”, that
we can define a “differential” dth by:

dth = h*(8),

1Private email exchange of the February 27, 2016.

265
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where 6 is the standard 1-form on the (maybe irrational) torus T =
R/T, pushforward of dt by the projection m: R — T. In other words,
satisfying n*(0) = dt.

We remark that, in these two cases, the differential of the function
is the pullback of some fundamental form defined on the group R or
T. This consideration will be the guide to define more generally the
differential of a function with values in any Lie group.

67. The Maurer-Cartan form

There is a canonical 1-form defined on any Lie group G, with values
on the tangent space § = T1G, that is, the Maurer-Cartan form
0 e Q1(G, S). With the ordinary notations of differential calculus on
a Lie group, let g € G, let L(g) be the left-multiplication by g, that
is, L(g)(g') = gg’. Let 8g € TG, be any tangent vector at the point
g, then the Maurer-Cartan form 0 is defined by?2

B8g(8g) = [DL(gN(LI T (8g).

This Maurer-Cartan form is left-invariant, that is, L(k)*(8) = 8 for
all k € G. We have an analogous right-invariant Maurer-Cartan form,
replacing L(g) by R(g) in the definition above. The choice depends
on our need or preferences.

Note that the Maurer-Cartan form has a diffeclogy-compliant defini-
tion. Let P : r — gy be a n-plot of G, let v € R, then:

B(P);(v) = D(s — g7 grt5)(s = 0)(v).

68. The definition of the differential

Now we have the tools to define the differential of the smooth function
h: X — G. I suggest this:

265. Definition. Let X be a diffeological space, let G be an ordinary

Lie group, let h : X — G be a smooth function. We define the

2The notation D(f)(x) means: the tangent linear map of f at the point x.



68. THE DEFINITION OF THE DIFFERENTIAL 267

differential of h as the pullback by h of the Maurer-Cartan form.
And we shall denote,

deh = h*(@), dche %X, 9.

This is a well defined diffeological 1-form with values in a vector
space, and that corresponds exactly to what we did in the particular
abelian case of R or T. In that case the Maurer-Cartan form is just
the identity.

Now, how is that a good replacement for the differential in the general
case? If X is a manifold, we should have on the one hand, forall x € X
and &x € TxX:

dhx(ﬁx) € Th(X)G’

where dhy, also denoted by D(h)(x), is the tangent linear map of h
at the point x. The Maurer-Cartan form is just the tool for trivial-
ising the tangent fiber bundle. The map (g, v) = (g,8g(v)) is the
canonical isomorphism from TG to G X §. Therefore By(x)(dhx(8x))
is the image of 8x by dhyx after trivialisation.

On the other hand, 8j(,)(dhx(8x)) is, by definition, h*(8)x(8x). There-
fore, the definition given above dgh = h*(8) seems to be a good re-
placement, in diffeclogy, of the differential of a Lie-group valuated
smooth function.

Note that in the 1-dimension case G = R or T the differential dgh
is closed (because 2-forms on 1l-dimensional spaces vanishe), which
is no more true in the general case. Indeed, dldgh]l = h*(dB) €
Q%(X,5). The differential dg is a replacement for the tangent linear
map, not for the differential operator of exterior calculus. But this is
what is useful in mathematical physics when one deals with principal
connections, or more exotic structures like gerbes.

O(P),(v)=D(s = g; " g,4,)(s =0)(v)




The Geodesics of the 2-Torus

We describe the space of geodesics trajectories of the 2-torus, and we
exhibit its natural parasymplectic structure.

It is well known that, if the space of (oriented) geodesic trajecto-
ries (a.k.a. unparamatrized geodesics) of a manifold is a manifold,
then this manifold is naturally symplectic. A famous example is the
geodesics of the sphere S2, for which its space of geodesics is also
s?, equipped with the standard surface element.! The mapping from
the unit bundle US2 = {(x,u) € S2xS2 | u-x = 0} to Geod(S?) is
realized by the moment map {: (x,u) = x A u. Now,

Question What about the space of geodesics of the torus T2 ?

It is certainly not a manifold because of the mix of closed and not
closed geodesics. And what about the canonical symplectic structure,
does it remain something from it? And what?

In the following, we denote by pr: R? — T? = R?/Z? the projection.

As usual in symplectic geometry, we realize the space Geod(T?) as
the space of characteristics of the presymplectic form dA on the unit
bundle UT? ~ T2 x S, where

A(®y) = u- dx,

Ifor a judicious choice of constant.
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with y = (pr(x),u) € UT? and 8y = (D(pr)x(dx),8u) € TyUT?.
Thus, the characteristics of dA are the submanifolds

= (pr{X + tulier, u),

when (pr(x),u) is a point in UT2. We denote by T the projection
from UT? to Geod(T?2),

n: (pr(x), w) — (pr{X + tulier, u).

The space Geod(T?) of unparametrized geodesics of the 2-Torus is
naturally a bundle? over the circle S!, thanks to the projection

pry: (pr{X + tutier, u) - u.

The preimage Geod,(T2) = pr;!(u) is the space of all the geodesics
with slope u, that is, the torus Ty = T2/A,, where Ay = pr(Ruw).
Precisely, T, is a rational torus (a circle) if u is a rational vector, that
is, if RunZ?2 ~ Z. And Ty is an irational torus [DI83] if RunZ? = {0}.

UR?2 — ™ Geod(R?)

— 5 Geod(T?)

\/

266. Parasymplectic structure on Geod(T?). There exists a closed 2-
form © on Geod(T?) such that n*(e¢) = dA. We say that o is parasym-
plectic.3

2But not a fiber-bundle.
3The analysis of Diff(Geod(T?), ») and the universal moment map [TB, §9.14]
is discussed in “Diffeomorphisms of Geod(Tz)”, in these notes.
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Note. It is noteworthy that, in spite of the singularities of the space of
geodesics, some closed and diffeomorphic to the circle (indexed by Q)
and the others unclosed and diffeomorphic to R, the presymplectic
form dA passes into a smooth closed 2-form on the quotient Geod(T?).
And that is the main fact we want to draw your attention to.

C{®» Proof. We use the criterion §6.38 of [TB] on dA. Let P : r —
(z;,uy) and P/ : r — (zl’,, u}) be two plots of UT?2, defined on a same
domain and such that to P = nto P’/. That is,

(pr{x, + tuyec R, ur> = (pr{x; + tu}eer, u;).

N~

Thus, u, = u; and pr{x} + tu;};er = pr{x; + tu;}ter. Then, x
xr + f(r)uy, with f(r) = u - (Xﬁ — xy), f is smooth. Next,

AP (1) = uy - (5Xr + df,(dr)uy + f(r)Sur>
= A(P)(8r) + df;(dr).
That is, A(P’) = A(P) + df. Therefore, dAA(P")) = d(A(P)). By

application of §6.38 of [TBI, there exists ® € 2%(Geod(T?)) such
that 1*(0) = dA and de = 0. »

angular
momentum geodesic

plane (x,u)

The geodesics of the sphere



The Use of the Moment Map in Geodesic Calculus

A fact or two about geodesics, proved thanks to the moment map.4

The moment map is a powerful tool in symplectic geometry. This is
another illustration.

69. On geodesics

We consider the unparametrized geodesics of a Riemannian manifold
(M, g). They are defined as the characteristics of the presymplectic
2-form dA on the unit tangent bundle:

UM={(x,u)e TM|x€e M,ue Ty(M) and u-u =13},

where TM denotes the tangent bundle and A € Q'(UM) is defined by
its evaluation on a tangent vecteur 8(x, u) € Ty ,;)(UM)

Az, (®(x, 1) = u-dx.

We note v - w for gx(v,w), and ||v||? = v - v, where v, w € Tx(M).
The characteristics of dA satisfies the differential equations

8(x,u) € ker(dA(4 ) iff dx ocu and Su=o0,
where § stands for the covariant differentiation. In a chart:
SuM = duM + Fﬁpu"ﬁxp,
4This note comes from a discussion with Jean-Paul Mohsen.
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where the F\P,Lp are the Christoffel symbols of the Levi-Civita connec-
tion. The map 8(x, v) — (8%, 8v) is a isomorphism from T(x,v)(TM)
to Tx(M) X Tx(M). What we have to know now is this:

267. Geodesics trajectories. The integral curves of the distribution

(x, 1) = ker(dA(4 y))

projects on M on the geodesics trajectories (or unparametrized ge-
odesics) of the Riemannian metric g.

Actually, for every integral curve there exists always a parametriza-
tion t — x(t), defined on some interval, such that u(t) = dx(t)/dt,
with (x(t), u(t)) € UM, and [t — (x(t), u(t))] is a characteristic of
dA. And that is the way one usually understands the wording “un-
parametrized geodesics”.

Now, if a Lie-group H acts on M preserving the metric g, that is,
hy,(g) = g for all h € H, then its natural action on TM preserves
UM,

hym(x, w) = (Am(x), by (1) = D) (x) (),

and also A on UM,
The moment map of this action is the pullback by the orbit map of
the 1-form A [PIZ10], that is,

u(x, w) = [h = hy(x, WI* Q).
Applied on a vector Z in the Lie algebra J{ of H, that gives

ux,u) - Z =u- Zpyx),

where Zy(x) denotes the action of Z on M, that is, the infinitesimal
action of the l-parameter group generated by Z.

The Noether theorem states that the moment map is constant on
the characteristics. That means that if [t — x(t)] is a geodesic with
u(t) = dx(t)/dt unitary, then for all t in the domain of the curve, for
all Z e H,

u(t) - Zpy(x(t)) = uo - Zm(xo),
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where (xq, up) = (x(tg), u(tp)), for an arbitrary tp in the domain of
the curve.

70. Special metrics on principal bundles

Consider now a principal bundle n : M — B with structure group H,
equipped with an H-invariant metric g. Consider a connection on M
defined by orthogonal projectors: for all x € M let Qy : Tx(M) —
Tx(Hpm(x)) be the vertical projector, and Py = 1y — Qx be the hori-
zontal one. In other words, the horizontal subspace is orthogonal to
the fibers. Assume also that the metric g is “calibrated vertically”,
we mean that there exists a left-invariant metric € on G such that

2(g) =€, ie gx(Zm(x),Z}3(x)=¢e(Z,2Z),
where X is the orbit map:
X:H—->M with 2:h— hy).

Now, we have two interesting consequences of the conservation of the
moment map along the geodesics:

268. Proposition 1. If a geodesic is horizontal at some point, it is

horizontal at everypoint.

C® Proof. To be horizontal in one point means that the unit tangent
vector up is orthogonal to the fiber at xp. Next, being orthogonal to
a fiber at tg means: ug - Zpm(xg) = 0 for all Z € H, since the vertical
tangent space is spaned by the infinitesimal action of H. Then, the
moment map being constant along the geodesic , u(t) - Zp(x(t)) =0
for all t. The whole geodesic is horizontal. »

Actually this is a particular case of a more general property:

269. Proposition 1. Let H be a group of isometries of (M, g). If a

geodesic is orthogonal to an orbit of H at one point, it is orthogonal
to every orbit it meets.

In particular, if the group has a fix point, every geodesic emerging
from this point is orthogonal to every orbit it meets. Consider for
example the 2-sphere, and the rotations around an axe. The poles are
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fixed and the geodesics passing through the poles are the meridians,
orthogonal to the parallels, orbits of the rotations.

270. Proposition 2. The fibers are totally geodesic.

C® Proof. Let us recall that being totally geodesic means that a
geodesic which is tangent to a fiber at some point is tangent to that
fiber at every point.

Let {Zj}f;l be an orthonormal basis of H, for the metric €. Then,
according to the hypothesis 2*(g) = €, the vectors Zj(x) form an
orthonormal basis of Tx(Hpy(x)), for all x € M. Let t — x(t) be
a geodesic with unitary velocity u(t), and let u(t) = uq(t) + up(t),
where uq is the vertical part and up the horizontal. Then, uQ(i:)||2 =
Zf;l u;(£)?, with u;(t) = u(t) - Zpm(x(t)). Thus, since the u;(t) are
constant on the geodesic, ||uQ(t)H2 is also constant on the geodesic.
Thus, if up(xg) = 0, then |uq(t)||? = ||ug0)||?> = 1 for all t, and
then ||up(t)||> = 0. Therefore, if the geodesic is tangent to the fiber

somewhere it is tangent everywhere. »

271. Remark. On RZ? the standard metric is SO(2, R)-invariant. And
if we forget O, the action of SO(2,R) is principal. The geodesics
are the lines and the orbits, the circles centered at the origin. A
line which is tangent to a circle somewhere is not tangent to any
other circle. Thus, the orbits are not geodesics. So? Did we miss
something? It happens that the metric is not calibrated with respect
to the action of SO(2,R). Precisely 2*(g) = ||x||?c. Hence, we can
see that for the proposition 2, the hypothesis for the metric to be
calibrated is crucial.

U 1 o[ 08 + agP* _ agVP
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The Parasymplectic Space of Geodesics Trajectories

We describe the parasymplectic structure on the space of geodesics
trajectories of any Riemannian manifold.

We consider a Hausdorff and second countable manifold M equipped
with a Riemannian metric g. The construction of the space of geo-
desic trajectories is described in §69. Quotient spaces are equipped
with quotient diffeclogy. Let UM be the unit tangent bundle

UM={y=(x,u)|xe M and ue TxM with g(u, u) = 1}.

The space of (oriented) geodesic trajectories Geod(M) is defined as
the space of characteristics of the presymplectic form dA defined on
UM, where A is the Cartan form

A(®y) = g(u, dx),
for all 8y € T UM. Its differential dA is given by
A8y, 8 y) = gu, 8'x) — g(8'u, 8x),
where 8u is defined by its coordinates in the charts:
SuM = duM + Ftpu"ﬁxp.

The F%p are the Christoffel symbols. We have seen that 8y € ker(dA)
if and only if:

A

ou =0 and &x x u.

Thus, there is only one vector £ € T, UM such that:
& € ker(d\) and A(E) = 1.
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It is defined by
§ = dy with 8x = u and du = 0.
This vector € is called Reeb vector.
Definition. A contact form on a manifold Y is any 1-form A such that
ker(A) Nker(dA) = {0},
and the Reeb vector field is defined by
& € ker(d\) and A(E) = 1.

We accept th following proposition:

Proposition. Two point y and y’ are on the same characteristic of
dA, that is, on an integral curve of the distribution y — ker(dA), if
and only if there is a real number s such that:

&5t =y,
where e5% denotes the local flow e'® of the Reeb vector g.

The Reeb vector field on UM generates what is called the geodesic
flow. We have then the following theorem:

Theorem. Let Y be a manifold, Hausdorff and second countable,
equipped with a contact form A. Then, there always exists on the
space § of charateristics of d\ a parasymplectic form ®» such that

class®(®) = dA,

where class : Y — & = Y/ker(d\) is the projection. When 8§ is a
manifold then v is symplectic, but in any case o still is a closed 2-form
on 8. This is an example of symplectic reduction with singularities
similar to the one in Ex. 227. Moreover, if Y has dimension 2n—1
(contact manifolds are odd dimensional) then § has dimension 2n—2.

C® Proof. We recall that the Reeb vector field of a contact form
generates by integration a local l-parameter of automorphisms of A.
Indeed, thanks to the Cartan formula one has first the vanishing Lie
derivative:

LeQ) = [ANE@) + dIAE)] = 0 + 0.
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Thus, the local flow et of the vector & preserves A:
*
e =

To prove that the form dA passes to the quotient X, we shall apply
the criterion [TB, §6.38]. Let P, P’: U - Y be two plots in Y such
that to P = no P’. Let rp € U, by hypothesis, P(rg) and P’(zg)
belongs to the same characteristic. Then, there exists a real number
s such that e%%(P(rp)) = P’(z9). The local diffeomorphism e is
defined on some neighbourhood of P(rp) and its inverse e75%, on some
neighborhood of P’(rg). The composite P/ = ¢™¢ 0P’ is then defined
on some neighbourhood O’ of ry and satisfies: mo P = no P” and
P(rg) = P"(rg). Now, thanks to the flow box theorem, there exists a
local diffeomorphism ¢ from a neighbourhood O’ " of P(r0), that maps
0" to a product W X J’, where I’ is some real interval, the vector
field € to (0,1) and €% to the translation (w,t) — (w,t+ s). We
assume that ¢(P(rp)) = (0,0). The intersection U’ = (¢ o P)"1(W x
7 A (¢ o P")L(W x J’) is open and non empty since it contains ro.
We will restrict P and P’ to U’. Consider now, (no (p_l) | W x {0},
since our manifolds are assumed Hausdorff and second countable,
the preimages in W of characteristics are countable, and because
W is an Euclidean domain, they are (diffeologically) discrete [TB,
Exercice 8]. Therefore, restricting P and P” to a ball B centered
at rg, o P = no P” implies pry o ¢ 0 P(r) = pr; o ¢ o P"(z), for all
r € B. That is, ¢ o P(r) = (£(2),t(r)) and ¢ o P"(r) = (£(2), t"(1)),
where the maps involved are smooth. Hence, there a smooth real map
r = s(x) = t"(r) - t(r) such that P"(r) = 58P (1)), for all r € B.
Let us write simply s(r)y = % then P/(r) = s(r),(P(r)), and
s+ sy is a local additive action on Y. Remember now that because
€ € ker(dA\) and A(E) = 1 the Lie derivative vanishes: Lg(A\) =0, and
then (€5%)*(\) = A, or s (A\) = A. Thus, thanks to [TB, §8.37],

AP = Ar > sy (P()),
= [s()TOIP); + [REP@))* M),
= }\(P)r + dsr,
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where we denoted R(y)(s) = sy(y). Hence, dA(P”) = dA(P) on the
ball B, and then on all U. Therefore, according to the criterion [TB,
§6.38], there exists a 2-form ® on X such that dA = t*(®). And o is
closed since n*(dw) = 0 [TB, §6.39].

As for the dimension of the quotient, the diffeology of § = Y /ker(dA)
is generated by the transversal of the flow of the Reeb vector which
are 2n — 2 plots. When one can choose such transversal that cuts
each orbit of the geodesic flow in one and only one point, then they
are local diffeomorphisms with the quotient S, and § is a manifold.
On that manifold the 2-form ® is non degenerate, therefore symplec-
tic. Otherwise, and this is the most general case, one cannot find
such transversal everywhere and the flow cuts some of them infin-
itely many times. It is what happens in particular on the 2-torus for
irrational geodesics. »

Corollary. The space Geod(M) of geodesic trajectories, equipped
with the quotient diffeology of the unit tangent bundle UM by the
kernel of the differential dA\, has dimension 2n—2 and is parasymplec-
tic for a closed 2-form w defined by class*(0) = dA\. When Geod(M)
is a manifold then o is symplectic.

Definition. We shall call symplectically generated any parasymplectic
space that admits a generating family of plots where the pullback of
the parasymplectic form is symplectic.

Then, the parasymplectic structure on the quotient space § in the
general case of a contact form, and on Geod(M) in particular, is sym-
plectically generated. Indeed, the restrictions of dA on the transver-
sals of the Reeb vector field is non-degenerate since ker(d\) = ER.
They give a generating family of plots on which the pullback of o is
symplectic. This is why I decided to call symplectically generated
this kind of parasymplectic space. That includes the spaces of ge-
odesic trajectories as we just saw, but also the cone orbifolds [TB,
§9.32] or Prato’s toric quasifolds [EPO01].

»__._4...‘ e —




Diffeomorphisms of Geod(T?)

In this note we explicit the group of diffeomorphisms of the space of
geodesic trajectories of the 2-torus.

71. Geodesic trajectories of the 2-torus

We consider the space of geodesic trajectories of the 2-torus T? =
R?/Z?, see “The geodesics of the 2-torus” in these notes. They are the
projections of the affine lines in R? by the projection class : R — T?:

class : (x,y) — (621'11}{, e2i"y).

272. The geodesics of R?> The set of (oriented) affine lines in R? is
diffeomorphic to the tangent space of the circle S'. That is:

Geod(R?) ~ TS = {(u,r) € S’ xR? | u-r = 0}.
With every pair (u, r) is associated the line
A(u, 1) = {r + tulier.

This space is also equivalent to S! xR, thanks to the mapping

0 -1
(u,r) > (u,p=u-Jr), with J= (1 0> .
The centered dot denotes the scalar product.
C® Proof. Contained in Figure 37. »
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273. The geodesics of T? The set of (oriented) affine lines in T? is
diffeomorphic to the quotient space

Geod(T?) ~ (s! xR)/Z2,
with the Z2-action defined by

k(u,p) =(u,p+u-k) forall k= (m,n)e z2.

Let u = (cos(0),sin(0)), the action of Z2 on S! X R writes
(m, n)(u, p) = (u,p + mcos(®) + nsin(B)).
We denote
class(u, p) = (u, classy(p)) = (u, {o+k-ulke 22}),

and
pry : (u, classy(p)) = u,
the projection of Geod(T?) to S?.

274. The projection on the circle The fibers of the projection pr; is

the torus
Ty = R/[Z cos(6) + Zsin(8)].

Figure 37. The geodesic trajectories of the plane.
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The torus Ty is irrational when cos(6) and sin(6) are independent
over Q and rational, diffeomorphic to a circle R/aZ, otherwise.

It has a group structure:
classy(p) + classy(p') = classy(p + o).
The projection pr; has a global section:
o e C7(S!, Geod(T?)), o :u— classy(0).

These are the geodesics trajectories passing through 0 € RZ.

72. Diffeomorphisms of Geod(T?)

The diffeclogy of Geod(T?) is defined as the quotient diffeology of
the manifold S! X R by Z?, and then

Geod(T?) ~ R?/Z3,
where ({, m,n) € Z3 acts on R? by:

(£, m,n)g2(8,p) = (6 + 21, x + mcos(8) + nsin(6)).

275. Proposition 1 Let f € Diff(Geod T?), then there exists M €
GL(2, Z) such that

priof=Mof,
where GL(2, Z) acts on S! by
Mw =1 & u=Mu/||Mul.
Let’s call ¥ the homomorphism
¥ : Diff(Geod(T?)) - GL(2,2) with ¥(f) = M.
We have a short homomorphism sequence:

0 — ker(¥) — Diff(Geod(T?)) — GL(2,Z) — 0.

C® Proof. Let f € Diff(Geod(T?2)). The plot f o classoclass; has a
local smooth lifting &, that is,

f o classoclass; =joc classoclassy o .
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Precisely, if
#(0,p0) = (¢/,p")

then, for all (8,p) € R? and all ({, m, n) € Z3 there exists ({/, m’,n’) €
Z3 such that:

#(0+2nl, p+mcos(®)+nsin(®)) = (6'+2nt’, o’ +m’ cos(6’)+n’ sin(6"))
Denoting
0(class1(8,p)) = classt ((8,p)) with class1(8,p) = (', p)

we have
class; 0 ® =1oc ¢ 0 classy,
and therefore
class o) =15 f o class,

RXR -——---- ?,,777» R XR
class; class;
SR —-oon q} 77777 > SR
class class

Geod(T?2) — Geod(T?)

Let (u,p) € S!XR:
O(u,p) = (u',p") with v =U(u,p) and p’ =R(y,p).

For all k € Z?, there is k' € Z2, depending a priori on k, u,p such
that:

0(k(u,p)) = k' (0(u,p)).
We denote by k the action of k € Z2. Thus,
0Cu,p+u-k) =KW, p")
(U(u,p + k- w,R(u,p+k- u)) =, o +u k)
(U(u, p+k-uw,R(u,pt+k- u)) = (U(u, p), R(u, p) + Uy, p) - x.
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We get:
U(u,p+ k- u) = U(y,p) (o)
{R(u,p +k-uw) =R(u,p)+Uy,p) -k (¥
The first identity (o) gives
U(u,p) = U(u,p + mcos(®) + nsin(®)),

where u = (cos(8),sin(8)) and for all m,n € Z. Then, for all u
irrational, by density of mcos(8) + nsin(0) in R, with m,n € Z, we
have:

U(u, p) = U(y, 0).
Then, because the set of irrational u is dense in st.
For all u in S!, u' = U(w)
is independant on p. Thus, the map ¢ writes
0: (u,p) = (' =UW),p =R(u,p).
The map f writes then
f(u, classy(p)) = (u/ = U(w), class,y (R(u, p)))

Thus, f exchange the fibers Ty to T/, and the restriction of f on T}
writes

£ : classy(p) = class(p)  with p’ = R(u,p).
But since f is a diffeomorphism, its restriction to Ty is a diffeomor-
phisms:

fu=1f | Tye Diff(Ty, T ).

There exists then a map F : S — S! such that u’ = F(u) such that
the following diagram commutes:

Geod(T?) — L 5 Geod(T2)

| &

st st
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The map F is a diffeomorphism because f is a diffeomorphism and
the projection pr; is a subduction. Thus, f is an automorphism of
the projection pry :

[f — F] € Hom™ (Diff(Geod.2), Diff(Sh)).

On the other hand, we now that [DI83] T and T are diffeomorphic
if and only if:

=F( = 3IMeGL(2,Z), Mu=A1u.
Said differently,
IM e GL(2,2), Ru' = M(Ru).

A priori M depends on u. Consider the cicle S! as the set or direction
in R?, that is,

s! = [R2-{0}1/10, [ with <;> ~A <;> for al A €]0, ool.

The map F has a lifting (at leat locally) on R?—{0}. Let’s call it F':

class[ [class class oFf =), F oclass.

st — st

Thus, for all u e 8!, for all v = (x,y) € Ru

3 b b
E <X> = (a“ “) <X> with My = <a“ “> e GL(2,2),
y cu duy y Cu du

and F is smooth. Let (x/,y') = F(x,y). The map (x,y) — x' =
ayx + byy is smooth. Let y = 1 and consider the map & : x —
ayx + by were u = (x,1)/vVx2 4+ 1. Since F is smooth, & is smooth
on a neighborhood of 0. Assume £(0) = 0. Its derivative satisfies

€©) = tim | (m(0t +n) = im (m(e) + 7)),
t—0 t t—0 t
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with m(t) = ay() and n(t) = by — by(o) integers. That is:
n(t
lim (m(t) + o) _ E/(O)> =0.
t—0 t
Let t = 1/N with N € N big. Then,
Jim (m(l/N) + N n(1/N) - E’(O)) =0,
—>00

Then n(t) = by — byo) = 0 and m(t) = a,i) = &'(0) = a. Thus,
the matrix M is constant.

Now let us prove that ¥ : Diff(Geod(T?)) — GL(2,2) is surjective.

Let M € GL(2,Z), consider M : SI xR —» S! xR :

; _ Mu
[Mul|

o
M|

N(u,p) = (0, p)) with u and p =
Then,
M(u,p+k-u)=,o'+k  u) with k=M1

Thus, N passes to the quotient Geod(T?) = [S! xR]/Z?, and ¥(I1) =
M. Therefore ¥ is surjective. »

276. Proposition 2 The identity component of the kernel of the pro-
jection ¥ : Diff(Geod(T?)) — GL(2,Z) is equivalent to the space of
sections of the projection pry :

ker(¥)° ~ Sec(pr; : Geod(T?) — sh)
= {0 € C~(S!, Geod(T?) | pr; 00 =141}
Let 0 : u— ty € Ty be such a section, the diffeomorphism ¥ associ-
ated with o is given by addition inside the fiber:
L:(u, = (u, T+ tw).

We recall that each fiber Ty = R/[cos(6)Z + sin(0)Z] is an abelian
group.
The subgroup ker(¥) € Diff(Geod(T?)) is what is called by physicists
the gauge group of the bundle pr; : Geod(T?) — S!. It has actually
2 components. We described the identity component, the second

component is obtained my composing with the inversion (u,t) —
(u,-7).
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C® Proof. Let f € ker(¥), then f, € Diff(Ty) for all u € S!. We
know that all diffeomorphisms of T;; are the projections of the affine
map X — Aygx + My, where u — [y is smooth and Ay is £1 or in
{*1} x Z if u is “quadratic”, see [DI83]. Thus, since the irrationals
non quadratic unit vectors are dense in Sl, Ay = *1. Hence, the value
Ay = +1 defines the unity component and Ay = —1 correspond to the
inversion. »

73. Half a manifold and half not. ..

In conclusion, the geodesics trajectories of the manifold T?isa good
and natural example of a diffeoclogical space which is half manifold
and half not. The projection pr; : Geod(T?) — S looks like a fiber
bundle but is just a bundle since the fibers are not diffeomorphic
to each other. The group of diffeomorphisms of this space turns
out to be the group of automorphisms of the projection, which in
particulier shows the rigidity of the structure. The orbits of the
group of diffeomorphisms mix ordinary circles — the orbits of rational
geodesics — with irrational tori, which is an interesting situation.

The D-topology of the space of geodesics of T? is poor, since the
largest Hausdorff quotient is the circle st only; but the diffeology,
again, is able to discriminate between the non equivalent parts. That
gives an interesting Klein stratification where strata are not all man-
ifolds, actually thet are almost never manifolds except a countably
infinite subset of them.

Notes




The Diffeomorphisms of the Square

In this note we shall see how diffeology, understood as the geometry
of the group of diffeomorphisms in the sense of Felix Klein, fulfills its
duty concerning the full square Sq = [0, 1]° ¢ R2.

According to Klein’s program [Kle72], a geometry must be under-
stood as the action of a group (called the principal group) on some
space. As an example, Euclidean geometry is the action of the Eu-
clidean group on a Euclidean space, affine geometry, the action of the
affine group etc. The example of the closed square discussed here, in
the Diffeology framework, seems to support the point of view that
“differential geometry” is the geometry of the group of diffeomor-
phisms, in the sense of Klein.

277. Klein decomposition. Let Sq = [0, 1]° ¢ R? be equipped with
the subset diffeclogy. The decomposition of the square under the
group of diffeomorphisms gives the expected three orbits:

(1) The 4 corners: NO = (0,1), NE = (1,1), SO = (0,0) and
SE = (1,0).

(2) The 4 vertices B =]0, 1[x{0}, T =]0, 1[x{1}, L = {0}x]0, 1]
and R = {1}x]0, 1[.

(3) The interior Sq =10, 1[.

Note 1. The quotient diffeoclogy on

Sq/Diff(Sq) = {Corners, Vertices, Interior}

287
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is of course not the discrete diffeology, it captures the combinatorial
structure of the orbits.

Note 2. that under homeomorphisms there are only 2 orbits, the
border and the interior. In our case, the differential structure is
obviously indispensable.

C®» Proof. (1) Let us show that, Sq is embedded in R2. That is,
the D-topology of the induction Sq C R? coincides with the induced
topology of R2. For any subset U C Sq open for the induced topology,
there exists an open O c R? such that U = O N Sq. For all plots P
in Sq, P"1(U) = P71(0) is open, because plots are continuous. On
the other hand, let U c Sq be a D-open. s (U) is open, where
s: R? — K? is the map s(x1,x2) = (X%,X%). s71(U) | Sq is open for
the induced topology of R2. Now, the map s restricted to Sq is an
homeomorphism. Hence, since U = s(s"*(U) [ Sq), U is open for the
induced topology of R2. Therefore the D-topology of the induction
coincides with the induced topology.

(2) Now, let us show that a diffeomorphism of Sq cannot send a point
of the border into the interior. Let f: Sq — Sq be a diffeomorphism
for the subset diffeoclogy. Hence f is a homeomorphism for the D-
topology. Let us assume that f maps x € L to f(x) € Soq. Obviously
f induces a homeomorphism f: Sq \ {x} — Sq \ {f(x)}. Since x € L,
we have that Sq \ {x} is convex, therefore homotopy equivalent to a
point. On the other hand, we can construct a homotopy equivalence
Sq \ {f(x)} ~ 3Sq ~ S'. Thus, we get {point} ~ S!, which is a
contradiction.

(3) A diffeomorphism from the square must send corners into corners.
Let f be a diffeomorphism on Sq, such that f [ L takes values in
L USO UB and the restriction of f to L is defined as follows,

: 1
0(tle;, if0<t<;
f(tep) = (SO,  ift=1
e 1
Pp(t)eg, if 5<t<1

where e; and ey are the vectors of the canonical basis of R2.
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Thus, for all p > 0,

lim P (tey) = ¢(P)(t)e1 and lim P (tey) = kl)(p)(t)GQ.
t—3 t—%
Hence by continuity, for all p > 0, ¢P (%) =P (%)

Therefore, f is flat at % The restriction of ! to L U SO is a local
diffeomorphism of half space with the subset diffeclogy. By [TB,
§4.14] (a consequence of [Whi43]), there exists F € C7(] —¢,1[,R)
such that, 1 [ LUSO =F | LUSO. We have f ! o f(t) = t, for all
t > % Thus, we have (f 1)/ (f(t))f'(t) = 1. But, (F 1)/ (F&)/ (1) =
lim, | 1 F/(£(t))f'(t) = 0 which is a contradiction. Therefore 4 corners

of Sq is an orbit of Diff(Sq). »

O v O
Sw v \\\\’/,, SE

Figure 38. The diffeomorphisms of the square.




Diffeological Spaces are Locally Connected

Something that should have been said a long time ago: Every diffeo-
logical space is locally connected for the D-topology.

Let us recall that every diffeological space X naturally owns a topol-
ogy called the D-topology. It was defined originally in [Igl85] but see
also [TB, §2.8]. It is the finest topology for which the plots are con-
tinuous. A subset O c X is open for the D-topology, or is a D-open,
if P71(0) is open in dom(P) for all plots P in X.

It has been shown that a the connected components for the D-topology
are the path-connected components, and that the space X is the sum
of its connected components [TB, §5.7, 5.8].

We can say more about that, but first we recall one of the definitions
of locally connected spaces.

278. Definition. A topological space is said to be locally connected
if every open subset is the sum of its components, for the induced
topology.

Then:

279. Proposition. Every diffeological space is locally connected. That

means that every D-open subset O is the sum of its connected compo-
nents for the D-topology induced on 0. Since connected components
for the D-topology coincide with pathwise connected components,
every connected diffeoclogical space X is locally pathwise connected.
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C® Proof. Let us prove that D-open subsets O c X are embedded
[TB, §2.14]. That is, every D-open subset U of the subspace O — X
is the imprint of a D-open subset U’ of X, i.e.

U=UNO,

where U’ is D-open in X and U is D-open in O for its D-topology as a
subspace. So, on the one hand, since U is open for the D-topology of
the subspace O of X, then for every plot P in O, that is, for every plot
P in X taking its values in O, P"1(ll) is open. On the other hand, let P
be any plot in X. since P~1(U) < P~1(0), P~TW) = [P | P~H(O)I71(W).
But, P71(0) is open since O is D-open, then P | P71(0) is still a
plot in X but taking its values in 0. That is, a plot in O. Thus,
[P | PL(OIT(W) is open, and so is P~1(U). Thus, for all plots P in
X, PLW) is open. Therefore, U is D-open in X, and since U =UNQO,
U as D-open O is the imprint of U on O as D-open in X. In conclusion,
every D-open subset of X is embedded.

In summary, the intersection above U = U N O read as follows: every
D-open subset in O is a D-open in X, since it is the intersection of
two D-open subset of X.

Now, as a subspace of X, O is the sum of its component which are D-
open subset in O, and then, D-open subset of X. Thus, O is the sum
of its components for the D-topology of X. Therefore, X is locally
connected for the D-topology. »



Vague Adjunction of a Point to a Space

We add a point to a diffeological space, counting for nothing, and we
look at the consequences.

Counsider a diffeological space X and D be its diffeology. Let
X =Xu{e},

where w is an arbitray point not contained in X. We define on X the
following set D’ of parametrizations:

280. Definition. A parametrization P : U — X belongs to D’ if for
all rp such that P(rp) € X, there exists an open neighborhood V of

ro such that P [ V€ D. No condition is required for P(rp) = o.

281. Proposition 1 A parametrization P : U — X belongs to D’ if

and only if its restriction on P~}(X) is a plot in X. This means in
particular that Pl(X)cUisan open subset. As a corollary, D’ is a
diffeology on X.

C® Proof. If P | P71(X) is a plot in X then it satisfies the condition
above and belongs then to D’. Conversely, let P € D’ and O = P~1(X):
since P € D/, for all r € O there exists a neighborhood V of r such
that P [ V belongs to D. This implies that P(V) c X and then V < O.
Thus, O is a union of open subsets of an Euclidean domain, it is then
open and P [ P71(X) is a plot in X. »

282. Proposition 2. X is connected. Precisely, let P: B — X be the
parametrization defined by:

292
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¢ B is an open ball.
e P(0) =o.
e P(B-{0}) = x, where x € X is any point.

Then, P is a plot connecting any point x in X to . Think of B = R.

C® Proof. Indeed B — {0} is open, and P [ B —{0} is constant, then
P | B—-{0} is a plot, and since it takes its value in X, P is a plot
in X. Now, since B is connected, x and ®» are in the same connected
component, for all x € X. »

283. Proposition 3. The point © is closed in X.

C® Proof. The set {0} is closed if and only if X ¢ X is D-open.
The set X C X is D-open if and only if for all plots P in X, P71(X)
is open. But this is exactly what we have seen above, in the proof
of Proposition 1. Therefore, X c X is D-open and {0} € X is D-
closed. »

284. Proposition 4. Every point x in X is in the neighborhood of .
In other words, » has only one neighborhood, the space X itself.

C® Proof. Let Q be an open neighborhood of . That is, for every
plot P in X, P71(Q) is open. Let x € X and let P: B — X be a special
plot defined in the second article, that sends O to » and the rest of the
ball on x. Since P71(Q) is open and 0 is sent to w, there exists a small
open ball B’ centered at O such that its image by P is contained in
Q. By construction P(B’ - {0}) = x € Q. Therefore Q contains every
point in X. That is, 2 = X. »

285. Remark. This kind of situation is not unique to diffeology.
Counsider for example the quotient of R™ by the action of ]0, |,
(o, x) — ox, where (o, x) €]0,[xR™. For the quotient topology of
R™/]0, o[, any neighborhood of class(0) contains the whole quotient.
Set theorethically, the quotient is the union of S~ ! = (R®-{03})/10, oo[
with class(0).

o —LK

»-—-—- 4‘."



Embedding a Diffeological Space Into its Powerset

In this note we shall see that the natural inclusion of a diffeological
space into its powerset is an embedding. And a closed embedding if
the space is Hausdorfrl.

The main ingredient is the Powerset diffeology of a diffeological space,
defined in the Exercise 62 of the textbook [TB]. We recall, in the
first article, the results of this exercise.

286. The inclusion map. Let X be a diffeological space and ‘P(X)
be its powerset, equipped with the powerset diffeclogy. The natural

inclusion map
ji X >PX) with j: x+— {x},

is smooth and is an induction [TB, §1.29].

C® Proof. Let P: U = X be a plot in X, we have to check that
joP:rm— j(P(r)) = {P(r)} is a plot for the powerset diffeoclogy.

For all ryp € U and for all plots Qg with value in {P(rp)}, which is
necessarily constant, we define the following family of constant plots:

r— Qr :dom(Qq) — X, with Q,(s) = P(1).

Since val(Q;) c j(P(r)) = {P(r)}, and (r, s) = Q,(s) = P(r) is clearly
smooth, the conditions to be a powerset plot are satisfied by jo P.
Thus, j is smooth.
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Let us check that j is now an induction. Let P: U — P(X) be a
powerset plot with value in j(X), we have to check that j ' o P is
a plot in X. Indeed, for all r € U there exists x; € X such that
P(r) = {x,}. For any fixed rp € U and for any plot Qg such that
val(Qqg) < P(rg) = {xr,}, there exists an open neighborhood V of
rop and a smooth family r — Q; of plots, defined on V, such that
val(Q,) € P(r) = {x;}. Thus, (s,r) —» Q,(s) = x, =j_1 o P is locally
smooth, and r — x, is a plot of X. »

287. Embedding X in its powerset. The inclusion j: X — P(X) is not
just an induction, it is an embedding [TB, §2.13]. That is, the pull-

back of the D-topology of B(X) on X coincides with its D-topology.

C®» Proof. We have to prove that, for any D-open subset O c X,
there exists an D-open set O’ in P(X) such that j(O) = j(X) N O’

Let us define
O'={AePX)|ANO # D}

Clearly j(0) = j(X) " O'. It remains to prove that O’ is D-open in
P(X). Then, for any plot P: U — P(X), we have to prove that

PO ={re U|P()NO # T}

is open. Let rg € P71(0"), thus P(rg) N O # @. Pick x9 € P(rg) N O
and the constant plot Qp(s) = xg, there exists a smooth family of
plots Q; for r near rg such that val(Q,) c P(r) and (s,1) — Q.(s) is
smooth. Since O is open, by continuity of Q,(s), it exists a product
of two balls Q = B(s, ¢) X B(rg,n) (s is arbitrary choosen) such that
for all (s, r) € Q, Q;(s) € O, the condition val(Q,) c P(r) implies that
P(r)NO % @. Thus, B(rg,n) < P~1(O), that is, P71(0) is open, and
therefore, O’ is D-open. »

288. The case of the empty set. Let P(X)* be the subset of non
empty sets in X,

PX)* = P(X) - {{@}}.
Then, equipped with the powerset diffeology, B(X) is the vague ad-

junction of the singleton {@} to P(X)*, as defined in the previous
note in “Vague adjunction of a point to a space”. That implies in
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particular that, for the D-topology, {J} € B(X) is closed, and P(X)
is the only neighborhood of {J}.

C® Proof. Indeed, for a parametrization P in (X) and a point
rg € dom(P), if P(rg) = {J} then the condition of the Powerset
Diffeology is empty. »
289. X in P(X). If X is Hausdorfl for the D-topology, then its image
J(X) in P(X)* is closed. Or, J(X) U {J?} is closed in P(X).
C® Proof. Let us show that P(X)* —j(X) is open,

P -jX)={AcX|Hx,yycA x#y}.
Consider a plot P : U — P(X)*, and rg € P L(P(X)*—j(X)). Suppose
now {xg, yo} < P(z0) with xg # yo. Let Qo and Q6 be two constant
plots such that : val(Qg) = {xp} and val(Qé) = {yo}, so there ex-
ists two smooth family U DV 3 r = Q; and U D Visre— Q;

such that val(Q;) < P(zr) and val(Q)) c P(r). As X is supposed to
be Hausdorff, we may choose O and O’ two disjoint D-open neigh-

borhoods of respectively xp and yg. Given sp in a common domain
of Q, and Q., the intersection of the pre-images of O and O by
the continuous maps (r,s) = Q,(s) € X and (r,5) = QL(s) € X
defines an open neigborhood W X S of (rg,sp), with W < V. nV/,
such that Q,(s) € O and Q;(s) e O for any (r,s) € WxS. As
val(Q;) c P(r) and val(Q}) < P(r), the condition O N O’ = & insures
that P(r) includes at least two distinct points of X for all r € W.
Hence W < P L(P(X)* - j(X)). Thus, P L(P(X)* - j(X)) is open, as
a union of open subsets. Therefore, P(X)* — j(X) is D-open and j(X)
is closed in P(X)*. »

.....




Foliations and Diffeology

Spaces of leaves of foliations on manifolds are the first examples we
can think about when it comes to diffeclogy. Paradoxically, with the
exception of Kronecker’s foliation of a torus by an irrational line, I
haven’t delved into this class of examples in the textbook. In [IL90]
we treated the particular case of the foliation of a n-dimensional torus
T™ by an irrational hyperplane. In this note we go a little bit further
about what diffeology can say about the space of leaves of a foliated
manifold?

Let us begin by recalling what a foliation is [Law74]. Let M be an
n-manifold [TB, 4.1]. We say that a partition £ of M, into connected
subspaces, is a foliation if there exists an atlas of charts

0:R¥XR®>5U > M, with k=n-m,

such that, for all L. € £, the preimage by ¢ of each connected com-
ponent of L N ¢(U) is a vertical slice Uy = U N [{r} x R™], for some
re RK, see [TB, 1.33, 5.7]. In simple words, a foliation is a partition
that looks like locally to a product of Euclidean spaces.

The elements L of £ are called the leaves of the foliation. The charts
0 above are called adapted to the foliation £. Note that the leaves,
equipped with the subset diffeology, are m-dimensional submanifolds
[TB, 4.4]. Indeed, with the notations above, the restrictions ¢ | U,
are local diffeomorphisms, defined on U, from R™ to L.
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290. Transversals. We call a tranversal of J any k-plot Q : V > M
such that there exists an adapted chart ¢ : V — M for which Q(r) =
0(r,0). A plot P in M is said to be transversal if it takes its values

in the values of a transversal Q.

Rk

Figure 39. Rectification of the flow.

Now, let £ be equipped with the quotient diffeology [TB, 1.50], let
m: M — L be the projection, that is, n(x) =L ifandonlyifxe L e L.

291. The space of leaves. Let M be a second countable Hausdorff
manifold, and £ be a foliation on M.

(1) Let Q : V= M be a transversal, then forallL € £, LNQ(V)
—or{re V| Q(r) € L} —is at most countable, thus, either
empty or (diffeologically) discrete.

(2) There are generating families of £, equipped with the quo-
tient diffeology, made of parametrizations 9 = no Q, where
Q is a transversal plot.

(3) The dimension [TB, 2.22] of the quotient £ is constant and
equal to k =n-m.

C{®> Proof. Let us deal the first statement. Since Q is the restriction
of a chart ¢, it is equivalent to consider L. N Q(V) or the set {r e V|
Q(zr) € L}, they are isomorphic. Let us assume that {re V| Q(zr) €
L} is not discrete, that is, there exists a 1-plot t +—> r(t) in V, defined
on some interval J, such that Q(r(t)) € L for all t, and there are
a,be J with a # b and Q(a) # Q(b). »



Klein Stratification of Diffeological Spaces

In this note we see that every diffeological space is naturally stratified
by the action of its diffeomorphisms.

74. Klein stratifications

As we already know, diffeclogy is a flexible category, stable by any
set-theoretic operation. In particular diffeclogy gives a simple and
natural access to singularities, as many examples already have shown
[DI183, IKZ10, PIZ15], even when the space is topologically trivial
the diffeology can be relevant, which is the case for irrational tori for
example [DI83].1

In the case of irrational torus, the singularity lies in the global nature
of the space, and comes from the discrepancy between its trivial
topology and its non-trivial diffeclogy. On the other hand, from a
local point of view, the diffeology of a space encodes in a strong way,
the internal singularities of the space. They are revealed by the action
of the diffeomorphisms. For example, in a square a diffeomorphism
can exchange only vertices and edges and fixes the interior.

IThis remarkable property has important consequences since it allows theorems
that could not exist otherwise. For example, one proved that every symplectic
manifold is an orbit of the linear coadjoint action of a central extension of the group
of hamiltonian diffeomorphisms by the torus of periods of the symplectic form, which
is in general not a manifold but trivial as topological space [DIZ22].
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This remark gave rise to the first definition of Klein strata of a dif-
feological space, as the orbits of the group of diffeomorphisms. We
recall this definition from [TB, §1.42].

292. Definition 1. Let X be a diffeclogical space, the Klein strata of
X are defined as the orbits of Diff(X), its group of diffeomorphisms.

An important remark that did not appear in the book in the section
1.42 devoted to Klein’s strata is the following:

293. Proposition 1. The Klein strata of a diffeclogical space X, de-

fined as the orbits of its group of diffeomorphisms, form a stratifi-
cation in the sense that the closure of a Klein stratum, for the D-
topology, is a union of Klein strata. In other words, if O is an orbit
of Diff(X), then there exists a subset £ < X such that

0 = Uxex0x,

where O, denotes the orbit of x and O the closure of O.

The D-topology has been defined originally in [Igl85] and also in [TB,
§2.8]. This is the finest topology for which the plots are continuous.
A subset O C X is open for the D-topology, or is a D-open, if P~1(0)
is open in dom(P) for all plots P in X. The previous proposition can
be stated as follows:

294. Proposition 1 bis. Let Ox and Oy be two orbits by the group
Diff(X). If x € Oy and x’ € Oy, then x’ € Oy

C® Proof. The proof is straightforward: since diffeomorphisms are
homeomorphisms [TB, § 2.9], the closure relation is preserved by dif-
feomorphisms. The following is just given to make this statement
obvious.

Let U’ be a D-open neighborood of x’. Since x’ = f(x), with f €
Diff(X), U = f }(U’) is a D-open neighborhood of x. Then, there
exists z = g(y) € Oy NU. Thus z’ = f(2) belong to U’ = f(U) and
z' € Oy, since z€ Oy and z’' = £(z). Therefore U' N0y, # J. »

Consider the example of the square Sq described in Figure 38. The
group Diff(Sq) has three orbits:
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@x\

N
«

Oy

Figure 40. The frontier condition.

1. the 4-corners-orbit;
2. the 4-edges-orbit;
3. the interior-orbit.

The first remark we can do here is that the corners orbits, and the
edges orbit, are not connected but their elements can be treated
separately. Indeed, it is sufficient to redefine the Klein strata:

295. Definition 1 bis. Let X be a diffeological space, the connected
Klein strata of X are defined as the orbits of Diff(X)?, the identity
component of the group of diffeomorphisms of X.

Connected Klein strata are indeed connected. They are the images
of a connected diffeclogical group by a smooth orbit applications
%:f f(x).

In the case of the square there are now nine strata:
1. Four corners: NE, SE, SW, NW;

2. Four edges: NE—SE, SE—SW, SW—NW, NW—NE;
3. One interior.
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As a remark, the partition of X into connected Klein strata is still a
stratification in the sense that it satisfies the frontier condition, for
the same reason of proposition 1.

296. Proposition 2. The connected Klein strata of a diffeological
space X, defined as the orbits of the identity component of its group
of diffeomorphisms, form a stratification in the sense that the closure

of a Klein stratum is a union of Klein strata.

These few previous considerations suggest a broadening of the defi-
nition of these stratifications:

297. Definition 2. Let X be a diffeological space, Let G be any diffeo-
logical group acting on X by a smooth homomorphism g +— gx. The
orbits of the action of G on X form a geometric stratification that
satisfies the frontier condition.

C® Proof. Identical to Proposition 1. »

Now, the notion of stratification goes hand in hand with that of
singularity. The idea of singularity is by definition local. We consider
then the local geometry of a diffeoclogical space: it is defined at each
point by the germ of the diffeology there.?2 The local geometry at
each point is preserved by the action of local diffeomorphisms, which
is no more a group but a so-called pseudo-group, we denote it by
Diff15c(X). Local diffeomorphisms can exchange only points with the
same local geometry. That leads to the following definition:

298. Definition 3. Let X be a diffeological space. We call local Klein
strata the orbits of its local diffeomorphisms.

In other words, Klein strata gather the points that share the same
local geometry.

299. Proposition 3. The local Klein strata of a diffeological space X,
defined as the orbits of the local diffeomorphisms, form a stratifica-

tion in the sense that the closure of a Klein stratum is a union of
Klein strata.

2That can be defined precisely.
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C® Proof. Identical to Proposition 1 since local diffeomorphisms are
defined on D-open subsets. »

75. Singularities

Local Klein strata are associated with the idea of singularity. In
some sense they capture the singular points of the diffeological space.
However, the singularity here is a relative concept, a point is not
singular by itself but relatively to others. This means, in the example
of the square, that the corners are singular to the interior points, as
are the edges, but they are not equivalent to each other.

The precise definition of singularity dwells in the definition of pre-
order associated with every geometric stratification, and eventually
with the local Klein strata.

300. Proposition 4. The binary relation defined on the space of local

Klein strata by
0=0" it 0c0’
is a natural preorder, that is, reflexive and transitive. One can say

that O is singular with respect to O’ if O < O’. The set of strata is
called a PrOSet.

It appears that the space of local Klein strata, equipped with the quo-
tient diffeology, is an Alexandrov topological space for this preorder.
This preorder is a partial order (reflexive, transitive and antisymetric)
if and only if the D-topology of the space of strata is T-separated.
It has been shown that this is equivalent for the strata to be locally
closed when the projection map is open, see [SY19] for example. In
this case we say that the space of strata is a POSet.

301. Example of a PrOSet. The solenoid action of R on the 2-torus:

E(z’ z/) — (ZeQimﬁ’ z/e21'1toct)

gives a POset if a € Q and only a PrOSet otherwise, if a € R-Q. In
this case, every stratum is in the closure of every other one, that is,
the whole torus T2.
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302. Example of a POSet The space of strata of the square is a
POset. There are four minimal strata of the following type:

NW /NW_NE\ Int
\ /

NW—SW

where the arrow is for <. The vertices NW, NE, SE, SW are the
minimal points.

oéﬂas—-a)o o)
A A

|

i G G
(€]

>0

Figure 41. The corner orbifold R?/{+1}.

Note. An interesting application of this subject would be the analysis
of the Klein stratification of the space of orbits of a manifold M by
the action of a compact group G. In particular, to compare the
stratification of M by type of stabilizer and the Klein stratification of
M/G. We have studied, with Serap Gurer, the Klein stratification of
an orbifold [GIZ22], see Figure 41 for example, and we have proved
that it coincides with the orbit type stratification.

— OO



Lagrange's Equations of Motion

In this note! I apply the Lagrange method of variation of constant to
Newton’s equations, by considering the force involved in the motion
of a point as a perturbation of the absence of forces.

This note should be seen as a Récréation, a break from abstract
diffeology to return to the physics for which diffeoclogy was specifically
developed. It is not that diffeology is used in this note, which is a
reflection on Lagrange’s equations of motion, in relation to what is
usually called the “Hamiltonian formalism”, but I hope that one day,
in the near future, I’ll have some examples where this is the case.

In a paper on Lagrange’s work I explained how Lagrange introduced
the first elements of symplectic geometry, when he applied his method
of variation of the constants to the motion of the earth around the
sun, see [Lag08, Lag09, Lagl0]. In these memoirs, Lagrange regarded
the motion of the earth as a curve in the space of its Keplerian ele-
ments, the points of the curve representing, at each time, the Keple-
rian motion that the earth would follow if the forces exerted by the
other planets ceased at this instant. The motion of the planet is not
anymore described then in space-time but in the space of Keplerian
motions, that is, by the curve of its tangential Keplerian motions
at each instant. The question then consists in expressing the differ-
ential equation satisfied by this curve and eventually in extracting

Work in progress.
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some informations on the stability of the system. It is when he estab-
lished the nature of this curve that Lagrange introduced his system of
parentheses which constitute the coordinates of the — today canon-
ical — symplectic structure on the space of Keplerian motions. It
was the birth of symplectic calculus and then symplectic geometry,
see [PIZ98, PIZ02].

But the Lagrange’s method of variation of constants applies in the
first place to the basic Newton’s equations where the force applied
on a point is measured by the the deflexion of the tangential inertial
motion (see Figure 42). The motion of the point is then regarded
as a curve in the space of its tangent inertial motions of which we
shall establish the differential equation. That is the original Lagrange
interpretation of Newton’s equations, this idea fully contained, but
implicitely, in his second paper on the question in 1809, op.cit. I
shall give in the following a modern construction of these Lagrange
equations of motion.

Note. A physicist would say that the construction below is just a
change of variables.? It is maybe the way that appears at first glance,
but on a conceptual level, it does not just reduces to that. Newton
equations are by construction Aristotelian, they do not assume only
an absolute time — which is acceptable at this epoch — but also
an absolute space, since Newton’s equations are all about the second
variation of the position in space. Meanwhile, since Galilee, we know
that there is no such space, or if you prefer, there is no mechanical
way, in the world we live in, to distinguish a rectilinear uniform
motion from rest.3 Then, Newton’s equation, as they are taught
in school, are even not compatible with Galilean principles,4 but
they are still not too far. We shall see how the Lagrange point of
view transforms the Aristotelian Newton’s equations into a system
respectful of Galilean relativity.

2That is what happened to me during a talk at IHES.

3As a first approximation, of course, the reality being more complex.

4This is what generates so much confusion in school textbooks about Newton’s
equations.
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76. The space of inertial motions

First of all, let us build the space of inertial motions on wich we will
draw the curve representing the motion of our system. Considering
the simple case of a free particle in R3, an inertial motion is just a
uniform rectilinear motion, that is, a curve

= [t— x] such that — =0.
g dt

Let us denote by Mo this space of uniform rectilinear motions, My is
a smooth manifold and we have a particular global chart:

3 :RIxR® > Mo, ¥(x,v)=I[t— x+ tv].

Now, let us consider the motion of a particle with mass m submitted
to a force F, that is, a curve t > x(t) in R satisfying the Newton
equation:

d?x(t)
m— 7
dt?

The force F is assumed to be a smooth function defined on (an open

subset of) R2XR. At each intant t we can define the tangent inertial

motion to the motion [t — x(t)] as the uniform rectilinear motion

p(t) passing through x(t) at the time t, with speed v(t) = dx(t)/dt,
that is,

= F(x(t), t).

() = [s — x(t) — tv(t) + sv(t)].

In other words, the tangent inertial motion at the instant t is the

inertial motion that would have the particle if the force vanished at

this instant.

Hence, the curve t — u(t) represents the motion of the particle, but
drawn in the space of inertial motions. Let us now determine the dif-
ferential equation that this curve satisfies. We shall follow Lagrange
hypothesis that there exists a potential Q for the force, that is,

0Q(x, t)

F —_
.8 ox
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q = x(t) - ty(t)

Figure 42. Tangent inertial motion.

In the chart ¢, the curve t — u(t) writes:

q(t) x(t) — tv(t),

t) = &(q(t), p(t ith
He) = qle), ple)) - wi { pt) = v(b.
That gives the differential system

dq(t) dx(t) th(t) — dv(t)

dt dt dt dt
dp(t)  dv(t)
dt dt

Now, since the map (x,v,t) = (g = x—tv,p = v, t) is a diffeomor-
phism, the potential Q writes indifferently as a function of (x, v, t) or
(q, p, t). From the relations between partial derivatives:

00 900dx , 90dv , 00t
dg  0xdq 0dvdg 0tdq’
90 000x _ 090dv , 000t
dp  0xdp 0dvp dt0p’

with x = q+ tp, v = p, and noticing that, by hypothesis, 1 does not
depend on v, we get eventually,
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which gives

dq(t) dv(t) t _ toQ 1 09
% t % mF(X(t), t) = +m o +m op
dp(t) dv(t) 1 1 0Q 1 0Q

i = a  Tme®P = s T Tmog

Now, if we consider the symplectic structure, defined on Mp, in the
chart ¢, by

w(Bu, d'w) = m [<8v, 8'xy—(&'v, 5X>] with p=%&x,v), (&)
we recognize in the differential system above the symplectic gradient
of the potential 0. And Newton equations write then:

dp;(t) = grad(Q). )

We recall that the symplectic gradient of a real function f is defined
by the identity

grad(f) = -0 1(df) or w(gradf,du) =—df(su),

for all 3y € TuMp. The equations (L) are the Lagrange equations of
motion. They are exactly described in the Lagrange second memoir
of 1809, on the method of the variation of the constants in all the
problems of Mechanics [Lag09]; only the notations change. Their
construction leads to a few remarks:

Note 1. Lagrange’s equations of motion respect Galilean relativity:
the Galilean group acts naturally (by construction) on the space
of inertial motions Mg, that is, every element g in the Galilean
group transform an inertial motion p into another inertial motion
g«(W) = g ou. Moreover, the Galilean group preserves the symplec-
tic structure on Mo, g*(v) = », and the nature of the equations (L)
are preserved under a Galilean transformation, precisely, for a curve
t — u(t), satisfying equations (L), the curve g, (u) satisfies

dlgs(WI1(t)
dt

where g,(Q) = Qo g™!. So, Lagrange’s version of Newton equations

= grad(g. (),

behaves correctly with respect to Galilean relativity.
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Note 2. The term grad(Q) in the equations above represents literally
the force exerted on the point in this covariant Lagrange’s symplectic
framework. It is a well define geometrical object and the Lagrange

equations of motion state the obvious, since Galilee: the force exerted
on a particle is measured by the variation of the inertial motion. If

the force vanished then pu = cst i.e. in absence of force the particle
follows an inertial motion.

Note 3. Lagrange’s equations of motion look like Hamilton’s equa-
tions, but they are not exactly the same. Indeed, Hamilton’s equa-
tions involve the whole Hamiltonian H = p2 /2m+Q and not only the
potential , as it is the case in Lagrange’s equations. In the Hamil-
tonian framework, the space involved is not regarded as the space of
inertial motions (which is by construction Galilean respectful) but
it is regarded as the space of initial conditions at some instant tp, a
phase space, (which is not Galilean respectful for the reason evoked
above). This should also be seen in the light of what wrote Souriau in
the introduction of his book “Structure des Systémes Dynamiques”
[Sou70]:

“La mécanique analytique n’est pas une théorie périmée;
mais il apparait que les catégories qu’on lui attribue
classiquement : espace de configuration, espace de
phases, formalisme lagrangien, formalisme hamil-
tonien, le sont ; ceci simplement parce qu’elles ne
possédent pas la covariance requise; en d’autres ter-
mes, parce qu’elles sont en contradiction avec la
relativité galiléenne. ..”.5

With Lagrange’s method, in comparison with the usual Hamiltonian
formalism, the purely kinetic term of the Hamiltonian p2/ 2m is ab-
sorbed in the manifold of inertial motion and its symplectic structure.

5Free translation: “Analytical mechanics is not an outdated theory; but it ap-
pears that the categories classically attributed to it: configuration space, phase
space, Lagrangian formalism, Hamiltonian formalism, are (outdated theories); this
is simply because they do not possess the required covariance; in other words, be-
cause they are in contradiction with Galilean relativity...”
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That is why the Newton’s equations, in the above form (L), involve
only the potential of the external force.

Note 4. Now it is easy to imagine more sophisticated situations, for
example considering geodesics of the sphere as inertial motions, or
the initial Lagrange construction with Keplerian motions as inertial
motions etc. This Lagrange approach solves the question of equivari-
ance of the dynamics by avoiding the reference to configuration or
phase spaces, except maybe in the preliminary construction of the
inertial motions which are at the foundation of the method.

77. Deployment of the perturbation

One can deploy the perturbation along the time, that is, consider
a new dynamical system defined by a pre-symplectic structure o on
Y = Mo X R, with

» = wg O d[Qdt] = wg © dQ A dt,
where wg denotes now the symplectic form on the space Mo of inertial
motions. Let y = (W, t) a current point on Y with 8y and S’y in
TyY = TuMo X T¢tR. The evaluation of ® writes:
0®y,8'y) = wo(du,8'w) — dadWs’t + dad'w)st

= o8y, 8'W) + wo(grad()d’t, s

- wo(grad()st, 8'w)

= 0o(8u— grad(Q)st, 8'u— grad(Q)s’t)
The 2-form » on Y is clearly presymplectic, its kernel is 1-dimensional
and given by:

ker(wy) = {8y € TyY | du = grad(W5t}.

The point to clear here is the meaning of grad(Q). First of all, the
potential Q is function of y = (u, t), as we have seen. Then at the
point ¥y = (y, t), grad(Q) denotes the gradient, with respect to wg, of

the function p — Q(u, t) defined on My. We find here a version of
Souriau’s construction of the space of motions of a dynamical system
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[Sou70], but built over the inertial motions instead of built on a phase
space.

Now, the quotient of Y by the characteristic foliation of » is a smooth
manifold M. Indeed, the distribution y — ker(wy) is transverse to
the slices Mo X {t} and the restrictions m; of the projection n: Y — M
to Mo X {t} form an atlas of M. Moreover, since o is closed, denoting
by € the vector field E(y) = (grad(Q), 1) generating ker(wy), we get
£§(m) = 0, which implies that there exists a closed 2-form, denoted
by the same letter », on M such that its pullback on Y by m is @. Of
course, if the characteristic flow & is complete, that is, if the second
projection pry : Y — R, restricted to every integral curve, is surjective,
then (M, ) is symplectomorph to (Mo, o).

78. Example of the oscillator

We consider a couple of points x = (x1, x2) € R3 x R3 and the New-
ton’s equations

d?x(t) _ (xa(t) - x1 (1)
dt? x1 () — x2(t)

(A) The symplectic form on inertial motions — A variation of an
inertial motion u € Mg writes necessarilly

Sp = [t — 8X + tdv] € TuMo.

Denoting by |1 the speed of the motion we can check that, for two
such variations Su and &y, the value

0(8u, 8'Ww) = m [(81a(t), 8'u(t)) — (&'1u(t), Bu(t))] ()
does not depend on the instant t where it is computed, and it is equal

to the expression given in (&%) above.

(B) The action of Galilean group — The action of Galilean group
assumes a space-time E = R3 xR, the points of E are denoted by
(x,t). The Galilean group is the following group of matrices with
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Ae SO@®), b,ce RBandee R :

A b c A b c X Ax+bt+c
g=10 1 e and 0 1 e t| = t+e ,
0 01 0 01 1 1

where E is imbedded in this affine picture as the level 1 of EXR. Now,
an inertial motion is an affine line in E, that is :

H={<Xttv>eE|teR},

where, as usual x,v € RS. Then, Galilean group acting on E maps
the affine line p into another affine line g(u) and immediately :

_ Ax+c+t(Av+b)
g(p)—{( Pt e )eElteR},

or again:
gw=I[t— Ax+c+ (t—-e)(Av + b)].

The symplectic form » on My is obviously invariant by g, indeed, let
p = g(w), then 8y’ = [t — Adx + (t — e)Adv]. Computed for t = e,
the expression (#) above gives g*(0) = w, since A € SO(3).
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Poisson Bracket in Diffeology

In this note we show how to understand the Poisson bracket in diffeo-
logy, working directly on the group of Hamiltonian diffeomorphisms
without involving tangent spaces and Hamiltonian gradients. Indeed,
as it is usually defined, Poisson bracket seems to be a contravariant
object and therefore not really adapted to diffeoclogy, but it can be
defined in a covariant way, which is more adequate with the diffeo-
logy framework.

The question of Poisson bracket in diffeology has been raised many
times, and recently again by Jim Stasheff in a private discussion. This
time I want to give an answer that I find satisfactory.

79. Classical Poisson bracket

The Poisson bracket is generally introduced in symplectic geometry
as a binary operation on the space of functions. Let (M,w) be a
symplectic manifold, that is,

we Q®(M), do=0 and ker(w)=0.
Let x — u be a smooth real function on M, we denote by
grad,(u) = o ' (du)

is symplectic gradient. Here ® is regarded as a linear isomorphism
from TM to T*M, so » '(du) is a tangent vector field. The Poisson
bracket is usually defined in the following way [Sou70]:

314
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303. The classical definition Let x — u and x — v be two smooth
real functions on M,! The Poisson bracket of u and v is denoted and
defined by:2

{u, v} = w(grad (w), grad,(v)).

The Poisson bracket as it is so defined is a bilinear map
{,'}: €”(M,R)? > C°(M, R)

That satisfies some classical relations called Jacobi identity we do not
discuss here.

Next, by applying the definition above of the symplectic gradient, we
have also the equivalent definition:

0
{u, v} = du(grad, (v)) also denoted by a—z(gradm(v)).

80. Poisson bracket in diffeology

The problem with all these concept involving tangent vector fields
and Lie algebras is that they have not only one interpretation in
diffeoclogy. That is why we have to bypass as much as possible the
introduction of tangent spaces in their generalizations in diffeology.
That works for the moment map, relatively well, as the many exam-
ples in [PIZ10] have shown. This is what we propose in the case of
the Poisson bracket, to get a definition that covers the classical case
and satisfies the constraints of a good diffeological equivalent.

Let us now come back to the classical picture for a while. Assume
that the vector field

x — grad, (w)
is integrable. That is, it defines a 1-parameter group of diffeomor-
phisms

t 1 e8rad, ()

IThey are called dynamic variables by Souriau.
21t is denoted by [u, vlp in [Sou70].



316 POISSON BRACKET IN DIFFEOLOGY

Let us change our notation to:
Zn x> Zy(x) = grad,(w) and Zjy : x> Ziy(x) = grad, (u).
We have
{u, '} = 0x(Zm(x), Z}y(x))
Assume now that Z,Z' belong to the Lie algebra § of a Lie group G
z,Z e G.
The 1-parameter groups {e’ grad,(wWy, o and {et gradm(u/)}ten are just
the action of two l-parameter group in G
/
{e"?}ier and {e'? };cr Dbelong to Hom™(R,G),

and Zy(x) and Z{\/I(X) are the fundamental vector fields associated
with Z and Z’ in G. Thus,

0x(Zm(x), Z)(x) = " (0)(Z,Z)),
where
g gux)
is the orbit map at the point x and gy € Diff(M) denotes the action
of G on M. Indeed
25 (@)(Z,2) = 0x(D(£)15(2), D(&)15(Z))
= 0x(Zm(x), Zyy (x)),
because

tZ
Oeyy (x) = D(3)14(2),
0t |;—

where 1g denotes the identity in G. Now,

Zv(x) =

304. Proposition. If the group G preserves o, that is, if

Vge G, gy =ao,
then
Vge G, L(@*&" () =x"(0).
where L(g) is the left multiplication in G. Thus the map x — %*(v)

defined on M takes its values in the vector space of left invariant
2-forms on G.
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Let us denote for now
G ={eec 0¥(@)|Vge G, L(g*E) =¢}.
Thus,
{,}=Ixm "] e C°(X,53).
Such that
{, }x(2Z,2) = 0x(Zm(x), Z)y (x)).
Come back to our symplectic gradients: the flow {e?82%(W} g they

define is called Hamiltonian because its Hamiltonian [TB, §9.15] is
[x — u]. Of course the group

Hy, = Ham(M, )

is not a Lie group, but it is a diffeological group and as such obeys
to all diffeological constructions, in particular the diffeological vector
space of left-invariant k-forms on H, is well defined

I = {e € 05(Hy) | L(g)*(e) = €},

for any diffeological space X equipped with a closed 2-form ®. The
space H = J-CZ; 1 has been already defined as the space of momenta
of the group H, [TB, §7.12].

Therefore, we can define now the Poisson bracket in full generality:

305. The Poisson bracket in diffeology. Let (X, ®) be a parasymplectic

space. Let Ham(X, ») be the group of Hamiltonian diffeomorphisms
[TB, §9.15], and J(} , be the diffeogical vector space of left-invariant
2-form on X. We call Poisson bracket the map

{,}:x—= %%, {, }e (X, 9{2‘)’2).
But this definition coincides with the classical version when (X, ) is
a symplectic manifold.
C® Proof. Consider a n-plot P : U = H, with P : r — gr, centered
at 1 = P(0). Then, for all x € X, for all r € U and &r,8'r € R™:
{-, }x(P)(8r,8'r) = £*6(P)(6r,8'r) = w(% 0 P)(5r,8'r)
= o(r = gr(x));(8r,8'r).
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Since {:, -}x is left-invariant it is defined by its value at the identity
[TB, §6.40, 7.18]. Thus, let us compute {:, -}x(P) at r = 0 for two
vectors v, v/ € R2.

o(r = gr(x)o(v, v/) = olr = gr(x))o(v, v/)

_ agKX)
= o0 ( G,

= wx(Zn(x), Zh(x)),

), 28X
r=0 or

(v’>)

r=0

where
0
& (1) — D(s o gay(@emo(), (s R)
or r=0
_ N 0gsv
- D(X)1G< 0s s=0)
= D(%)1,(2),
with
7 = agbv
0s s=0

Indeed s — ggv is a centered path at the identity 1g, then its deriva-
tive defines a tangent vector Z € T1,(G), that is an element of the Lie
algebra §G. If the action of G on M is Hamiltonian then Z = grad  (u)
and Z' = grad, (u’) Therefore:

o(r = gr(x)o(v, v) = 0x(Zm(x), Zj;(x)) = {u, u'},

which is the ordinary definition of the Poisson bracket in symplectic
geometry. »

306. Remark The Poisson bracket is not only a map from X to left-
invariant 2-forms on Ham(X, ®):

(A) The Poisson bracket takes its values in the space of invariant
closed 2-forms:

dl{-, }x)] = dlx*w] = £*[de] = 0 for all x € X.

Developed, this gives the Jacobi identity.
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(B) Consider the special case when  is exact and its primitive is also
exact:
®=do and h*(a) = o for all h € Ham(X, »).
Then, the Poisson bracket is related to the universal moment map g,
[TB, §9.14]:
{, }x) = dlpe(x)] forallxe X ,

since e (x) is in this case simply £*(a).
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Smooth Embeddings and
Smoothly Embedded Subsets

Since Henri Joris paper we potentially know that, paradoxically, the

3 = 0 is an embedded submanifold of R2. So, how to

semi-cubic y2—X
understand the singularity of the cusp? This is because, if the cusp
is embedded, it is not smoothly embedded. And this note will detail

this aspect.

81. Smooth embeddings

The semi-cubic is the subset & c R? of equation y2 -x3=0. Itis
represented in Figure 43. It is the image of the map

t2

. 2 .

j:R—>R% _]Zti—)<t3>.

The map j is not an immersion since j'(0) = 0, where j' is the deriv-

ative of j. But a longtime question was : is j an induction?

I recall that the map j is an induction [TB, §1.29] if and only if: j
is smooth, injective and the inverse j_1 : & - R is smooth, where
G = val(j) is equipped with the subset diffeology.

In that case, that is equivalent to the following:
Question. For any smooth parametrization P : r — (x(r), y(r)) with
values in &, that is, y(r)? — x(r)® = 0 for all r, is the following map

320
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smooth?
y(r)

x(z)

The solution to this question comes from a theorem due to Henri
Joris [Jor82], which was pointed out to me by Yael Karshon.! In a

t(r) =

simple version:

307. Theorem (H. Joris). If a real map f is such that t — f(t)? and
t > £(t)3 are smooth, then f is smooth.

R

Figure 43. The semi-cubic y2 = x3.

308. Corollary. The map j : t — (t2,t3) is an induction from R into

R?. The semi-cubic & image of j is an embedded submanifold of R2.

C® Proof. Clearly j: t+— (x = t%, y = t3) is smooth, and injective:
t = ¢¥. Let r = P(z) = (x(1), y(r)) be a plot in R? with value in &.
Then, j ! oP(r) = t(r) such that r — t(r)? and r — t(r)3 are smooth.
To apply Joris theorem we need to come back to a map from R to R.
We can use Boman'’s theorem |[Bom67]

309. Theorem (J. Boman). A continuous parametrization P : U —
R™, is smooth if and only if, for any smooth path y in U, the com-

posite P oy is smooth.

IIn a private discussion, but since commented in [KMW22].
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But, for each such smooth path, the composite s — t(r(s)) is smooth,
thanks indeed to Joris theorem. Thus, r — P(r) is smooth. To finish
Jj is an embedding because y — J/y is an homeomorphism of R. »

So, we have a figure, the semi-cubic, image of R by an induction,
which is by construction a submanifold of R? because its subset dif-
feology is equivalent to R.

There is clearly something weird in that situation, the cusp at (0, 0)
is obviously a singularity. But since it is transparent to the subset
diffeology, how to capture it? That is the question.

82. Smoothly embedded subsets

The answer lies in the relationship between the ambient space R?
and the subspace &. Consider the pseudo-group of diffeomorphisms
of R? that preserve &, that is, that fix globally &,

Diffioc(R?, &) = {0 € Diffioc(R?) | (&) = &3}

Since ¢ is a local diffeomorphism ¢(S) = ¢(ENdom(9)). If SGNdom ()
is empty, there is nothing to check. Then,

310. Proposition. Every local diffeomorphism ¢ € Diffjoc(R?, &) fixes
the point (0,0),

V¢ € Diffjoc(R?, &), $(0,0) = (0,0).

C® Proof. Let ¢ € Diffjoc(R?, &) such that ¢(0,0) = (x,y) and
(x,y) # (0,0). The restriction ¢ [ & belongs to Diff1oc(&). Thus,
¢=j1o(d | &) o] belongs to Diffjoc(R).

R—J » &cR?
9! 016
R—— G cR?

J
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Let us derive jog = (¢ | &) oj at the point 0, and let j(t) = (x,y) =
0(0,0):
D@Go@)0) = DU [ &) o))
D@()(t) o D(e)(0) = D(0o [ &)(0,0) o D(j)(0)
D) (t) o D(e)(0) = 0.

But t # 0 implies rank(D(j)(t)) = 1, and D(¢)(0) is a non-zero num-
ber, thus the composite D(j)(t) o D(¢)(0) cannot be zero. »

So, although the local diffeomorphisms are transitive on &, the local
diffeomorphisms of R? preserving G are not. This is this iatus which
capture the singularity at 0. This remark leads then to a refinement
of the concept of embedding. Let X be a diffeological space and
S ¢ X an embedded subset [TB, §2.13].

Let us begin by defining two groupoids:

(A) Let Kg be the groupoid of germs of local diffeomorphisms
of G.

Obj(Kg) =6
Morg (x, x) = {germ(®)x | ¢ € Diffioc(&), 0(x) = x'}

(B) Let Kx g be the groupoid of germs of local diffeomorphisms
of X preserving G.

Obj(Kx ) =6
{I\/Iorx’g(x, x') = {germ(0)x | ¢ € Diffjoc(X, &), d(x) = x'}
There is a natural morphism restriction ¢ from Kx g to Kg:
$opj = 1l and ®mor : germ(P)x — germ (¢ | G)x.
That leads to the following definition:

311. Definition 1. We shall say that an embedded subset & < X is
smoothly embedded if the morphism ¢, from Kx g to Kg is surjection
on the arrows. That is, if ® is a full functor.

In other words, the embedded subset & is smoothly embedded if it
is embedded and the germ of any local diffeomorphism of G can be
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extended to a local diffeomorphism of X; or again if the germ of
any local diffeomorphism of & is the imprint, or the trace, of a local
diffeomorphism of X.

Thus, the semi-cubic is indeed and embedded submanifold, but not
smoothly embedded.

This notion of embedded subset goes back to the embeddings. We
get the definition of smooth embeddings.

312. Definition 2. Let j: ¥ — X be an embedding. we shall say that
j is a smooth embedding if & = j(L) is smoothly embedded in X.

Conclusion: The injection j: t — (t2,t3) is an embedding, but not a
smooth embedding.

Notes




Seifert Orbifolds

The quotient of a 3-manifold by an effective action of s!, without
fixed points, is a classical example of orbifold. But how does that fit
within the diffeological framework?

We’ll talk about classical things and construction in differential ge-
ometry, but from the point of view of diffeclogy. We’ll see how, in
this example, the vocabulary and constructions of diffeclogy fit the
needs of the problem. We shall consider in particular the diffeological
definition of an orbifold, that is, a diffeoclogical space locally diffeo-
morphic to a quotient R™®/T, where I is a finite subgroup of the linear
group GL(n, R), see [IKZ10] for the details.

Warning. One should not confuse what we call in this note a "Seifert
orbifold" with what topologists call "Seifert fibered orbifold", as it
appears in [BS85] for example. For us the orbifold is the space of
Seifert fibers of a Seifert fibered manifold, and not an orbifold that
would be the total space of a Seifert fibration.

83. A little bit of smooth Lie group actions

Consider a smooth action of a Lie group G on a manifold M.

(A) Diffeologically speaking, such an action is a smooth homomor-
phism g — gu, from G to Diff(M), where Diff(M) is equipped with
the functional diffeology [TB, §7.4].

325
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(B) Let x € M and H = St(x), the stabilizer of x. The orbit map
g — gm(x) from G to M is strict, that means that the projection
class(g) — gm(x), defined on the coset G/H into M is an induction.
In other words, the map class : G/H — O is a diffeomorphism,
where G/H is equipped with the quotient diffeclogy and Ox < M is
equipped with the subset diffeology [IZK12, § 1]: equipped with the
subset diffeology, the orbit Oy is a manifold diffeomorphic to the coset
G/H. Now, if G is compact, then this induction is an embedding and
the orbit is an embedded submanifold.

(C) If G is compact, the type of stabilizers (or orbits) of a smooth
action of G on a manifold M, is given by the Theorem of Principal
Orbits [Bre72, Theorem 3.1 of Part IV].

313. Principal orbits. There exists a maximum orbit type G/H for

G on M (i.e., H is conjugate to a subgroup of each isotropy group).
The union My of the orbits of type G/H is open and dense in M.

In particular, the stabilizers of any two points in M) are conjugate.
The orbits of points in M) are called principal orbits.

Non-principal orbits are called singular orbits. If a singular orbit has
the same dimension than the principal orbits, the orbit is said to be
exceptional.

(D) If G is compact, the Theorem 2.4 of part VI of Compact Group
Action on Manifolds [Bre72] states that:

314. Smooth linear tube. Let x be any point in M, and let H be the
stabilizer of x. There exists a vector space V, an orthogonal action

of H on V, and a local G invariant diffeomorphism ¢ : GXg V — M.

The space G Xy V is the quotient of G XV by the diagonal action of
H, hgxv : (g, v) = (gh™, hy(v)), where h — hy denotes the action
of Hon V.

The image of the local diffeomorphism ¢ is an open invariant tube
about the orbit Ox, image by ¢ of the zero-section in G Xy V.
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84. Circle actions on manifolds

Consider a smooth action of the circle S! on a manifold M. According
to the Theorem of Principal Orbits of compact groups actions on
manifolds, there exists a Sl-invariant open dense subset of M such
that all of its points have the same principal stabilizer H, a closed
subgroup of S'. And this principal stabilizer is contained in every
stabilizer.

If the principal stabilizer is S! then all stabilizers are S! and the
action is trivial.

If the action is not trivial then H is a cyclic group Zpy = {e | ™ = 1}.

In the case of a non trivial action of S!, it is always possible to
consider the quotient group S'/H, which is isomorphic to s!, and
the situation is reduced to an effective action of Sl, that is, an action
with principal stabilizer {1}. This will be what we assume now.

If the action has no fixed points then the singular orbits are excep-
tional, and conversely.

85. Seifert orbifolds

Now, we can present the object of our note. We refer to [Sco83] for
the vocabulary and general context.

315. Seifert fibration. A Seifert Fibered Space (or Seifert fibration)
is a 3-manifold M with an effective action of S! without fixed points.

Because all the stabilizers are cyclic, the fibers of the Seifert Fibered
Space, that is, the orbits of the action of the circle, are diffeomorphic
to the circle, when equipped with their subset diffeclogy [IZK12, §1].
What about the quotient space?

316. Seifert orbifolds. Let M be a 3-manifold with an effective action
of S!, without fixed points. Then, the quotient space Q = M/ st is
a 2-manifold if the action is principal, or a 2-orbifold with isolated
conic singularities otherwise.
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C® Proof. Thanks to the Linear Tube Theorem, every orbit Ox has
an equivariant open neighborhood diffeomorphic to a linear tube of
type st Xz, C, where Z;, is the stabilizer of x. Then, about the orbit
Ox € Q, the quotient space Q is locally diffeomorphic to [Sl><zrn cl/st,
where the action of S! is given by tclass(z, Z) = class(tz, Z). Note
in particular that class(z, Z) = zclass(1, Z2).

Consider the map J : C — S! xz_ C, defined by J(Z) = class(1, Z).
The map J is an induction. Indeed, it is clearly injective. Moreover,
let r > Z(r) be a plot in J(C) c S! xz_ C. Since class : SI xC —
st Xz, C is a subduction, by construction, there exists always plots
r = (z(r), Z(r)) in S! X C such that, locally, T(r) = class(z(r), Z(r)).
But since {(r) € J(C), for all r in the domain of the plot there is A=
C such that class(z(r), Z(r)) = class(1,Z’). Thus z(r) € Z,, c C, and
since Zp,  C is diffeologically discrete, r — z(r) is locally constant,
z(r) = € € Zpy. Hence, T(r) =)oc class(l,€Z(r)), with r — €Z(r)
smooth. Therefore, J is an induction.

Next, every sl-orbit in St Xz, C writes sl class(1,Z) = {class(z, Z) |
z € S1}, for some Z € C. Its intersection with J(C) is the set

(s'-class(1,2)) N J(C) = {class(1,€Z) = J(eZ) | € € Zm}

Thus, there exists a natural bijection j : C/Z, — (S1 Xz C)/S1
mapping every Zm-orbit in C to the corresponding Sl-orbit in St XZm
C.

j(class(Z)) = St - class(1, Z).

Now, let pr: Slxsz - (Slxzm C)/S1 be the natural projection. Let
us prove that the restriction pr [ J(C) is a still a subduction. Let r —
C(r) be a plot in (Slxzm C)/Sl, locally C(r) = class(z(r), Z(r)), where
r = z(r) and r — Z(r) are smooth. But, class(z(r), Z(r)) = z(r) -
class(1, z(r)Z(r)), then pr(class(z(r), Z(r))) = pr(class(l, z(r)Z(1))),
and class(1, z(r)Z(z)) belongs to J(C). Thus, as claimed, pr [ J(C) is
still a subduction.

Therefore, since class : C — C/Zp and pr | J(C) : J(C) — (Sl Xz,
C)/ st are two subductions, since J is an induction, and the factoriza-
tion j: C/Zmym — (S1 Xz C)/Sl is a bijection, j is a diffeomorphism.
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J 0

c—2 sslxg c——— M

J [pr lﬂ

C/Zm —— (8" Xz, C)/St —— M/s?

Finally, the equivariant local diffeomorphism ¢ : st Xz, C — M, given
by the Smooth Linear Tube Theorem above, projects on a local dif-
feomorphism f : (S1 Xz C) /S — M/S!. The composite f o is then
a local diffeomorphism from C/Zp into M/S!. Therefore, M/S! is
an orbifold according to [IKZ10, Definition 6]. The singular points
are the images by f o j of class(0) € C/Zy. They are clearly isolated
and conic. If there is no exceptional orbit, then M/ st is obviously
just a manifold (which is just a consequence of the Linear Tube The-
orem). b

by Niles Johnson (2012)

A vision of the Hopf fibration



Symplectic Spaces Without
Hamiltonian Diffeomorphisms

We consider the 2-dimensional irrational torus Tgp = Tapr, where
Ty = R/Z+ oZ and Tp = R/Z +pZ, with o, € R— Q. We check
that 2-form o = 64 A 6, where 64 and 6p are the projection of dt on
Ty and Tp, is symplectic, according to the definition of a symplec-
tic form in diffeoclogy. Then, we show that the group of symplectic
transformations Diff (Tg’p, ®) has no Hamiltonian transformation.

86. Diffeomorphisms of an irrational 2-Torus

Let T;5 = Ta X Tp, where Ty = R/(Z+ aZ) and Tp = R/(Z +p2),
with o, € R—Q. Let ® = 64 A0p, where 64 and 6p are the projection
of dt on Ty and Tp. That is, 1y (8e) = ng(ep) = dt, whereny : R = Ty
and mg : R = Tp are the projections.

317. The diffecomorphisms. Let A : ¢ — ((T,T/),(])) be the map, de-
fined on Diff(T2 s) by

(t,t') =%(1,1) and 0(z, Z)=,7) 8z 2).

The pair ('t,'t’) belongs to Tgﬁ, the bar T denotes the inverse T_l,

the dot - denotes the group multiplication on Tg B’ and ¢ belongs to
the subgroup Diff(T2 g 1) of diffeomorphisms fixing 1 = (1, 1).

330
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(1) The map A is a diffeomorphism from Diff(Tg’ﬁ) to the prod-
uct Tg,p X Diff(Tg’ﬁ, 1), where Tgp is equipped with its dif-
feology and Diff (Tg’p, 1) with the functional diffeology.

(2) Acting by multiplication, the group Tg’p is naturally con-
tained in Diff (Tgp). It is its neutral component:

Diff(T2 5, 1)° = Tap.

(3) The subgroup Diff (Tz B’ 1) is discrete and identifies with the
group of components of Diff (Tg I3):

no(Diff (T 3)) ~ Diff(Tj g, 1).

C®» Proof. Since Tgp is a diffeological group (multiplication and
inversion smooth), the map A is smooth. Its inverse is given by

N (('c, ), q)) —[8:(z,2) - (t,T) - 0(z, ZD1.

And for the same reasons, A7l is smooth too. Therefore, A is a diffeo-
morphism.

Now, let us prove that Diff(Tg B’ 1) is discrete, for the functinal dif-
feology. Let ¢ € Diff(Ti B 1), and consider the composite ¢pon : R% —
Tg,p’ where 1 : R? — Tg’p is the projection. Since R? is simply con-
nected, and since ¢(1,1) = (1, 1), there exists a unique smooth map

% : R? - R? such that (0,0) = (0,0) and toé = ¢om.

rR2 —% ,R?

| |

2 2
T(X,ﬁ Ea— TO(,F.’)

¢

Now, let us denote by K the group (Z + aZ) x (Z + fZ) < R?. The
group Tg B is just the quotient R2?/K. The map & satisfies then

(X +K)=¥X)+K.

Where K’ depends a priori on X and K. But since X > $(X+K)—&(X)
is smooth, and since K C R?is discrete, K’ depends only on K. Thus,
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the tangent linear map satisfies
D(®)(X + K) = D(®)(X),

for all X and all K. Choosing X = 0, we have, for all K € K,
D(®)(K) = M, with M = D(%)(0) € L(R?2). But since X — D(3)(X) is
smooth and K is dense in R?, D(8)(X) = M for all X. But that gives
the expression of ¢, which is a linear map:

$(X) = MX with M e GL(R?).

Remark that a priori M is just linear, but if it has a non-zero kernel
then its image by m in Tz,ﬁ is (at least) a whole 1-dimensional sub-
space mapped into (1,1) by ¢. But ¢ is a diffeomorphism and that
cannot happen. Therefore, M is non degenerate, and Diff <T§,FS’ 1)° is

naturally identified to a subgroup of GL(R?). Now, since o = ¢on
and ¢(1) = 1, MK c K. Actually, since M is the lifting on the univer-

sal covering of a diffeomorphism, MK = K. Thus, for all n,m, n' , m’

in Z, there exist n”,m”, n”’,m”’ in Z such that

a b n+ oam _ n” 4+ om"” th M = a b
c d) \n +pm’ " +pm"”’ w c d

We shall not solve this equation because it is not the purpose of this
exercise, but let us just notice that:

a,be Z+ aZ oaa,Pbe Z+ aZ
c,de Z+pZ ac,pde Z+PZ

From these conditions, we get immediately that the subgroup in
GL(R?) identified to Diff(Tg B 1) is discrete (diffeologically). Hence,
since Diff(Ti p) ~ Tgp X Diff(Tgp, 1), where Tip is connected and
Diff(Tglﬁ, 1) is discrete, the group Diff(Tg,p, 1), identifies naturally
with mo(Diff(T2 6. >

87. The moment map of the torus action onto itself

We consider now the action of R? on Tg B defined by

(a, b)sz(z, z') = mo(a, b)g2(x,x") = (no(x + a), na(x’ + b)),
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with

(z,7) = n(x, '), that is, z = ny(x) and z' = Ttp(xl).

The paths moment map of this action of R? on (Tg B’ ®) is defined by
¥(y) = " (Kw),

where X is the Chain-Homotopy Operator, y € Paths(Tg,p) and ¥ is
the orbit map ¥ : R? — Paths(T2 p), defined by

¥:(a,b) > [t (a, b)Ti,pY(t)]'

Let vy : t = (z(t), Z/(t)) be a path in Tg,p' Thanks to the Monodromy
Theorem, there always exists a lift y : t — (x(t), x'(t)) of y into R2,
Y() = n(e(t)) = (e (x (), mp (x' ().

It is uniquely defined by y and the image of 0. We denote by
n, : Paths(R?) — Paths(Ti,ﬁ), with m.(y) = toy,

the projection defined by the composite.
318. Exercise. (The moment map) Let y be a path in Tgﬁ and y be
a lift of vy into R2. Show that
v(y) = ¥y,
where ¥ denotes the paths moment map of R? acting on Tg B for the
left-hand side, and acting on R? on the right-hand side.
C® Proof. We have:
Ta,p) = [t (a bz (2(0), Z/ ()]
[t = (na(x(t) + ), me(x"() + b))]
= [t u(x(t) +a,x'(t) + b)]
= mno(a,b)gzox
= m«(¥(a, b))
= m,o¥(a,b),
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and then,

Y=Tmx«0%.
And we note that that apply to any lift ¥ of y. Injecting that into
the expression of the paths moment map above, we get

—
¥(Y) =m0 % (Ko) = £ (()*(Ka)).
But, according to the variance of the paths moment map,
(M) oK =Kon".
Thus
¥(y) = £ (K" (@) = §*(K(dx A dy)) = ¥(y),

And that is what had to be proven. »

319. Exercise: The universal path moment map. Let y be a path in
Tg’p and y be a lift of y in R2. Let ¥(0) = (a, b) and y(1) = (a’, ).
Show that the path moment map relatively to R? is given by

¥(y) = (a - a)dy - (b’ - b)dx.
And that the universal moment map is then

¥,(y) = (a' - a)op — (b — b)By.

C® Proof. According to the previous exercise, ¥(y) = ¥(y). Next,
since ¥(y) is fixed-ends homotopic invariant, we can always choose y
to be the affine path connecting its origin to its end:

¥(y) = ¥([t — t(a’, b)) + (1 - t)(a, B)D).

The expression of the moment map in this case is simlpy given by

1
Y (P (61) = J (dx A )y (D), B¥(D)) dt,
0

with
1 PG

or (&),

I_
(1) = (Z,_Z) & dy(t) = [DPI) (D)

where P is a plot of R2. Now, the moment map ¥(y) is an invariant
1-form on R?, thus ¥(y) = Adx + Bdy. The coefficients A and B are
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given by ¥(x)[s = T(50)]s(1) and ¥(¥)[s = T(g 5ls(1), where T(y ;) is
the translation of (x, y). In our case [D(P(2))(x(t))] = 1,

aT(S,O)(X’y) (1) — (1’ 0) and aT(O,S)(X’ y)
0s 0s

! a'—a 1 /
A—JO(dX/\dy) <b’—b) <O> dt =—(b' - b)

1 !
o a'—a 0 _
B _Jo (dx A dy) (b'—b) <1> dt=a'—a.

Thus, ¥(y) = (a’ — a)dy — (b’ — b)dx. Now, since Diff(Tgﬁ)o = Tgp,

and T; 5 = R?/(Z+ «Z) X (Z 4+ BZ), ¥, is the pushforward of ¥, that

is, ¥y(y) = (a' — )8 — (b' = b)6y. >

(1) = (0, D).

Hence,

and

320. Exercise: The holonomy. Let I, be the universal holonomy of w.

We know that the neutral component of Diff(Ti[s, ®) is isomorphic

to Tg B acting on itself by multiplication. Show that

Ty ={kby +k'63 | ke Z+PZ and k' € Z+ oZ}.

C® Proof. By definition
To = {¥,(0) | € € Loops(T4)}.

We can choose the loops { pointed at the origin. Every loop pointed
at the origin is the projection on a path y = [t — t(k, k)], where
ke Z+aZand k' € Z+ BZ. Now, according to the previous exercise
we get immediately ¥,(y) = k6 — k'0q. »

88. The symplectic irrational torus

We already proposed, in a few papers, a definition of a symplectic
diffeological space. The objects and constructions used here can be
found in [PIZ10]

321. Definition. A closed 2-form » defined on a diffeological space X
is symplectic if it satisfies the following two conditions:
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(1) The space X is locally homogenous under the action of local
automorphisms. Precisely, that means that for every pair of
points x,x' in X, there exists a local diffeomorphism ¢ of X
such that:

0*(®@) = o | dom(¢) and ¢(x) =x'.
(2) The universal moment map p, : X — G5/T, is injective.l

The first condition? describes a presymplectic space. The second
condition mimic what happens for symplectic manifolds. This defi-
nition could be possibly modified if the development of “Symplectic
Diffeology” requires it, but it captures already quite well the spirit
of what we regard as symplectic.

Note however that the second condition has a better formulation
using the 2-points moment map ¢,, with values in G} /T, that is,

(2’) The diagonal AX = {(x,x)}xex is the zero locus of the 2-
points moment map ¢.

This condition has an expression involving only the paths moment
map:

(2”) For all y € Paths(X), ¥(y) € T, if and only if y € Loops(X).

322. Exercise: Symplectic irrational 2-torus. Show that the irrational

2-torus Tg’p, equipped with the 2-form o, is symplectic.

C® Proof. We know already that the neutral component of Diff (TZ B ®)
is Tg’p itself. Then Diﬁ(Tg’p, ®) is transitive and o is presymplectic.
Now, the paths moment map for a path y connecting z = n(a, b) to
z/ = n(a, b’) is given by
¥y () = (@' — a)6g — (b’ — b)Bq.

Then, ¥,(y) € T, if and only if a’ —a € Z+ aZ and b’ - b e Z + pZ,
that is, @’ =a+k and b’ = b+ k/, with k€ Z+ oZ and k' € Z + pZ.
Thus, z/ = n(a+ k,b+ k') = n(a,b) = z and y is a loop, and the

11t is safer to ask for a covering onto its image.
2There is an alternative between local transitivity or local homogeneity actually.
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condition (2”) is satisfied. Since the two condition (1) and (2”) are
satisfied, (Tg,ﬁ’ ®) is a symplectic diffeological space. »

There are two equivalent ways of considering Hamiltonian diffeomor-
phisms, described in [TB, §9.15] and [TB, §9.16]. Use both of them
in the next exercise.

323. Exercise: Hamiltonian diffeomorphisms. Show that the group

of Hamiltonian diffeomorphisms of (Tz B ®) is trivial.

C® Proof. Considering the definition [TB, §9.15], we first construct
the group f]/-\f(,, as the intersection of the morphisms f;, from the cov-
ering of the neutral component of Diff(Tg’ﬁ, ®) to R, integrating the
closed 1-forms € € T'y,. And then, the group Ham(Ti,ﬁ, ®) is the pro-
jection of J/:C(,, in Diff(Tg,ﬁ,w). In our case € write kOy + h6g, where
ke Z+BZ and h € Z+ oZ. Its integration function is fz : (x,y) —
kx + hy. Its kernel is the line ker(e) = {t(-h, k)}tcr. Therefore the
intersection ﬂ/:f(,, is reduced to {(0,0)}, and Ham(Tip, o) = {1}.

The second way describes the element of Ham(Tg,p, ®) as the end of
paths t — f; in Diff (Tip, ®), centered at the identity, for which there
exists a path t — &; in @m(Tg,ﬁ,R) such that ip,(0) = —d®;, where
F: = [s = f; o fi45] [TB, §9.16]. But in our case, G“(Ti’p,R) is
reduced to the constant maps, then for all t, d¢; = 0, that is, ip,(0) =
0. Let pe Paths(Tglp) and let [t — f;] be a path in Ham(Tg’p, ®) C
Diff(Tglﬁ,w). Thanks to formula [TB, §9.2 (&%)], we have

¥, (p)([t = £D:(1) = —J ir, (@) =0,
p

for all path [t — ft] in Ham(Tg,p, ®). Now, on the one hand, ¥,(p) =
(a’ — a)6p — (b’ — b)By, where p(0) = m(a, b) and p(1) = n(a’,b’). On
the other hand, t — f; has a lifting in R?, f; = (o (x(£)), g (7 (£)).
Then, ¥,(p)([t = £]):(1) = (a’-a)y(t)— (b’ = b)x(t) = 0, for all a'—a
and b’ — b. Thus, x(t) = 0 and y(t) = 0. Therefore f; = 1 for all t,
and Ham(Tg’p, w) = {1}. »



The Diffeology Framework of General Covariance

In this lecture! I will present the principle of general covariance, in-
troduced by J.-M. Souriau in the 70s, as the active version of the
principle of general relativity. I will show how we can include it in
the formal diffeology framework.

89. The principle of general covariance

Jean-Marie Souriau established its principle of general covariance in
a few papers. Namely, the first two as short notes [Sou70a, Sou70b],

- Sur le mouvement des particules 4 spin en relativité générale. C. R.
Acad. Sci. Paris Sér. A, 271 :751-753, 1970.

- Sur le mouvement des particules dans le champs életromagnétique.
C. R. Acad. Sci. Paris Sér. A, 271 :1086-1088, 1970.

Profusely deveoped and completed in a famous paper [Sou74]

- Modéle de particule & spin dans le champ électromagnétique et
gravitationnel. Ann. Inst. Henri Poincaré, XX A, 1974.

The purpose of these papers was to describe the motion of a material
medium submitted to the action of a gravitational field, represented
by a pseudo-Riemmannian metric g, of signature (+ - —-), on a
manifold M with dimension 4, the space-time.

ITalk given at the “Theory of Gravitation and Variation in Cosmology” School,
CIRM/Luminy, April 12-16, 2021.
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Of course that depends on the nature of the medium: if it is a contin-
uous medium or a system of particles, in presence of electromagnetic
field or not, with or without spin. ..

The motion, the evolution, of these system are described by differen-
tial equations, ordinary or partial differential systems. In his papers,
Souriau proposes a unique process, a mechanism, which gives them
all at the same time, according to the same principle of general co-
variance, which can be regarded as the effective principle of general
relativity.

I should mention that the principle of general covariance is not the
only way to find the equations of motion of material medium in gen-
eral relativity. There is obviously the classical variational approach,
the motion are the extremals of some action functions defined by a
Lagrangian. I will show later how the two approaches are related.

The point is that it is not apparent if and how the variational ap-
proach expresses the principle of general relativity, but there is no
doubt about the principle of general covariance. We’ll discuss it.

324. The Physis. As we said above, let M be a manifold of dimension

4. To describe the motion of a passive material in the gravitational
field we shall consider the infinite dimensional space of all the pseudo-
Riemmannian metric on M. Let M be this space.

M = {g : pseudo-Riemannian metric | sgn(g) = (+—- —-)}

Now consider the group Diff(M) of diffeomorphism on M, acting by
pullback (or pushforward) on M: For all f € Diff(M), for all g € M,

(@) x(v, w) = gr(x) (Dfx(v), Dfx(w)).

Now, the indifference of the real world with respect to its different
representations leads to regard the gravitational field equivalently
represented by g or any other metric g’ on the same orbit of the
group Diff(M). In other words, the gravitational field is not g but
the orbit

class(g) = Diff(M)*(g).
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Diff(M)*(g)

\) Sg

7

(o) ’ ¥ = class(qg)

Figure 44. The Physis.

What Souriau proposes is to regard the real world, in this case: the
gravitation, represented not by M but by the quotient

$ = M/Diff(M);

Originally, Souriau called the quotient M/Diff(M) the Hyperspace
and denoted it by H, but in his last unpublished works (“La Gram-
maire de le Nature”) he changed for Physis, since for him the nature
expresses itself through this quotient. We decide to follow him and
denote it by the greek letter .

325. The passive matter. There are two kinds of evolution of matter

in relativity: passive and field generating. The field generating mat-
ter is described by Einstein’s equations. We may come back to that
point later, but now we are interested first in the Passive Equations
of Physics, as named by Shlomo Sternberg in [Stel2]:

- General Covariance and the Passive Equations of Physics.
They are defined by the following principle:

Souriau’s principle of general covariance The evolution of matter sub-

mitted to a gravitational field is described by a covector on the space
¢ = M/Diff(M).
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Covectors on the space ® are defined by a universal equation we shall
establish now.

326. The universal equation of passive matter. We consider a metric

g€ M and y = class(g) € O.

Let us interpret a covector at the point y as a linear functional defined
on the variation 8y. The point is to understand what is 8y, a priori
it would be a “tangent vector” at the point y. That is, a tangent
vector 8g at the point g, modulo a “vertical vector”, generated by
the infinitesimal action of the group Diff(M).

Thus, a linear functional defined on the variation 8y can be inter-
preted as a linear functional, defined on the variations &g but vanish-
ing on the vertical vectors.

The variation 8g are naturally elements of the vector space of covari-
ant symmetric 2-tensors that we denote by &, 8g € €.

The vertical vectors are generated by derivation of paths along the
orbits of Diff(M), that is,
of5 (g)
S‘aig , with [s — f;] € Paths(Diff(M)), and fy = 1.
s 5=0

Here, Paths(Diff(M)) denote the smooth paths in Diff(M) in the sense
that (s,x) — fz(x) is smooth, the variable s being defined on some
open neighbourhood of 0 € R.

Then, let us define the vector field £ on M by

£
g0 = 2B
0s s=0
Thus, the vertical vectors write:
£ (g) _0 exp(s&)*(g)
aS s=0 aS s=0

That is, the Lie derivative of the metric g by the vector field &, we
denote it by

dLg, or £e(g), with 8x = &(x)
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In terms of coordinates, the Lie derivative writes:
(5L(8)) = Ouv + OvEy,

where 0 denotes the covariant derivative with respect to the metric
g. The symbol 0 is also denoted by V, but I prefer the first notation
because everything with a hat will refer to a covariant differentiation.

In conclusion, a covector at the point y = class(g) will be represented
by a linear fuctional, let us say 7T, defined on the space & of covariant
symmetric 2-tensors 8g, and vanishing on the Lie derivative of the
metric by any vector field on M. We can write

T:';@ ={Te &% | T(dLg) = 0 for all 8x € Vect(M)},

where £* is the dual in some sense we do not specify now, and Vect(M)
is the space of the vector fields on M.

In other words, the passive motion of the matter in a gravitational
field g is described by a functional T € &* satisfying the universal
equation:

T(Brg) = 0 for all 8x € Vect(M). (%)
Such functionals T are called Eulerian functionals, and (&) can be
called the Euler-Souriau equation. We shall understand later this
choice of vocabulary.

Important Note. Actually, for technical reasons and maybe more

deeper reasons, all the variations considered here, all vector fields
(which are also variations) will be supposed compactly supported. We
will denoted these spaces with a subscript K, for example Vectk (M),
Diffx (M) etc.

327. The continuous medium. In this framework, continuous medium

are described by a continuous distribution of a contravariant symmet-
ric 2-tensor T, such that

1
T(dg) = J TH8gyy vol,
2

where vol is the Riemmannian volume associated with g.

Let us write that 7 is Eulerian:
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1 Y
M

= J Twépi\, vol = J 6H(T“\’§v) VOI—J (8HT”")Z\, vol .
M M M

The first term is zero because

6M(T“VEV) = div(y), with n"* = Z T™E,,
"

and

J div(n) vol = J 81.(vol) = J dlvol(n)] = J vol(n) = 0,
M M M M

since n is compactly supported.

Thus, it remains from T(8;,g) = 0, the equation:
J (6HT“\’)§\, vol = 0,
M
for all compactly supported vector field . That is equivalent to:
div(T) =0,

which is the conservation equations of a continuous medium in general
relativity, also called Euler equations. And that explains the choice
for the name “Eulerian distribution” of the distributions 7 satisfying
the condition (&).

328. The geodesics. Now, we look for an Eulerian distribution sup-

ported by a curve, let us say t — x. Thus, for all dg,

1t
{I(Sg) = QJ T“\)Sgp.\, dt.

The Eulerian condition writes:
+oo .
0 = J TH0,E, dt,

for all compactly supported vector field €. For the sake of simplicity
we assume that the curve exits every compact.
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Let us multiply the vector field & by a real function « that vanishes
on the curve, we get another compactly supported vector field, but
we get now:

“+oco +oo

TH O, (0E, dt + J ocT”"épi\, dt

—o0

+o° A

—00 —o0

+oo
= J THNLEy dt + 0 (since a vanishes on the curve),

—o0

with

_1 [ Oa

N = grad(o) = g} <>
0x
Thus,
VN =
TN, =0

for all vector N orthogonal to the curve. Hence, there exists a vector

P such that
dx”
dt’
and since THY is symmetric, the vector P is parallel to the curve:

dx
Po—.
dt

Now, we put that in the universal equation, that gives:

oo v oo A v
dx” 4 0%, dx
0= J P 0uE, dt = J pr 0o dX7

T = p#

—oco dt —oo aX\) dt
+oo A +oo 4o A
bota d apH
= pH M gt = —(PME,) dt — — ¥, dt.
J_oo dt L» dt S o dt S

The first term vanishes since € is compactly supported and we have
assumed that the curve leaves every compact. It remains:

rm appa dt =0
dt M

—0o0

for all €. Therefore,

The curve is geodesic and the vector P is of constant norm:

g(P,P) =P"P, = cst
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The value of the constant indicates the kind of geodesic of the curve
supporting the distribution 7.

So, we see that the same condition, to be Eulerian emcompass at the
same time the continuous media and also the geodesics.

329. Others... I will not develop more the examples in this short

note, you can see [Sou74], and also [Stel2].

Let us say that the universal equation above (&) gives all kind of pas-
sive equations of motion, of almost everything we can think about:
string, charged particle in the elctromagnitic field (we should add
the elecromagnetic potential A to the metric and the gauge transfor-
mation group), charged particle with spin in the gravitational and
electromagnetic field and so on.

We can also find the laws or reflexion and diffraction of dust in a

graviational field, along a discontinuity of the metric, by adapting

the Eulerian condition to the group of diffeomorphism preserving
the locus of the singularity [PIZ19].

330. Covariance and variation. As we said the calculus of variations

is the classical way to get the equations of motions of passive mater
in general relativity.

We have an action A depending on some fields ¢ in some given geom-
etry g. This action is the integral of some Lagrangian function which
depends on the specific problem. For example: for the geodesics o
is a curve and A is the lenght of the curve. And the equations of
motions are the critical values of ¢ solutions of the equation:

0A
—(&0) = 0.
ao(0)

Consider now the geometry as a part of the action A, that is, the
action is a function of g and o. Assume that there is a group G that
acts on the space M of geometries and the space, and on the space L
of fields o such that:

(1) The action is invariant under the action of G acting diago-
naly on M X Z.
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(2) The group G acts transitively on the space of fields.

Thus, the invariance of A will give the identity
0A 0A
—(SLg) + 7(5]_0) =0,
og do

where 81, denotes a derivation along the l-parameter subgroups of
G. Then, since G acts transitively on the space X, the identity above

writes
0A

og
for all 8o. Thus, if o is a critical point of A for some value of the

0A
(drg) + —(Bo) =0,
Jo

geometry g, then the covector

0A
T = @ satisfles J(drg) =0,

for all 80. The covector T is Eulerian.

Conversely, if the covector T is Eulerian for a value ¢ in some geom-
etry g, then o is a critical point of the action A.

The two principles give indeed the same solutions, they are miroring
each other.

However, in absence of Lagrangian action, the principle of general
covariance generalizes the Principle of Least Action.

It has the vertue, in addition to generalize the construction of the
passive equations of physics, to change the paradigm of physics, from
a metaphysical principle of least action to a geometrical invariance
constraint, which is more palpable.

Remark. One should however note that the principle of general co-
variance does not find the irrational geodesics on the 2-torus, since
the integral T(dg) = %fj: P“dd—xtviigwdt does not converge for all dg,
except on closed geodesics.

331. The principle of general relativity. It is time to discuss the re-

lationship between Einstein’s Principle of General Relativity and
Souriau’s principle of general covariance. Usually the principle of
general relativity is stated as follows:
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- physical laws are the same in all reference frames—inertial or non-
inertial.

This statement is vague enough to have made Vladimir Fock say:
“there is no general relativity but a theory of gravitation” Indeed,
what are the laws of physics, how do you express them? What does
it mean to be the same in all frame? Same according to what. Yes,
it is clearly unsatisfactory.

There is another formulation that we can find in the literature:

- The equations of physics are covariant under the change of coordi-
nates.

Still unsatisfactory, too many terms are not weel defined.

On the other hand, the principle of general covariance is clear and
unambiguous: the objects are well defined and the universal equation
(%) is unique and clear.

There is another difference between the usual statement of the prin-
ciple of general relativity and the principle of general covariance:

The principle of general relativity is a passive way to refer to nature.
It concerns the various means to describe parts of the world, through
the various charts used to refer to the object.

The principle of general covariance is an active approach in the sense
that the group of diffeomorphisms acts effectively on the geometries.
The statement is not vague and says precisely: in general relativity,
the objects of the nature are covectors of the Physis, quotient of the
geometries by the group of diffeomorphisms of space-time.

90. The Diffeology framework

332. The Compact Diffeology on M. Let M the set of pseudo-Riem-
mannian metrics on a manifold M, of signature (+——-). It is a subset
of smooth maps from M to the covariant 2-tensors fiber-bundle Sy (M)
over M, they are smooth sections.
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Since M and S3(M) are manifolds, C*(M, So(M)) is equipped with the
functional diffeology, and M < C*(M, S2(M)) will be equipped with
the subset diffeology.

Now, we will equip M with a sub-diffeology of the functional diffeo-
logy:

Definition. A smooth parametretrization r — gr in M, defined on
some Euclidean domain U, is a plot of the compact diffeclogy if: for
all r € U there is an open neighbourhood V C U of r and a compact
K c M such that:

Vr'e V,Vxe M-K, gu(x)=g(x).

Indeed, the constant parametrizations satisfy that condition. The
condition is obviously local. By composition with a smooth parame-
trization F in U, the neighbourhood V becomes F~1(U) for the same
compact K.

Note. Let r — gr be a plot of the compact diffeoclogy. Since M and
So(M) are manifolds the variation

0gr(x)
or

is a well defined symmetric 2-tensor on M, and is compactly sup-
ported. Indeed,

(8r)

agr(X)
or

For € € R sufficiently small, for all |s| < g, r + sdr will be contained

1
(8r) = lim — [gr—I-sSr(X) - gr(X)] :
s—0 s

in a ball contained in the neighbourhood V for which g/ (x) = gr(x)
outside some compact K. Thus, for s = 0,

gr+ssr(x) — gr(x) = 0 outside K,

and the variation of g, is compactly supported.

333. Pushing forward pointed differential forms. In the chaper “On

Riemannian metric in diffeclogy" we have seen the definition of pointed
differential form, now, the general criterion of pushing forward differ-
ential forms can be adapted here. There are two cases, the general
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case of a subduction and the special case of local subduction [TB,
§2.16].

Let us recall that a subduction n: Y — X is said to be a local sub-
duction if for all plots P: U — X, for all r € U and all y € (x),
x = P(r), there exists a local lift Q in Y, that is, toQ = P | dom(Q),
such that Q(r) = y.

In particular, projections on quotients by action of groups by diffeo-
morphisms are local subductions.

Let us come back to the general case. Let oy a pointed k-form.

Proposition 1. There exists a pointed k-form By, with x = n(y), such
that oy = w*(Bx) if and only if for all y' € = 1(x) there is a pointed
form Oy 7 satisfying: for all pair of plots P’ and P”, pointed in the fiber
7w 1(x), such that to P’ = noP”, ocy/(P’) = ocyu(P”) with y’ = P/(0)

and y" = P"(0).
If X = Y/G, where G is a diffeological group acting on Y by diffeo-

morphisms, the sitution is simpler because m is a local subduction.
In this case, we have:

Proposition 2. In that case X = Y/G, there exists a pointed k-form
Bx, with x = n(y), such that ay = n*(Bx) if and only if for all plots
P’ and P” pointed in y, no P/ = no P implies ay (P") = oy (P").

334. Proposition: The Physis. Consider the group of diffeomorphisms

with compact supports Diffx (M), that is, the diffeomorphisms of M
that are the identity outside of a compact.

The group Diffx (M) acts on the set M of pseudo-Riemmannian met-
rics on M by pullback:

oMo M, with £(g)x(v, w) = gr(x) (Dfx(v), Df(w)).
Equip M with the compact diffeology. Let ¢ be the quotient space:

$ = M/Diffx (M)

Claim 1. The group Diffx (M) act on M by diffeomorphisms. There-
fore, the projection class: M — ® is a local subduction.
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Now, let us equip the group Diffx(M) with the compact functional
diffeclogy. A parametrization P: r — f;, defined on U, in Diffx(M)
will be a plot if it is a plot for the functional diffeoclogy and if:

Definition. For all r € U there exists an open neigbourhood V of r
and a compact K c M such that: for all r’ € V, f,, is the identity
outside K.

Claim 2. Equipped with the compact functional diffeology, the group
Diffx (M) acts smoothly on M. That is, the map f — f* is smooth.

C® Proof. First of all, f* is bijective, its inverse is (f1)*. Now, let
P: r— gr be a plot of the compact diffeclogy. Let r € dom(P), there
is an open neighbourhood V of r and a compact K € M such that:
for all r’ € V, for all x € M —K, g (x) = gr(x). Thus, for all r' eV,
for all x € M- f1(K) f*(g/)(x) = f*(gy)(x). The parametrization
f* o P is then a plot of M. The same holds for (f")*. Therefore, f*
is a diffeomorphism on M. Let us prove now that the action map:

Diffx (M) x M — M with (f, g) —> f*(g)

is smooth. Let r — (f;, gr) be a plot, defined on some U. Let us show
that r — £ (gr) is smooth for the compact diffeology. It is already
smooth for the functional diffeology, all that remains is the question
of compact support. Let r € U, there is an open neigbourhood V of
r and two compacts K, K’ € M such that, for all r’ € V, for all x ¢ K,
gy (x) = gr(x) and for all x ¢ K/, f.(x) = f;(x) = x. We have to
compare f;(gr)(x) and £} (g,/)(x). For all r'eVand x¢ K/, fu(x) =
£(x) = x, then £(g,)(x) = gy (x) and £ (gr)(x) = gr(x). Now, for
all x ¢ K, gv(x) = gr(x). Thus, if r' € Vand x ¢ K" = KUK/,
£ (gr)(x) = £(gy)(x). Therefore, since K" is a compact, r — £ (gr)
is a plot in M and the action is smooth. »

335. Pointed differential forms on the Physis. Let T be a real smooth
bounded linear operator defined on the subspace & C So(M) of sym-

metric covariant 2-tensors with compact support. That is,

(1) T: &€ > R, and T(ae+a'e’) = aT(e)+a'T(e'), foralla,a’ € R
and g,’ € €.
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(2) Te C”(,R).
(3) For all € € £ there is a constant ¢ such that: |T(e)| < c¢l|e]|
for some norm on the space &

Now, for all n-plots r — gr pointed at g = go let 15 be defined by

ogr
or

We know that since r — gr is a plot for the compact diffeology,

ogr
or

ogr
‘I( i (Br))

is well defined. So is tg(r — g;), which belongs to AL (R®).

g g): v T ( (V)) for all v € R™.
r=0

(dr) e €.

Thus,

Claim 2. The process Tg is a differential 1-form pointed at g.
Now,

Claim 3. Consider two plots P: r — gy and P: r — g; pointed at
g = go = gj- Assume class(gy) = class(g]) such that there exists a
plot r — f; such that g, = £#(g;), with fo = 1. Then, gt gr) =
Tg(r = gl) if and only if

TJ(®rLg) =0
for all compactly supported vector field dx.

In that case, there exists indeed a linear 1-form ¢ pointed at y =
class(g) such that Ty = class™(0).

Thus, Eulerian distributions indeed represent special 1-form pointed
somewhere in the quotient .

Note. It remains to be seen what the obstacles are to the existence
of such a smooth map r — f;, when class ogfr = classogr in gen-
eral. Probably, the subspace of pseudo-Riemannian metrics without
isométries with compact support is a principal diffeological fiber bun-
dle over it quotient by Diffx (M), and therefore such a smooth map
r — f; always exists in this situation.
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C®» Proof. Consider now Tg, let s> r — gr, where s+ r is a plot
in R™ pointed at 0. Then,
(W))
s=0

0
tg(s > g)(w) = T <ags

_ (% or
-7 (L))
On the other hand,
0
[s > 1" (tgx > g)) (W) = 15— gr) (ar (W))
5{s=0

— g(%: or
B T< or r=0 <as s=0 (W)>> .

Thus, tg(s > 1 gr) = [s = r]*('rg(r — gr)). Therefore, T4 is a
differential 1-form pointed at g.

Next, let g} = £/(g;). We have

og’ ot}
£r (v) = —L=72 (gr) (v)
ar r=0 ar r=0
of; 0
= & (v) + r (v).
or r=0 or r=0
Now let 05(x) = f5(x), s real. Then,
off 0¥
T (g) (V) — ¢S (g) ,
ar r=0 aS s=0
and defining the vector field & by
a *
fx) =
0s s=0
we get:
off
ot (g) (v) =8rLg with dx = &(x).
or r=0
Thus,
og’ 0
EX =" +oLs
or r=0 or r=0
Hence:

T(dg) = T(dg) + T(dLg),
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where OF* (&)
1,
or r=0
Therefore, the 1-form tg, pointed at g, descends to the quotient if T
is Eulerian. »

og







Postface: The Beginning of Diffeological Spaces

The word “diffeologies” first appears in Souriau’s paper Groupes dif-
férentiels, the text of a talk presented at a conference in Salamanca
in 1979 and published in 1980 [Sou80]. In this article, a “difféolo-
gie” refers to an abstract structure used to define exclusively what
Souriau called “groupes différentiels”. A “difféologie” is defined by
five axioms, the last two of which relate specifically to the group
structure. Although Souriau could have removed the last two axioms
from this list, and thus defined the general concept of “espaces dif-
férentiels”, we note that he did not do so in this article and only
considered his “difféologies” in the context of groups.

The general concept of “espace différentiel”, as it would later emerge,
is in fact absent from this 1980 paper. We shall see that it would
take three years, and some unexpected developments, for this notion
to appear in its own right.

Actually, Souriau’s focusing on groups is somewhat understandable
when we know that he was looking at this time for a renewal of
his method of quantization through the Gelfand-Naimark-Segal con-
struction,! that is, using positive-definite functions on a given group
of symmetries to build a Hilbert space and a unitary representation.
What he suggested then was a mean to conditionally connect these
representations, depending on some positive function, with an ap-
propriate coadjoint orbit, and thus achieve the Dirac quantization
program. But because the Dirac program requires to represent the

INot to mention Souriau’s profound bias for groups vis-a-vis general spaces.

355
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whole group of symplectomorphisms,? Souriau had to leave the cat-
egory he used to work in, that is, the category of finite dimensional
Lie groups, to deal with the huge infinite dimensional group of all
the symplectomorphisms of a symplectic manifold. A group about
which Kostant told him once: “It is too big”.

Souriau knew very well that dealing with infinite dimensional groups
is a serious challenge, especially if you don’t want to just be heuristic
but mathematically correct. He knew also that he didn’t need to
involve a too sophisticated structure on the group of symplectomor-
phisms to get what he was looking for. Just a few “differentiable”
properties would be enough. Then, instead of paying tribute to the
thick theory of topological groups, he preferred to build his own light
category of groups that he called “groupes différentiels”, by retaining
just the minimal properties he needed for his purpose. And that gave
his paper on “Groupes différentiels”, with its five axioms, which we
are talking about [Sou80].

Then, during a couple of years Souriau continued to work on this
approach and tried to figure out a way to fulfill Dirac program of
quantization in this context.

At the time, Paul Donato, also a student of Souriau, was interested
in this new concept of “groupe différentiel”. He wrote an essay on the
characterization of the fundamental group of a manifold through its
group of diffeomorphisms, published in 1981 [Don81], and continued
to investigate the fundamental group of groups of diffeomorphisms of
manifolds and more generally the fundamental group, and coverings,
of cosets of “groupes différentiels”. Eventually, this made the subject
of his dissertation that he defended later in 1984 [Don84]. On my
side, I was working on something very different, the classification of
SO(3) symplectic manifolds, and these “groupes différentiels” did not
speak to me that much.

20riginally infinitesimally.
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The next step in the theory of “groupes différentiels” happened in
June 1983 during a conference in Lyon,3 where Souriau was invited
to talk and Paul and I were attending. Souriau talked again about
his new theory of “groupes différentiels” applied to the quantization
program, he exposed his new developments. At the same conference
we heard also a series of talks concerning what we called later “ir-
rational tori”, that is, the quotients of the 2-torus by an irrational
line. This question was related to the study of quasi-periodic poten-
tials in quantum physics. Alain Connes had already introduced his
“non-commutative geometry” to study these objects that escape the
traditional differential geometry.

At that moment Paul had already developed some tools to compute
the fundamental group of a coset of a “groupe différentiel” and even
to built its universal covering in some cases. We decided then to
investigate the “irrational torus” from the “groupe différentiel” point
of view. We computed its fundamental group and universal covering,
for each irrational number. We were happy to find non trivial results,
but we were really amazed when we found that two irrational num-
bers gave two diffeomorphic tori if and only if they were conjugate
modulo GL(2,Z), we couldn’t have hoped for better, but we could
have get worse. We were even more surprised by the computation of
the connected components of the group of diffeomorphisms of irra-
tional tori that distinguish between the quadratic and non-quadratic
irrational numbers. We published these results, in a preprint titled
“Exemple de groupes différentiels : flots irrationnels sur le tore”, in
July 1983 [DI83]. As far as I know it is in this preprint that, for the
first time, the expression “espace différentiel” was used. It appears
between quotes, at the second page of the preprint (page 112 of the
CPT preprints page numbering), in the sentence:

Les applications différentiables de Ty dans un “es-
pace différentiel” E sont les applications ¢ : Ty = E
telles que. ..

3Feuilletages et Quantification Géométrique Journées Lyonnaises de la SMF,
14-17 juin 1983.



358 POSTFACE: THE BEGINNING OF DIFFEOLOGICAL SPACES

On the other hand, the formal (axiomatic) definition of “espace dif-
férentiel” appeared a couple of months later, precisely in October
1983, in the Souriau preprint of the Lyon conference talk [Sou84]. I
do remember that during this period we had some lively discussions
about the need for such a general notion. In particular, on a summer’s
day that year, we were together, the whole team, at the cafeteria of
Luminy campus for a coffee break. We were talking about diffeolo-
gies. We, Paul and I, insisted on a formal definition of differential
spaces, and Souriau put up strong resistance because, at the time,
he thought that such a generality was useless or at least irrelevant.4
We could not agree because, for his ScD thesis, Paul was in need of
a formal framework of “espaces différentiels” at least to introduce co-
herently his “espaces différentiels homogénes” [Don84]. On my side,
following our paper with Paul, I began to think on a generalization
of our results through general homotopy and fiber bundles, and for
that I needed a general theory of “espaces différentiels” as fundation.
Indeed, homotopy and fiber bundles in diffeoclogy became my ScD
thesis I defended in 1985, where “espaces différentiels” became “es-
paces difféologiques” [Igl85].> Under this pressure, Souriau finally
changed his mind and included this definition a few weeks later, in
his October preprint.

This is how the diffeology of spaces was born, and we can finally ask
why it took so long to move from groups to spaces and from five
axioms to three.

4Indeed, if we have only in mind the needs of Geometric Quantization, involving
just homogeneous spaces.
5Fixing that way a language incoherence highlighted by A.E. Van Est.
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From the very beginning, diffeology was introduced from a geometric
point of view. But one can take an abstract categorical approach to
understand and study this subject. In this short appendix, we briefly
discuss this alternative aspect, and see how to organize the basic the-
ory of diffeology, especially the categorical viewpoint of some geometric
constructions and homotopy theory in diffeology.

A bit category theory is needed to understand this appendix, as the stan-
dard terminologies are not defined here. The first section requires the
basics of categories, functors, natural transformations, limits, colimits
and cartesian closedness; The next two sections use adjunctions and
(left) Kan extensions. Some familiarity with the corresponding contents
in [McL71] suffices.

Diffeological spaces versus concrete sheaves

The classical sheaf theory can be viewed as making the mathematical
formalism of the local-to-global principle with underlying topological
spaces. For an example, to define a suitable continuous map from a
complicated topological space to R, one could first decompose the space
into simpler pieces (eg. an open cover), and define suitable continuous
maps from these pieces to R. Then one could try to patch them together

360
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to get a global one if it is possible. This idea can be formalized rigorously
using category theory as follows:

DEFINITION 1. For a topological space X, write Ox for all open subsets of X,
ordered by inclusions. A (set-valued) presheaf on X is a functor O;)(p — Get
from the opposite category of Ox to the category Set of sets and functions.
A (set-valued) sheaf on X is a (set-valued) presheaf I on X such that for
any U € Ox and any open covering U = |J; U;, we have an equalizer
diagram in Get:

EF(U) e Hi S:(Ui) : Hj,k S:(UjﬂUk)

where the two parallel arrows are induced by the inclusions U; N Uy — U;
and U; N Uy — Uy, respectively.

It is easy to observe that if one abstracts the essential properties of Ox
out of the above definition, one could define sheaves over other nice
categories:

DEFINITION 2. A presheaf on an arbitrary category A is a functor
AP - Set.

A Grothendieck topology Cov on a category A is an assignment of a col-
lection Cov(A) of collections of morphisms with the common codomain A
for each object A of A such that

* {15 : A —> A} € Cov(A);

* If A’ — Ais a morphism in A and {A; — A}; € Cov(A), then
each pullback A’ x5 A; exists in A, and {A’ xp A; — A'}; €
Cov(A");

* If {A; - A}; € Cov(A), and {Aij — Ai}j € Cov(A;) for each i,
then {Aij - A - A}i,j e Cov(A).

An element in Cov(A) is called a covering of A.

A site is a category with a Grothendieck topology.

A sheaf on a site (A, Cov) is a presheaf F : AP — Get on A such that for
each covering {A; — A}ic1 of A, we have an equalizer diagram in Set:
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FA) — [lier FA) — TTjke1 T(Aj Xa Ag)

where the two parallel arrows are induced by the canonical maps Aj Xp
A — Aj and Aj Xp Ay — Ay, respectively.

EXAMPLE 3. Let X be a topological space, and let Ox be the poset of
all open subsets of X together with inclusions. For any open subset U
of X, write Cov(U) for the collection of the usual open coverings of U.
This gives rise to a Grothendieck topology on Ox, and the above two
definitions of sheaves on Oy coincide.

EXAMPLE 4. First example: Let £ be the category of all open subsets
of R" for alln € N = {0,1,2,3,...} and smooth (i.e., infinitely differ-
entiable) maps between them. For any object U of £°°, write Cov(U)
for the collection of the usual open coverings of U. This gives rise to a
Grothendieck topology on £°°.

Second example: In a similar manner, if we only change the morphisms
of £ to be Ck (i.e., k-times continuously differentiable) for k € N or C®
(i.e., analytic), then we again get sites denoted & and &©, respectively.

Third example: Similarly, all open subsets of C" for all n € N, all holo-
morphic maps between them, and the usual open coverings together
form a site, denoted C%.

From a differential geometer’s point of view, the general sheaves are ab-
stract to work with. It would be nice if there is an underlying set which
dominates all the structures. This leads to the following definition:

DEFINITION 5. A concrete site (A, Cov) is a site with a terminal object 1
such that

* the functor Homy (1, ) : A — Get is faithful;
* for every object A in A and every covering {A; — A}; € Cov(A),
the induced map [ [; Homy (1, A;) — Hom 4 (1, A) is surjective.

A concrete sheaf F over a concrete site (A, Cov) with a terminal object 1
is a sheaf over (A, Cov) such that the natural map

F(A) - Homg,((Hom,4(1,A), F(1))
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defined by a € F(A) — (f € Homy,(1,A) — f*(a) € F(1)), is injective
for every object A of A.

We simply write €Sh(A) for the category of concrete sheaves over the con-
crete site (A, Cov) and natural transformations between them.

EXAMPLE 6. All of the sites £, &K, €9 ¥ are concrete. They share a
common terminal object which consists of a single point. The rest ax-
ioms for the concreteness are clear since every object (resp. morphism,
covering) in each of these sites has a set-theoretical meaning.

ExAMPLE 7. The site Ox is concrete if and only if every covering of any
object U in Oy is essentially the trivial covering 1y : U — U.

Here are some analogous definitions to that of a diffeological space and
a smooth map between diffeological spaces:

DEFINITION 8. Given a concrete site (A, Cov) with a terminal object 1,
write A for the set Hom 4 (1, A) for each object A of A. An A-space is a set
X together with a collection S of maps (called the structure maps) A — X
of sets for all objects A of A such that the following three axioms hold:

* Every constant map A — X is in §;

*IfA — Xe Sand A’ — Ais a morphism in A, then the composite
A5 A->Xisin;

* Given amap f : A — X if there is a covering {A; — A}; of Ain
Cov(A) such that each composite A; > A — X isin 8, then so is
the map f.

Amap X — Y between two A-spaces is called an A-map, if it is a function of
the two underlying sets, which sends every structure map of X to a structure
map of Y. A-spaces and A-maps form a category, denoted A-Spaces.

THEOREM 9. For a concrete site (A, Cov), the two categories €Sh(A) and
A-Spaces are equivalent.

Proof. Let 1 be a terminal object of the site. Define F : €¢Sh(A) — A-
Spaces by sending a concrete sheaf F over A to F(1); the structure maps
on F(1) consist of all F(A) (viewed as a subset of Homg (A, F(1)) from
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the definition of a concrete sheaf) for all objects A in A; a morphism
F — G is sent to the induced map F(1) — G(1).

Define G : A-Spaces — ¢&h(A) by sending an A-space X to a concrete
sheaf Fx such that Fx(A) = the collection of structure maps of X of the
form A — X, for every object A of A; an A-map f : X — Y in A-Spaces is
sent to a natural transformation Fx — Fy induced by post-composition
with f.

By unravelling the definitions of a concrete sheaf and a natural trans-
formations between two concrete sheaves, and the definitions of an .A-
space and an A-map between two A-spaces, one sees that F and G are
functors which give rise to the equivalence of the two categories.! [J]

THEOREM 10. Let (A, Cov) be a concrete site. Then

* A is canonically a fully faithful subcategory of €Sh(A).

* The category €Sh(A) is bicomplete and cartesian closed.

* Every concrete sheaf over a concrete site A is a colimit of a dia-
gram of A in €ShH(A).

Proof. We can replace €¢Gh(A) by the category A-Spaces.

(1) Define e : A — A-Spaces by sending an object A of A to an A-
space e(A) with the underlying set A. And A’ — A is defined to be a
structure map if and only if it is induced by a morphism A’ — A in A. A
morphism A — A” in A then induces an A-map A — A”. Therefore, e is
a functor. Moreover, two distinct morphisms A — A” in A induces two
distinct A-maps e(A) — e(A”) since 15 : A — A can distinguish them.
Furthermore, every A-map e(A) — e(A”) is induced from a morphism
A — A” in A, again by using the structure map of e(A) induced by
15 : A — A. These prove the first result.

(2) Let F : J — A-Spaces be a functor from a small category J. Write
U : A-Spaces — Get for the forgetful functor. Then limF is an A-space
which has lim(U o F) as the underlying set, and A — limF is a structure
map if and only if each composite A — limF — F(i) is a structure map

IWe will need to use the fact that A’ x4 A” = A’ x4 A” in Set in the proof, and this
fact can be easily verified by the universal property of pullback.
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of F(i) for each object i of J. Similarly, colimF is an A-space which has
colim(U o F) as the underlying set. And A — colimF is a structure map
if and only if there is a covering {Aj - A}j of A in Cov(A) such that for
each j there is an object i in J and a structure map Aj— F(i) making the
following diagram commutative:

F(i)

l

Al —— A— colimF

Given two A-spaces X and Y, simply write A(X,Y) for the collection
of all morphisms X — Y. Define f : A —» A(X,Y) to be a structure
map if and only if the adjoint f : e(A) x X — Y is an .A-map, where
the domain is the product of two A-spaces and hence again an .A-space
as we have just proved that the category A-Spaces is complete. It is
straightforward to check that A(X,Y) with these structure maps is an
A-space, and moreover, there is an adjoint pair of functors

-xXY : A-Spaces = A-Spaces : A(Y,-),

for any fixed A-space Y.

(3) Given an A-space X, write A/X for the category whose objects are
structure maps A — X and whose morphisms are commutative triangles

A % A
N
X
where p, g are structure maps of X and f is induced from a morphism
f: A - Ain A. Let A/X — A-Spaces be the functor sending the
above commutative triangle to the A-map e(A’) — e(A) induced by f. In
other words, this functor is a composition A/X — A — A-Spaces. It is

straightforward to check that the colimit of this functor is isomorphic to
X as A-spaces. [J



366 APPENDIX: A CATEGORICAL APPROACH TO DIFFEOLOGY

COROLLARY 11. First of all, €&H(E™>®) is equivalent to the category Diff
of diffeological spaces.

Then, Diff is bicomplete and cartesian closed.

Next, every smooth manifold? is a gluing of Euclidean domains via diffeo-
morphisms, while every diffeological space is a gluing of Euclidean domains
via smooth maps.

A bit more about concrete sheaves is discussed in [BH09].

Constructions in diffeology revisited

The general slogan is, some structures of £°° can be compatibly (hence
functorially) pushed to diffeological spaces. This slogan will be realized
via Kan extension of a functor € — € (resp. (£*°)°P — €) to some
category C along the embedding £°° — Diff (resp. (£>°)°P — (Diff)°P)
as follows.

D-topology. There is an adjoint pair of functors
D:Diff=%Fop:C

where the functor D sends a diffeological space X to a topological space
D(X) with the same underlying set. The topology (called the D-topology)
on D(X) consists of all subsets A of X such that p‘1 (A) is open in U with
the Euclidean topology for every plot p : U — X of X;3 the functor C
sends a topological space Y to a diffeological space C(Y) with the same
underlying set. The diffeology on C(Y) consists of all continuous maps
U — Y for every Euclidean domain U with the Euclidean topology.

Note that every smooth map between diffeological spaces is continu-
ous when both domain and codomain are equipped with the D-topology.
Moreover, the left adjoint D preserves colimits. In particular, the D-
topology of a quotient diffeological space is the quotient topology.

2By a smooth manifold, we always require it to be finite-dimensional, Hausdorff,
second-countable and without boundary.

3More categorically, the functor D is the left Kan extension of the forgetful functor
&% — Top along the embedding £*° — Diff.
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As a warning, the D-topology does not behave well with limits. For
example, the D-topology of a diffeological subspace contains the sub-
topology, and the D-topology of a product of diffeological spaces con-
tains the product topology of the D-topologies, but they can be different.

The D-topology was first introduced in [Igl85]. See [CSW14, WZ22]
for more about the D-topology.

Differential forms and de Rham cohomology. For any k € N, there is a
functor QK : (£°°)°P — Yect sending a Euclidean domain U to the vector
space4 C*°(U, AkRAIMUY of the differential k-forms on U. The left Kan ex-
tension of QK : (£°°)°P — Yect along the embedding (£°°)°P — (Diff)°P
is the differential k-form functor (again denoted Qk) for diffeological
spaces.

Moreover, since exterior derivative commutes with pullback of forms
on £%°, we have a functor Q* : (€°°)°P — €h(Yect) which sends a
Euclidean domain to its cochain complex of differential forms. The left
Kan extension of Q* along the embedding (£°°)°P — (Diff)°P sends
every diffeological space to its cochain complex of differential forms,
and its cohomology is called the de Rham cohomology.

Differential forms and de Rham cohomology for diffeological spaces
were further systematically developed in [PIZ10, TB].

Tangent and cotangent bundles. It is a bit controversial about how
to define tangent and cotangent bundles for diffeological spaces. There
are several different approaches in the existing literatures. We choose
the following one that fits closely to the slogan at the beginning of this
section.

For a general diffeological space, we could imagine that its tangent (resp.
cotangent) bundle may not be locally (eg. in the sense of D-topology)
trivial. We might still wish to have tangent (resp. cotangent) bundles
that are fibrewise vector spaces. This leads to the following definition:

DEFINITION 12. A diffeological vector pseudo-bundle is a morphism r :
E — B in Diff such that

4Indeed it is a diffeological vector space with the functional diffeology.
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.
*

Each fibre =1 (b) is a vector space;

The fibrewise addition E xg E — E and the fibrewise scalar multi-
plication Rx E — E are both smooth;

* The zero section B — E is smooth.

*

A bundle map from one diffeological vector pseudo-bundle nq : E; — By
to another iy : Ey — Bg is a commutative diagram in Diff

EILEZ

nll lﬂz

B B
1?2

such that f restricted to each fibre qu b)) = n§1 (g(b7)) is linear

Diffeological vector pseudo-bundles and bundle maps form a category,
denoted Dvpb.

There is a functor T : €*° — Dopb sending a Fuclidean domain U to
its tangent bundle TU — U. The left Kan extension of T along the em-
bedding £*° — Diff is defined to be the tangent bundle for diffeological
spaces.

In a similar manner, for each k € N, there is a functor AKT* : (£°°)°P —
Dopb sending a Euclidean domain U to its k" exterior bundle AKT*(U) —
U. The left Kan extension of AKT* along the embedding (E*)°P —
(Diff)°P is defined to be the k" exterior bundle for diffeological spaces,
whose sections correspond to differential k-forms discussed above.

Other tangent or cotangent bundles for diffeological spaces can be found
in [Hec94, TB, Vin08, CW23]. See [CW16, CW23] for some compari-
son and various calculated examples.

Homotopy theory for diffeological spaces

Iglesias’ geometric homotopy theory. The first important and non-
trivial example in diffeology, i.e., the irrational tori T,, was calculated
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in [DI83]. This led to diffeological bundle theory and geometric ho-
motpy theory developed in [IgI85]. The textbook already contains these
material, so we will not repeat them here. We only quote one result as
follows. From the long exact sequence of smooth homotopy groups of
the diffeological bundle R — T,, we know that the smooth fundamental
group of Ty is Z ® Z; while the continuous fundamental group of the
topological space D(Ty,) is O.

An attempt of model structure by Christensen-Wu. About the two
fundamental groups of the irrational tori example discussed above, how
to homotopically “correct” this difference? This is an essential part of
my Ph.D. work [Wu12], which is further refined in [CW14]. It provides
a potential answer to this question, together with some geometric appli-
cations.

By choosing a cosimplicial object A* in Diff, we get an adjoint pair

7] px : 5Get = Diff : Sy (A1)
where the left adjoint is given by the left Kan extension of A* : A°P —
Diff along the embedding AP — sSet.

To be consistent with the definition of diffeology and to be connected
with the related construction in topology, we choose A" to be the un-
bounded n-simplex in Rl asa subspace, i.e., A" = {(xg,x1,...,Xn) €
RH1| Y X = 1}, together with the usual coboundary and codegen-
eracy maps.

Combining this adjunction with the adjunction
D:®Diff = Top : C

discussed above, there is a very enlightening comparison with the clas-
sical geometric realization and associated simplicial set adjunction

|?] : sGet = Top : S (A2)

which states that

51t is isomoprhic to R" in Diff.
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* For any simplicial set X, there is a weak equivalence between
D(|X|a+) and |X| in Top;

* For any topological space Y, there is a weak equivalence be-
tween Sy« (C(Y)) and S(Y) in sGet.

This motivates us to conceive that there is a Quillen model structure®
on the category Diff of diffeological spaces such that it is Quillen equiv-
alent to the standard model structure on sSet via the adjunction (A1)
above (and hence to the standard model structure on Sop as well). We
further conjecture that this model structure can be transferred from the
standard model structure on sSet to Diff via the adjunction (A1).

As an easy observation, smoothness provides some rigidity via the in-
verse function theorem when comparing with continuity. In particular,

|An|A*—)|An|A*ERn (A3)

has no smooth retract?. If our conjecture holds, this would imply that
not every diffeological space is fibrant or cofibrant. Furthermore, the
potential answer to the question we proposed at the beginning of this
part is, irrational tori T, is fibrant but not cofibrant8, so the cofibrant
replacement S! x S = T2 — T,? gives a “correction” of the smooth
fundamental group of T, from the continous one.

6A large amount of homotopy theory in Top relies on some interrelationship be-
tween Serre fibrations, Serre cofibrations and weak equivalences. These properties
were extracted as axioms by Quillen in [Qui67], called a Quillen model structure. This
approach unifies stable homotopy theory in topology, homological algebra in algebra,
Al-homotopy theory in algebraic geometry, etc. In particular, it provides an equivalence
of the combinatorial model of homotopy theory from sSet to the geometric model of
homotopy theory from Top via the adjunction (A2) above, called a Quillen equivalence.
The importance here is, there shall also be a smooth model of homotopy theory from
Diff.

7Indeed, it is not appropriate to call it a “retract” here, since | A" |~ does not have
the subset diffeology of R". The fact is, even if we equip it with the subset diffeology,
there is still no smooth retract, which is implied by the inverse function theorem.

8This part has been proved in [CW14].

9This relates to another conjecture that every smooth manifold is cofibrant in this
model structure on Diff.
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Note that the domain |A™| 5«10 of (A3) is the union of all coordinate hy-
perplanes in R™ with the gluing diffeology. Here is a geometric question:
For which diffeological spaces X, does every smooth map |A" |+ — X
extend to a smooth map R" — X via the map (A3), for all n € N? This is
equivalent to the question that when is the simplicial set S« (X) a Kan
complex?!! If X is a diffeological abelian group, then it is not hard to
write down an explicit formula for the extension. But in general, this is
not straightforward. We used some simplicial set theory to get several
classes of such diffeological spaces. In particular, we gave three different
proofs for smooth manifolds.

Unfortunately, the conjecture was recently disproved in [Pav22].

A model structure by Kihara. At the mean time, in preprints posted
on Arxiv, Haraguchi and Shimakawa proposed a model structure on Diff
which is Quillen equivalent to the standard model structure on Top. The
first attempts had some flaws, but we can hope that they will be ad-
dressed in the future. Nevertheless, a key idea, there, is a modification
of the subset diffeology of R on the closed interval (and higher dimen-
sional analogues) to avoid the rigidity from the inverse function theo-
rem. Then mimic the standard cofibrantly generated model structure on
Top to prove the model axioms.

In [Kih19], Kihara got a model structure on ®iff which is Quillen equiv-
alent to the standard model structure on sSet. The idea is a kind of
mixing of Christensen-Wu and Haraguchi-Shimakawa. In slightly more
detail, he uses an alternative cosimplicial object B* to connect s&et and
Diff. It is the standard bounded one as the underlying sets, with the
diffeology recursively defined, so that | A" |g« — | A™| g+ is an induction
which also has a smooth retract for every n > 2. Then mimic the stan-
dard cofibrantly generated model structure on s&et to prove the model
axioms. Equivalently, Kihara successfully lifts the standard model struc-
ture on sGet to Diff via the adjunction

|?|B* 1 5Get = Qlff : Sgx.

10| A | o= are isomorphic in Diff for all k = 0, 1,...,n, simply denoted by | A" |4=.
1Such X is (called) fibrant in [CW14] when related to our main conjecture.
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This model structure was further applied in [Kih23] to study homotopy
theory of infinite-dimensional manifolds.

Final remarks

There are more material related to the categorical (and homotopical)
approach towards diffeology. We will have to omit them due to lim-
ited space and time. These include Bunk’s, Pavlov’s and Schreiber’s ap-
proaches to homotopy theory of (simplicial) (pre)sheaves over some sub-
sites of £°°; Iglesias’, Krepski-Watts-Wolbert’s, and Ahmadi’s approaches
to diffeological sheaves and Céch cohomologies; Watts’ and Miyamoto’s
work on diffeological groupoids; Iwase’s work on diffeological CW com-
plexes and loop spaces; Kuribayashi’s work on rational homotopy theory,
etc. The interested reader shall be able to find most of them on the web.

As a final warning, the reader should check the existing results before
applying them, no matter they are published or not, as there could be
some mistakes.

email: exwu@stu.edu.cn
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